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Equivalent Definitions of Luce’s Semiorders

HASHIMOTO, Hiroshi

Abstract

The equivalence of some definitions of semiorders which are binary relations is shown
by using Boolean matrices over the two element Boolean algebra. Semiorders are repre-
sented in various forms by using well-known properties of Boolean matrices, and the

properties of semiorders are given as properties of Boolean matrices.

1 Introduction

A semiorder is usually represented by a relation or a pair of relations, and
it is a fundamental concept in preference, utility, measurement and so on.
Many studies of semiorders have been performed in various fields (Fishburn,
1970; Roberts, 1979; Roubens and Vincke, 1985), and some definitions of
semiorders exist. In this paper we represent semiorders by Boolean matrices
over the two element Boolean algebra (Kim, 1982), and show the equivalence
of these definitions. Although the logical equivalence of these definitions is
well known among researchers, the proof of equivalence by Boolean matrices
is simple and clear. Semiorders are represented in various forms by using well-
known properties of Boolean matrices, and many properties of semiorders are

shown as properties of Boolean matrices.

2 Operations and notation
For x,y€ 10,1}, we define xVy = max (x,y), xAy = min (x,y), and x =
1— x. We treat Boolean matrices over {0, 1} and generally denote the (i,7) -

element of a Boolean matrix 4 by (4); or a;. For mX n Boolean matrices A,
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B, and nXp Boolean matrix C, we define matrix operations as follows:

(4VB), = (4),V(B),,

UAB); = (4),N\(B),,

), = (4),,

)y = (4);,

UXC) iy =Vi (4N (C)y),

USC) ;=N (@) iV (O ),

A=BSU), = (B),.

As special matrices, we denote the identity matrix by /= [,,] (&, is the
Kronecker delta) , the zero matrix by O, and the universal matrix all of whose

elements are 1 by J.

3 Results

We represent semiorders given by Luce (1956,1959) and Scott and Suppes
(1958) by Boolean matrices. We then show the equivalence of the definitions
of semiorders represented by Boolean matrices. First we consider the definitions
of semiorders given by Luce. Luce’s semiorder consists of a pair of relations.
In the following, S = [s;,] and T = [¢,;] are n X n Boolean matrices, the ele-
ments of which are zero or one.

Definition 1 (Luce, 1956). A Boolean matrix system (S, T) represents a
semiorder if for every i,j,k,and !/

(1) exactly one of (8),= 1, (§),,= 1, or (T),,= 1 holds,

2) (D=1,

B) 8y=1, (Du=1, Ou=1= .= 1,

4) 8)y=1, 8= 1, (D= 1= not both (T,= 1 and (Du= 1.

Definition 2. A Boolean matrix system (S, 7) represents a semiorder if for
every i,j,k, and /

(1) exactly one of (S), = 1, (8, = 1, or (I),, = 1 holds,
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2 0. =1,
B 6, =1 D=1 BOu=1> =1,
@ ®=1 Du=1 =1 Du=1>> (1), =1L
Proposition 1. Definition 1 < Definition 2.
Proof. As for condition (1) of Definition 1, clearly (S),,= 1 & (§),= 1.
Condition (4) of Definition 1 can be rewritten as follows:
$y=1, 8 =1, (N,=1=notboth (7);= 1and (Ny= 1
if and only if
®y=1, ®u=1 D=1 (DuF lor (Du+ 1
if and only if
®y=1, Du=1 =1 Du=1= Du+1
if and only if
®) =1, D=1, =1 (Du* lor (Nu* 1
if and only if
®)y=1, Du=1, Ou=1 Du=1= D,* 1
if and only if
®)y=1 Du=1, Oup=1 Du=1= D);=0
if and only if
=1 D=1 Ou=1 Du=1> (T)y=1
if and only if
®)p=1, Du=1, (,=1, (Du= 1= (T),= 10
Definition 3. A Boolean matrix system (S,7) represents a semiorder if
1) (SASAT)V (SAS'AT)V (SAS'AT) =J,
(2) I=T,
(3) SXTXS=<S,
(4) SXDAE'XD=T.
Proposition 2. Definition 2 < Definition 3.

Proof. We consider the corresponding conditions.
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(1) —(3) Obvious.
@ =1 Du=1, (=1, Du=1> (T),=1
if and only if
A DuNES)AND=1= (T),=1
if and only if
(S AN DA (S AT 0= (T),
if and only if
VeV ((8), A D A (8D AT w) = (T,
if and only if
Vi () AT ) AV (8, A(T) ) = (T),,
if and only if
(SXT); A (SXT),; =(T),,
if and only if
((SXT) A(SXT)), =(T),
if and only if
(SXT) AN (S'XT) =T .[1
Definition 4 (Luce, 1959; Luce and Galanter, 1963). A Boolean matrix sys-

tem (S, 7) represents a semiorder if for every i,j, k,and I

(1) exactly one of (S),= 1, (8),,= 1, or (T,,= 1 holds,
@) (1).= 1,

B) ®y=1 Du=1, u=1= (8.= 1,

(4) $)y=1, (4= 1= not both (7);;= 1 and T, = 1.

Definition 5. A Boolean matrix system (S,7) represents a semiorder if

(1) @AEAT>V(§A$AT>V(§A§AT)=

(2) 1
B)sxrxsss
(4) SXS=TXT.

Proposition 3. Definition 4 < Definition 5.
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Proof. We consider the corresponding conditions.
(1) = (3) Obvious.
4) 9,=1, (Y= 1= not both (TN.,= 1 and (D=1
if and only if
S)y=1, Ou=1= (DuF Lor (Du+ 1
if and only if
Su=1 Ou=1= Du=0o0r (Du= 10
if and only if
(9)y=1, 8s=12 @Mu=1or Mu=1
if and only if
S A S ,=1= TV (Tu=1
if and only if
Sy A =(T)uV(T)i
if and only if
V()5 A S),) ATV A(T) )
if and only if
(§X8) = (TOT)
if and only if
SXSETOT=TXT.O
Proposition 4 (Luce and Galanter, 1963). If I=< T and § XT XS < §, then
SXS=S.
Proof. S XS=SXIXSESXTXS<S.[]
Lemma 1. For m X n Boolean matrices 4,8, and C,
(AANB)V BAC)V (CANA) =0,AVBVC=J
SUABAC)V UABAC)V UABAC) =J.
Proof. (A4AB)V (BAC)V (CAA4) =0,AVBVC=J
SUVB)ABVC)AN(CVA)=J,AVBVC=J
SUVB)ANBVC)N(CVA)ANUVBYVC) =J
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S(AANC)VB)AN(CVA)NUAVBYVC)=J
S(UAC)VBAC)VUAB)ANUVBVCO =J
SUABAC)V UABAC)V AANBAC)=J
SUABAC)VUAUANBAC)V UABAC)=J.]

Proposition 5. SASAT)VISASAT V (SASA T)=J

SEAS)VISATV(TAS) =0,5VS'VT=J

Proof. By Lemma 1. []

Proposition 6 (Krantz, 1967; Luce and Galanter, 1963). If (SAS'AT)
VSASAT)V (SASAT)=J, then SAS'=0 and IS T,

Proof. By Proposition 5, (SAS)V (AT V (TAS) =0 and SVS'VT
=J, s0o SAS'=0. Thus SAI=0, and from SV S'VT=J we get [=T.
L]

Proposition 7 (Luce and Galanter, 1963). If (SAS'AT)V (SAS'AT)
VISASAT)=Jand SXTXS=S, then SXS=S.

Proof. Using Proposition 6, we have /= T. Thus from Proposition 4, S X
S=S.01

Proposition 8. If (SAT)V (S'AT) =0 and SVS'VT =J, then T=S
AS and T'=T.

Proof. From SV §'VT=J, SASAT=0, or SAS' = T Moreover from
ATV AT =0,(8VS) AT=0, or T<SAS'. Therefore T=3S
AS and TT=S'ANS=T.[]

Proposition 9 (Krantz, 1967; Luce and Galanter, 1963). If (SAS'AT)
VSASAT)V (SAS'AT)=J, then T=SAS and T'= T.

Proof. It follows from Proposition 5 that (SAS) V (S'AT) V (TAS) =0
and SV §'V T=J. Therefore using Proposition 8, we have T=SA S and T’
=T.[]

Lemma 2 (Chipman, 1960; Luce, 1952; Schmidt and Strohlein, 1993; Sch-
roder, 1895).
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For Boolean matrices 4 (m X n), B(nXp), and C(m Xp), the following
conditions are equivalent:

(1) AXB=C.

2) ASCOPB.

3) B=4'OC.

Proof. (1)=(2) Let ¢;x = 0 and b;x = 1. Then since A XB=C, a; = 0.
Hence we obtain (2).

(2)=(1) Let ax = 1 and by, = 1. Then since 4 = CRB’, ¢; = 1. Hence
we obtain (1).

(1)=>(3) Let &x;= 1 and ¢;;, = 0. Then since 4 XB=C, b; = (. Hence
we obtain (3).

(3)=(1) Let ax = 1 and b, = 1. Then since B=A4'CC, c¢; = 1. Hence
we obtain (1).[]]

Lemma 3. For Boolean matrices A (m X n), B(mnXp), C(mXgq), and D
(g X p), the following conditions are equivalent:

(1) UXB) A (CXD)=0.

(2) AXB=CXD.

(3) (4'Xc) A (BXD') =0.

Proof. Cleatly (4XB) A (CXD) =0 & (4 X B) =C XD. Using Lemma
2, we have

AXB=CXD

OAXB=COD

SAXBXD'=C

OBXD'=4'OC

SBXD'=4'XC

& (BXD) A (4'XC)=0

&(4'XC) AN (BXD') =0.[]

Proposition 10. If 77=T, then S XSSTXT &(SX T) A (§'XT) =0.
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Proof. From Lemma 3, SXSSTXT®S (SXT) A SXT)=0 & (§X
T') N (S"XT) = 0. Since T'="T7, SXSETXTS(SXT) A (§'XT) =0.[]

Proposition 11. If SVS'VT=J, I'=T, I<T, and SXTXS=S, then
(SXT) A (S'XT) STSSXS<TXT.

Proof. (=) Suppose s A sy, = 1. It will be shown that V, (s, A#,) = 0.
Assume by way of contradiction that til/\ ty = 1 for some [ Since T'=T,
t= 1 and t,= 1. Then from (s, A#;) A (sie At)) = 1 it follows that £, =
0. Since SVS'VT=J, suVsi= 1.

Case 1. siv= 1. Since su At ANse= 1 and SXTXS=S, s, = 1.
Furthermore since s A fe= 1 and (SXT) A (§'XT) €T, t.= 0, which
18 a contradiction.

Case 2. su = 1. Since s; Ay Asyuy= 1 and SXTXS=S, si,= 1. Then
since s Nte= 1 and (SXT) A (S'XT) =T, t,, = 0, which is a contra-
diction.

(<) Using Proposition 10 we have (SXT) A (§'XT) = 0. Hence (SXT)
AN ('XT)=T.[]

Proposition 12. If (SAS'AT) V SASAT)V (SASAT =J and S
XTXS=S, then (SXT) A (S'XT) ETOSXS<TXT.

Proof. Using Propositions 5,6, and 9, we have SV S'VT=J, I=T, and
T'=T. Therefore the result follows from Proposition 11. []

Proposition 13. Definition 3 <> Definition 5.

Proof. By Proposition 12.[]

Definition 6 (Krantz, 1967). A Boolean matrix system (S, T) represents a
semiorder if

(1) SAS'AT)V SASAT)V SASAT) =,

(2) SXTXS=<S,

(3) SXS=<TXT.

Proposition 14. Definition 5 <> Definition 6.
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Proof. By Proposition 6.[]

Definition 7. A Boolean matrix S represents a semiorder if

1) SAS'=0,

(2) SX(SAS) XSS,

(3) SXS=(SVS)O SV S).

Proposition 15. Definition 6 € Definition 7 with T = SA §'.

Proof. (=) By Proposition 6, from (SAS'AT)V (SASAT)V SAS
AT) =J, it follows that S/A S'= O. Moreover using Proposition 9 we have
T=SAS. Since T=SA S and SXTXS=S, SX(SAS)XS=S.
Furthermore since T=SA S’ and SXS=TXT, SXS= (SV§)SVS).

(&) SASAT)V SAS'AT)V SAS'AT)

= (SASABVS))VEASABVSE))V EASAEAS))

= (SAS)V (SAS)V (SAS)

= (SAS)VS

= SVS'=SAS=J

SXTXS=S8X(SAS)XS<S.

SXS=(SVS) OBVS)=TOT=TXT.[

Definition 8. A Boolean matrix S represents a semiorder if

(1) SAI=0,

(2) SX(SAS)XSS,

(3) SX5=(SVS)O(SVS).

Proposition 16 (Monjardet, 1988). If SAI=0 and SX(SAS') XSS,

then SXS=S.
Proof. Since SAI=0, I =§; thus /] =SAS'. Then SXS=SXIXS=
SX(SAS)Xs=S.[] '
Proposition 17. If SX (SAS') XSS, then SAS'=0 & SAI=0.
Proof. (=) Clearly SAI=0.
(&) Using Proposition 16 we have S XS=S. Since SXS=S§ and SAI=
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0, SAS'= 0.[]

Proposition 18. If SXS=(SV §) O (SV S'), then SAS=0 & SAT=
0.

Proof. (=) Clearly SAT=0.

(<) We assume that s; As;= 1. Since SXS= (SV §') O(SV S, it
follows that A (sie VsV s Vsu) = 1. For k = i, sV s:VsaVsy = 1,
This is a contradiction since S/A7=0. Hence SA S'=0.[]

Proposition 19. Definition 7 < Definition 8.

Proof. By Propositions 17 or 18.[]

Definition 9. A Boolean matrix § represents a semiorder if

(1) sAI=0,

(2) SX8§' XSS,

(3) SXS=(SVE)OBVS).

Proposition 20. If SAT=0, then SX(SAS)XS<SOSSXF XSS,

Proof. (=) Suppose s A s /As;= 1. It will be shown that sy = 1.

Case 1. s, = 1. Since SAI=0 and SX (SAS')XS=S, by Proposition
16 we have §XS=S. Therefore from s« A\ s, As;= 1 it follows that s, =
1.

Case 2. s = 0. Since su AsuAsuAsy,= 1, s,= 1.

(<) Clearly S X (SAS') XS =SXS§'XS=5.[]

Proposition 21. Definition 8 < Definition 9.

Proof. The result follows from Proposition 20.[ ]

Definition 10 (Scott and Suppes, 1958). A matrix S represents a semiorder
if for every i,j,k, and /

(1) (8).= 0,

2 =1 u=1= (= 1o0r 8= 1,

B) ®y=1 u=1= y=1o0r (u= 1.

Definition 11. A matrix § represents a semiorder if for every i,j,k, and /
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(1) (S
( ) (S) , (§)k: 1, (S)kl: 1 = (S)n: 1,
( ) (S) i (S)u 1 = ( )kl: 1 or (S)Ijz 1.

Proposition 22. Definition 10 < Definition 11.
Proof. We can rewrite condition (2) of Definition 10 as follows:
8)y=1, Su=1= (Su=1or (§u=1

if and only if

®y=1, O+ 1, Wu=1> (u=1
if and only if

8y =1, =10, Ou=1= (8.=1
if and only if

®)y=1, =1, Ou=1= (8),= L1

Definition 12 (Scott and Suppes, 1958). A Boolean matrix S represents a
semiorder if

(1) SAI=0,

(2) SXS'XS<5,

(3) SXS=S5O8.

Proposition 23. Definition 11 < Definition 12.

Proof. Definition 12 is a matrix representation of Definition 11.[]

Proposition 24. If § XS=S, then SXS=(SVS)O (SVS) © §XS<
§CS.

Proof, (=) Let si: Asy,;= 1. It will be shown that A, (s;; V s;) = 1. Then
we assume by way of contradiction that si;V s; = 0 for some /. Since SXS
=S8, s;= 1. Furthermore since s;»= 1 and s;;= 0, seo= 0, and since s, =
1 and s,= 0, su= 0. Similarly since s;, = 1 and s, = 0, s, = 0, and since
se=1and su= 0, su= 0. From s:Asy,= 1 and SXSZESVS)O (S
V' §’), it follows that (s, V s:) V (s;; V) = 1. But this is a contradiction.

(&) Clearly SX§=8OS=(VS)OsVes).O
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Proposition 25. If SAT=0 and § X (SAS)XS<S, then SXS=Z(SVS)
CEVS) © sXS=5O8.
Proof. If SAT=0 and S X (SA§) XSS, then we have SXS<S by
Proposition 16. Thus the result follows from Proposition 24.[ |
Proposition 26. If SAI=0 and X8 XSZS, then SXS=(SVS) O (S
VS) @ SXS=SOS.
Proof. Since SX (SA ') XS =SXS§ XS§=S§, the result follows from
Proposition 25.[ ]
Proposition 27. Definition 9 <& Definition 12.
Proof. The result follows from Proposition 26.[]
Definition 13 (Ducamp and Falmagne, 1969). A Boolean matrix S repre-
sents a semiorder if
() SAT = 0,
(2) §XS' XSS,
(3) SXSXS'=S or (SX§) A (§'XS) =
Proposition 28 (Ducamp and Falmage, 1969). Definition 12 ¢ Definition
13.
Proof. From Lemma 2, SXS=SOS © SXIXT=S © sX§=5CS
& (SXS) A (SOS) =0 © (SXS) A (§X8) =0
Proposition 29 (Fodor and Roubens, 1994). If SAI=0 and SXS=5O
S, then SXS=S.
Proof. If SXS=S{S, then from Lemma 2, $XSXS'=S. Since SAI=
0, ISS'; thus SXS=SXSXISSXSXS§=<S.[]
Proposition 30. If SA S’ <7 and SXS=SOS, then SXSZS.
Proof. Suppose sit A si; = 1. It will be shown that 5; = 1. We then assume
by way of contradiction that s;= 0. From A, (s:: Vs;) = 1, it follows that
si= 1. Since s= 1 and s;;= 0, k5, thus 5= 0. Furthermore, since

si Nsu= 1, N, Vsu)= 1 For I=j, s, Vsi= 1, which is a
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contradiction; hence s;= 1.[]

Proposition 31. If SV &'V I=J and SXS=S, then §XS=S5OS.

Proof. Suppose s A sy, = 1. It will be shown that A, (s Vsy) = 1. We
then assume by way of contradiction that s,V s;= (0 for some /. Since s
Asi,;= 1, s;= 1. Therefore, since s;= 0, i+ /. From SV S§" VI=J it
then follows that s;;= 1. Since s;; \s;;= 1, s,,= 1, which is a contradiction;
hence sV s;= 1 for all /.[]

Proposition 32. If SAS'<JI and SV §'VI=J, then SXSESOS & §
XSS

Proof. By Propositions 30 and 31.[]

Definition 14. A Boolean matrix S represents a semiorder if

(1) SAI=0,

(2) SXS&'= (SOS) A(SOS).

Proposition 33. Definition 12 & Definition 14.

Proof. From Lemma 2, SXS'XS<S§ & §X§=5OS,

SXSZSOS & SXIXFZS & SXT=FOS.

Therefore S XS'XS=<S, SXS§=SOS

& IXST=EOS) A CS).[

4 Conclusion

Using Boolean matrix theory we have shown that the definitions of
semiorders given by Luce (1956, 1959) and Scott and Suppes (1958) are
equivalent. Redundancy of a condition in the definition of semiorders given by
Luce has been examined. Necessary conditions for propérties of semiorders be-
come clear by using Boolean matrices. Moreover generalization of well-known
properties of semiorders is possible by Boolean matrix representation. Thus

Boolean matrices are useful in the discussion of semiorders.
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