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A bstract

M athematical def inition generation represents a foundational yet cognitively demanding

task in college STEM education, requiring precise formal language, conceptual com-

pleteness, and adherence to disciplinary conventions. As large language models become

increasingly integrated into educational and technical applications, understanding how

dif ferent prompt strategies inf luence the quality of generated mathematical def initions

becomes essential. This dissertation presents three sequential studies that systematically

investigate the ef fects of reasoning structure and persona specif ication on mathematical

def inition generation. The f irst study introduces the Cumulative Thinking Prompt, a

linear reasoning method L = { ℓ1 −→ ℓ2 −→ · · · −→ ℓR } that instructs the language model to

perform f ive sequential knowledge recall steps from essential to abstract understanding

before generating the f inal def inition. Evaluated across 439 mathematical terms spanning

18 subjects, this method achieved higher performance compared to conventional baselines,

suggesting that structured knowledge accumulation prior to generation is associated with

improved def inition quality

The second study proposes the AUDIT prompt, an iterative reasoning framework

I = { ι1(
⟳
−→ ι2)

δ1 (
⟳
−→ ι3)

δ2 } that incorporates recursive quality audits and ref inement cycles.

Across an expanded dataset of 921 mathematical terms, AUDIT V3 achieved a holistic

relative performance of 114.42% against the baseline, outperforming the Cumulative

Thinking Prompt by 11.61 percentage points while demonstrating exceptional stability

with a standard deviation of 0.058. This establishes that iterative reasoning with explicit

feedback mechanisms yields substantially higher and more consistent quality than linear

reasoning approaches.

The third study examines the role of persona specif icity through the Professor-Rank-

Aware Prompt Framework, proposing eight f ine-grained professor-rank specif ications

ranging from a distinguished professor to a lecturer. The results reveal a clear performance

hierarchy aligned with academic seniority, with distinguished professor achieving 106.3%

relative performance and lecturer achieving 97.2% , demonstrating that precise persona

specif ications serve as ef fective navigation signals within the reasoning space. Critically,

the coarse-grained “excellent professor” baseline was outperformed by four higher-ranked

variations (namely, distinguished professor, emeritus professor, full professor, and research
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professor), indicating that the coarse-grained “excellent professor” specif ication yielded

lower relative performance than four f ine-grained alternatives

Together, these studies establish that both the structure of reasoning (linear versus

iterative) and the precision of context specif ications fundamentally shape language model

navigation of the reasoning space R , with iterative reasoning and f ine-grained persona

settings yielding superior, more stable performance. The f indings contribute evidence-

based methodologies for prompt design in knowledge-intensive domains, demonstrating

that deliberate reasoning preparation, recursive ref inement, and contextually optimized

persona specif ications of fer practical, training-free approaches to enhancing language

model outputs for educational and technical applications.
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N otations

N otation for E ssential C om p onents

T ab l e 1 : N otation: E ssential E xpressions

T i t le N otat ion C onven t i on

M ath

Sub jects

S = { s1 , s2 , . . . , sm } Set of m m athem atical sub jects, where each si ( i = 1, 2, . . . , m )

represents a specif ic mathem atical sub ject

M ath

Terms

Ts i = { t( i , 1 ) , t( i , 2 ) , . . . , t( i , n i ) } Set of n i mathem atical term s for sub ject si , where each t( i , j )

( j = 1, 2, . . . , n i ) represents a specif ic m athem atical term with in

sub ject si

Training

Dataset

D t r a i n = { (x 1 , y1 ) , ( x 2 , y2 ) , . . . , ( xN , yN ) } Set of N train ing exam ples, where each (x i , yi ) ( i = 1, 2, . . . , N )

represents an input-output pair used for m odel training. T he

dataset m ay be used for supervised learn ing, f ine-tuning, or

demonstration construction for few-shot prom pt

Seed Con-

tent

Cseed = { c1 , c2 , . . . , cN } Set of N seed content item s used to initial ize, guide, or boot-

strap generation and reasoning processes. Seed content m ay

include initial questions, prom pt instructions, dem onstration

exam ples, QA pairs, or any foundational artifacts that estab lish

the starting point for subsequent operations such as prom pt

engineering, few-shot learning, iterative ref inem ent, or multi-

agent collaboration

G enerated

D ef ini-

tions

G =
[

p ∈P

Gp where Gp = { g
( p )
( i , j )

| si ∈

S, t( i , j ) ∈Ts i }

U nion of def in ition sets produced across al l p rom pt m ethod

variations. For each prom pt m ethod p ∈P , Gp contains def in i-

tions generated by M au to-g en , where each g ( p )
i , j corresponds to

the def in ition for term t( i , j ) in sub ject si using prom pt m ethod

p

E valuation

M etrics

E = { e1 , e2 , . . . , e11 } Set of 11 evaluation metrics employed to assess the qual ity of

generated def in itions. E ach ek ( k = 1, 2, . . . , 11) represents a

distinct m etric targeting specif ic aspects of def in ition qual ity

E valuation

Results

R = { r ( i , j , p , k ) | si ∈ S, t( i , j ) ∈ Ts i , p ∈

P , ek ∈E}

Set of evaluation scores obtained from assessing generated

def in i tions. E ach r ( i , j , p , k ) represents the score for def in ition

g
( p )
( i , j )

evaluated by m etric ek , obtained via either M au to-eva l

(automatic evaluation) or M m an -eva l (manual evaluation)

ix



N otation for L anguage M odels and A gents

Tab l e 2 : N otation: Language M odels and A gents

T i t le N otat i on C onven t ion

Language

M odels

M = { M ( a -g en ) , M ( a -eva l ) , M ( m -eva l ) , πθ} Set of language m odels used for generation, evaluation, and

reinforcement learning tasks. M ( a -g en ) denotes the m odel

for autom atic def inition generation, M ( a -eva l ) denotes the

m odel for autom atic evaluation against m etr ics, M ( m -eva l )

denotes the m odel supporting hum an evaluators for m anual

evaluation, and πθdenotes the pol icy m odel param eterized

by θused in reinforcem ent learn ing to optim ize generation

behaviors through interaction w ith the environment

Agents A = { A 1 , A 2 , . . . , A K } where A k =

(M k , Ck , R k )

Set of K language m odel instances operating as distinct

agents, where each agent A k is def ined by its language

m odel conf iguration M k (which m ay be an instance of a

base m odel w ith specif ic parameters) , its assigned role or

persona Ck , and its behavioral constraints or optim ization

ob jectives R k . M ultip le agents m ay share the sam e base

m odel but dif fer in settings such as tem perature, top-p,

system prom pts, task special ization , or learn ing strategies,

enab l ing col laborative or com petitive interactions in multi-

agent frameworks

Collaboration

Strategy

Scol l a b = { s1 , s2 , . . . , sL } where each sℓ : A ×

T → A coord

Set of L col laboration strategies govern ing how multip le

agents interact to accom pl ish shared ob jectives. E ach strat-

egy sℓ def ines a coord ination m echanism that m aps the set

of availab le agents A and the task T to a coordinated agent

conf iguration A coord , specifying interaction patterns such

as sequential consensus, paral lel del iberation, hierarchical

delegation, debate, or voting. T hese strategies determ ine

com munication protocols, in form ation sharing pathways,

conf lict resolution m ethods, and the aggregation of ind ivid-

ual agent outputs into col lective outcomes
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N otation for L anguage M odel R eason ing

T ab le 3 : N otation: Language M odel R easoning

T i t le N otat i on C onven t i on

L inear R ea-

soning

L = { ℓ1 −→ ℓ2 −→ · · · −→ ℓR } Set of R sequential reasoning steps connected by forward pro-

gression, where each ℓr ( r = 1, 2, . . . , R ) represents a d iscrete

interm ediate thought generated by the LLM in chronological

order, w ith −→ symbolizing the unidirectional f low from one rea-

soning step to the next w ithout feedback loops

I terative R ea-

soning

I = { ι1 (
⟳
−→ ι2 )δ1 (

⟳
−→ ι3 )δ2 · · · (

⟳
−→

ιT )δT − 1 } where δt ∈{ 0, 1}

Set of T reasoning steps where iterative ref inem ent is conditionally

app lied , w ith each δt serving as an ind icator function determ ined

by evaluating previous reasoning against threshold m etrics Ei t er ⊆

E . Steps connected by
⟳
−→ undergo cyclic feedback and ref inem ent

when δt = 1, exam in ing previous outputs to identify im provem ent

points and incorporate ref inem ents; steps w ithout the iterative

symbol (δt = 0) proceed as l inear progression when qual i ty

metrics meet predef ined thresholds

R easoning

Space

R =
U[

u = 1

R u where each R u =

{ ρ( u , 1 ) , ρ( u , 2 ) , . . . , ρ( u , W u ) }

R easoning space com prises the un ion of al l reasoning subspaces.

T he reason ing space R is structured as a col lection of U rea-

soning subspaces R u , w ith each reasoning subspace containing

W u reasoning directions, col lectively representing the com plete

conceptual landscape of possib le reasoning paths

R easoning

Subspace

R u = { ρ( u , 1 ) , ρ( u , 2 ) , . . . , ρ( u , W u ) } ⊂

R

A reasoning subspace R u is a set of W u reason ing directions

w ith in a specif ic conceptual region of the reasoning space. E ach

reasoning subspace groups related reasoning paths that share

com m on conceptual foundations or approaches, and m ay contain

multip le optim al or near-optim al reasoning directions, contain

a single acceptable reason ing d irection, or contain no viab le

reasoning directions

R easoning D i-

rection

ρ( u , w ) ∈R u ⊂R A specif ic reasoning direction ρ( u , w ) is a reasoning path or tra-

jectory w ithin reasoning subspace R u that the LLM can fol low

to generate an output. A reason ing direction m ay represent

an optim al or near-optim al solution for a given task ; multip le

reasoning directions m ay ex ist w ith in a single reasoning subspace,

and som e reasoning directions may lead to suboptimal or unac-

ceptable outputs

R easoning

Navigation

N M ( I , D ) = R I , D → R I , D → ρI , D

where R I , D ⊆ R , R I , D ⊆ R I , D ,

ρI , D ⊆R I , D

Sequential navigation process executed by the large language

m odel M as instructed by prom pt instructions I and optionally

prom pt dem onstrations D . T he m odel f irst identif ies feasib le

reasoning subspaces R I , D w ith in the reason ing space R , then

selects relevant subspaces R I , D from them , and f inal ly fol lows

reasoning directions ρI , D w ithin those subspaces to generate

solutions. T he arrow notation → ind icates progressive ref inem ent

from broader exploration to focused selection through nested

subsets, where multip le subspaces and directions m ay be explored

at each stage
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N otation for P rom pt M ethods

T ab l e 4 : N otation: Prom pt M ethods

T i t le N otat i on C onven t ion

Candidate

Prompts

P can d ⊆P Set of candidate prom pt m ethods selected for experim ental evaluation, where

P can d = { p( c, 1 ) , p( c, 2 ) , . . . , p( c, C ) } w ith each p( c, c′) (c′= 1, 2, . . . , C ) representing

a specif ic prompt method under consideration

Prom pt I n-

structions

I = { i 1 , i 2 , . . . , i L } Set of L prom pt instructions that guide the LLM ’s generation process. E ach i ℓ

(ℓ = 1, 2, . . . , L ) represents a specif ic instruction com ponent (e.g. , task description ,

output form at requirem ents, reason ing constraints) that col lectively di rect the

model’s behavior

Prom pt

D em onstra-

tions

D = { d1 , d2 , . . . , dK } Set of K prompt dem onstrations serving as exam ples for few-shot prom pt. E ach

dk ( k = 1, 2, . . . , K ) represents a specif ic demonstration, w ith K being a variable

number adjustable across experim ental conf igurations

Prom pt

M ethods

P = P p rop ∪P b ase Set of prom pt m ethod variations, where P p rop = { p( p , 1 ) , p( p , 2 ) , . . . , p( p , a ) } is the

set of a proposed prom pt m ethods w ith each p( p , i ) ( i = 1, 2, . . . , a) representing

a specif ic proposed m ethod , and P b ase = { p( b, 1 ) , p( b, 2 ) , . . . , p( b, b) } is the set of b

basel ine prompt m ethods with each p( b, j ) ( j = 1, 2, . . . , b) representing a specif ic

baseline method

Professor-

R ank-

A ware

Prompt

P p rofs ⊆P Set of n Professor-R ank-A ware Prom pt m ethod variations as

{ p( p r ofs, 1 ) , p( p r ofs, 2 ) , . . . , p( p r ofs, n ) } , where each p( p r ofs, k ) ( k = 1, 2, . . . , n )

represents a d istinct prom pt m ethod w ith a sp ecif ic professor rank as context for

generating def in itions of term t( i , j ) in sub ject si . E ach m ethod fol lows the output

structure O ( p r of, k ) = { d} where d is the f inal def in ition w ith LaTeX m athem atical

notation

D irect

Prompt

pd i r ect ∈P Basel ine prom pt m ethod where the LLM directly generates the def in ition of term

t( i , j ) in sub ject si w ithout interm ediate reasoning steps or persona adoption . T he

output fol lows the structure O d i r ect = { d} where d is the f inal def in ition w ith

LaTeX mathem atical notation

Step-

by-Step

Prompt

psb s ∈P Prom pt m ethod where the LLM engages in sequential reasoning steps to progres-

sively build toward the solution before generating the f inal def in ition of term t( i , j )

in sub ject si . T he output fol lows the structure O sb s = { s1 , s2 , . . . , sn , d} where

each sk represents an interm ediate reasoning step and d is the f inal def in ition w ith

LaTeX mathem atical notation

E xcel lent-

Professor-

A ware

Prompt

pe-p ro ∈P Prom pt m ethod where the LLM adopts the persona of an excellent m ath professor

to generate the def in ition of term t( i , j ) in sub ject si . T he output fol lows the

structure O e-p ro = { d} where d is the f inal def in ition w ith LaTeX m athem atical

notation

Cumulative

T hink ing

Prompt

pct ∈P Prom pt m ethod where the LLM p erform s f ive sequential recalls from essential to

abstract understand ing of term t( i , j ) in sub ject si before generating the def in ition .

T he output fol lows the structure O ct = { r 1 , r 2 , r 3 , r 4 , r 5 , d} where r k represents

the k-th sequential th ink ing and d is the f inal def in ition w ith LaTeX m athem atical

notation

AU D IT

Prompt

pa u d i t ∈P Prom pt m ethod where the LLM iteratively generates def in itions fol lowed by qual ity

aud its and ref inem ents across multip le rounds for term t( i , j ) in sub ject si . T he

output fol lows the structure O au d i t = { d1 , a1 , d2 , a2 , d3 } where d1 is the initial

def in ition, a1 is the f irst qual i ty audit w ith ref inem ent suggestions, d2 is the

f irst ref ined def in ition, a2 is the second qual i ty audit, and d3 is the f inal ref ined

def inition.
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Chapter 1

I ntroduction

1.1 R esearch M otivation

The emergence of large language models has created unprecedented opportunities for

learners with complex and systematic educational needs, particularly those who previously

faced barriers due to diverse knowledge foundations or specif ic learning constraints.

By combining the vast parametric knowledge and extensive reasoning capabilities of

these models with carefully designed prompt strategies, we can now instruct artif icial

intelligence to search, accumulate, and synthesize relevant knowledge at lightning speed

while maintaining high levels of accuracy and reliability. This technological synergy

transcends traditional educational limitations, of fering a scalable solution that democratizes

access to high-quality, rigorous academic content. Consequently, this shift holds profound

positive social impacts, enabling equitable educational opportunities, reducing instructional

burdens, and supporting lifelong professional development in an increasingly knowledge-

driven society.

This dissertation proposes three prompt methods, structured knowledge accumulation

(Cumulative Thinking Prompt), iterative ref inement (AUDIT prompt), and f ine-grained

persona specif ication (Professor-Rank-Aware Prompt), which of fer substantial social and

economical benef its for STEM mathematics education. First, these methodologies can

be deployed without costly f ine-tuning or specialized infrastructure. This enables under-

resourced institutions, online platforms, and self-directed learners to access mathematically

precise def initions previously available only through expert tutoring or elite lecture notes,

thereby leveling the playing f ield for students from diverse socioeconomic backgrounds or

regions with scarce STEM faculty.

Second, the proposed methods benef it both instructors and students by signif icantly

reducing the cognitive and temporal overhead associated with def inition generation

and comprehension. For instructors, these tools serve as reliable assistants that rapidly

produce well-structured, formally accurate def initions, freeing them from repetitive manual
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drafting to focus on higher-level instructional activities such as curriculum design and

personalized feedback. For students, on-demand access to multiple, adaptively tailored

def initions facilitates self-paced learning, clarif ies subtle conceptual distinctions, and

provides immediate support for unfamiliar terms, thereby enhancing both understanding

and conf idence in mathematical reasoning.

Third, this research supports lifelong learning and workforce development in an AI-

driven economy. The ability to generate precise, customized mathematical def initions on

demand empowers professionals in data science, engineering, f inance, and healthcare to

ef ficiently refresh or deepen their knowledge. This enables adaptation to rapidly evolving

technical demands without requiring formal degree programs, contributing to economic

mobility and sustained employability. Collectively, these impacts demonstrate that the

proposed prompt innovations are not merely academic explorations but have concrete

potential to make STEM mathematics education more ef fective, adaptable, and accessible

for learners and educators alike.

1.2 R esearch Ob jectives

This dissertation pursues three sequential prompt engineering proposals designed to

investigate whether and how dif ferent reasoning structures and context specif ications can

fundamentally alter the reasoning behaviors of large language models as they navigate

the vast reasoning space R . The f irst ob jective is to develop and validate the Cumulative

Thinking Prompt, a linear reasoning method L = { ℓ1 −→ ℓ2 −→ · · · −→ ℓR } that structures

knowledge accumulation through sequential recalling steps before f inal generation, enabling

the model to leave less informative reasoning subspaces R u ⊂R and locate more valuable

reasoning directions ρI ,D . The second objective is to design and evaluate the AUDIT

prompt, an iterative reasoning framework I = { ι1(
⟳
−→ ι2)

δ1 (
⟳
−→ ι3)

δ2 } that incorporates

recursive quality audits and ref inement cycles, allowing the model to dynamically adjust

its navigation based on self-assessed output quality. The third ob jective is to examine the

Professor-Rank-Aware Prompt Framework, investigating whether f ine-grained persona

specif ications across eight academic ranks Pprofs = { p(profs,1) , p(profs,2) , . . . , p(profs,8) } can

guide the model toward reasoning subspaces containing more valuable mathematical

information compared to coarse-grained baseline specif ications.

This research faces several key challenges. First, each proposed prompt method must

demonstrate its unique reasoning advantages over established baselines, requiring careful

experimental design that isolates the ef fects of the specif ic reasoning mechanism, whether

linear knowledge accumulation, iterative ref inement, or f ine-grained persona specif ication,

while controlling for confounding variables. Second, the research requires the construc-

tion of a customizable and generalizable generation and evaluation dataset spanning 18
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mathematical sub jects with 921 terminologies, ensuring balanced representation across

domains while maintaining scalability for future applications. Third, a comprehensive

evaluation framework must be established with trustworthy and applicable evaluation

metrics E = { e1 , e2, . . . , e11} developed through automatic collaboration among dif ferent

LLM agents with distinct roles, suggesting, evaluating, and optimizing, to make the

mathematical term def inition generation and evaluation procedure more reliable, less

dependent on manual labeling, and fully transferable and customizable to new tasks

and domains. Finally, methodological consistency must be maintained across all three

studies to enable meaningful comparative analysis while allowing suf ficient f lexibility to

accommodate the distinct characteristics of each proposed prompt approach.

1.3 D isser tation Outl ine

This dissertation is organized into six chapters. Chapter 1 introduces the motivation, ob jec-

tives, and structure of the research. Chapter 2 presents the Cumulative Thinking Prompt

study, investigating linear reasoning with structured knowledge accumulation through

sequential recalling before def inition generation, covering related works, methodology,

results and analytics, and concluding with contributions and future directions. Chapter 3

presents the AUDIT prompt study, examining iterative reasoning with recursive quality

audits and ref inement cycles for on-the-f ly def inition optimization, including related works,

methodology, results and analytics with head-to-head comparison against the Cumulative

Thinking Prompt, and concluding with contributions and future directions. Chapter

4 presents the Professor-Rank-Aware Prompt study, investigating f ine-grained persona

specif ications across eight academic ranks compared to a coarse-grained baseline, including

related works, theoretical analysis of reasoning assumptions, a comprehensive case study

with methodology, results and analytics covering holistic and sub ject-level performance

with stability analysis, and concluding with contributions and future directions. Chapter

5 synthesizes the f indings across all three studies, discussing what has been achieved and

what should be improved. Chapter 6 envisions extending the proposed methodologies be-

yond mathematics into natural and social sciences, adapting them to diverse learner needs

through f lexible conf igurations, and applying them to professional workplace environments.

And Appendix with extra information requested by the committee members. All the

chapters are combined together to work as a cohesive narrative for three prompt methods

that progressively builds from foundational linear reasoning to iterative ref inement and

f inally to persona-aware context optimization, establishing a comprehensive framework

for prompt-guided navigation in the reasoning space of large language models.
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Chapter 2

Cum u lative T h ink ing P rom pt w ith

L inear R eason ing : Sequential

R ef lections B efore M athem atical

D ef in i t ion G eneration

2.1 I ntroduction

The rapid advancement of large language models M = { M (a-gen) , M (a-eval) , M (m-eval) , πθ} has

opened new possibilities for automating complex cognitive tasks, including the generation

of precise mathematical def initions, a foundational activity in mathematics education

and technical communication. M athematical def initions serve as the building blocks of

formal reasoning, requiring not only factual accuracy but also conceptual completeness,

structural coherence, and adherence to disciplinary conventions. Yet the capacity of

language models to generate high-quality mathematical def initions that meet the rigorous

standards of college STEM education remains underexplored, particularly regarding how

dif ferent prompt strategies inf luence the model’s ability to navigate its vast reasoning space

R =
S U

u= 1 R u toward optimal reasoning subspaces R I ,D ⊆R and reasoning directions

ρI ,D . W hile existing prompt methods such as direct prompt, persona-aware prompt,

and step-by-step reasoning have demonstrated utility across various tasks, they typically

approach def inition generation as a one-pass process without explicit mechanisms for

structured knowledge accumulation prior to f inal output.

This study introduces the Cumulative Thinking Prompt pct , a novel l inear reasoning

method L = { ℓ1 −→ ℓ2 −→ · · · −→ ℓR } designed to address the limitations of existing

prompt strategies for mathematical def inition generation. Unlike conventional approaches

that generate def initions directly or decompose reasoning without preparatory knowledge

scaf folding, the Cumulative Thinking Prompt instructs the language model to perform
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f ive sequential recalling steps { r1, r2 , . . . , r5} that progress from essential to abstract

understanding of the target mathematical term before generating the f inal def inition. This

structured pre-generation phase functions as a deliberate reasoning preparation mechanism,

enabling the model to accumulate relevant knowledge and establish a coherent conceptual

foundation that guides its subsequent navigation of the reasoning space R . By explicitly

separating knowledge accumulation from def inition generation, the proposed method

aims to ensure that the model’s f inal reasoning direction is informed by a comprehensive

preparatory exploration rather than an implicit, one-step traversal.

To evaluate the ef fectiveness of the Cumulative Thinking Prompt, this study conducts

a systematic comparison against three widely used baseline prompt methods: the direct

prompt pdirect , which generates def initions without intermediate reasoning; the excellent-

professor-aware prompt pe-pro, which adopts a persona-based contextualization approach;

and the step-by-step prompt psbs, which employs sequential reasoning decomposition.

The evaluation utilizes a rigorously constructed dataset comprising 439 mathematical

terminologies Tsi = { t( i ,1) , t( i ,2) , . . . , t( i ,n i ) } distributed across 18 mathematical sub jects S =

{ s1 , s2, . . . , s18} , with def initions assessed across 11 evaluation metrics E = { e1, e2 , . . . , e11}

spanning dimensions such as formal mathematical precision, conceptual completeness, and

structural coherence. Through this comparative framework, the study seeks to determine

whether structured knowledge accumulation prior to generation yields superior def inition

quality compared to existing linear reasoning strategies, and to provide insights into how

dif ferent reasoning navigation patterns inf luence language model performance on complex

cognitive tasks requiring both foundational understanding and formal precision.

2.2 R elated W orks

Following are extensive interpretations of typical prompt methods P = { p1 , p2 , . . . , p|P | }

that instruct the large language models M = { M (a-gen) , M (a-eval) , M (m-eval) , πθ} to linearly

navigate in its vast reasoning space R =
S U

u= 1 R u for multiple downstream tasks, which

can be organized into two primary categories, each comprising three subcategories. The

f irst main category, “Prompt for Linear Reasoning,” encompasses methods that guide

models through reasoning processes via specif ic reasoning strategies (such as architec-

tural planning or path sampling), content distillation (progressive information ref inement

through sequential extraction), and context generation (creating intermediate knowledge

prior to f inal answer formulation). The second main category, “Prompt Construction,”

focuses on techniques for building ef fective prompts through specif ic reasoning patterns

(manual rationales or pattern-based selection), quality metrics (optimization via consis-

tency, clustering, or adaptive selection), and reinforcement learning from human feedback

(learning prompt ef fectiveness from pairwise comparisons or of fline prediction models).
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A def ining characteristic shared across all 21 reviewed prompt method variations

Pcand ⊆ P is their reliance on linear reasoning L = { ℓ1 −→ ℓ2 −→ · · · −→ ℓR } as the

fundamental mechanism for constraining and navigating the holistic reasoning space R

of large language models M . W ithin the framework of reasoning spaces R , subspaces

R u ⊂R , and directions ρ(u ,w ) ∈R u , l inear reasoning can be understood as a structured

approach to progressively narrow the vast holistic reasoning space R into increasingly

focused reasoning subspaces R I ,D ⊆ R , ultimately guiding the model toward specif ic,

verif iable reasoning directions ρI ,D . This architectural commitment manifests across the

identif ied subcategories through distinct but complementary mechanisms. Some methods

explicitly construct reasoning subspaces R u by enforcing predetermined sequences of

operational stages, ef fectively partitioning the holistic space into ordered regions that

share common procedural characteristics. Others decompose complex problems into

hierarchical sub-tasks, recursively ref ining the reasoning subspace R I ,D as each sub-problem

is solved and its output becomes the foundation for subsequent steps. Still others employ

progressive content distillation, creating cascading constraints that systematically reduce

the subspace dimensionality until a single, well-def ined reasoning direction ρI ,D emerges.

M ethods focused on prompt construction Pprop ∪Pbase externalize this subspace navigation

N M ( I , D ) = R I ,D → R I ,D → ρI ,D by selecting demonstrations D = { d1 , d2 , . . . , dK }

that exemplify particular reasoning patterns, optimizing the selection criteria to ensure

that the induced reasoning directions remain within desirable subspaces R u . Across

all these approaches, the unifying principle is the explicit orchestration of cognitive

steps that progressively structure the model’s traversal from the undif ferentiated holistic

reasoning space R through successively constrained subspaces R I ,D , culminating in specif ic

reasoning directions ρI ,D that yield accurate and interpretable solutions. This linear

reasoning paradigm L thus functions as a spatial constraint mechanism, transforming the

unbounded generative capacity of LLM s M into a disciplined search through hierarchically

organized reasoning territories R .
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Tab le 2.1: Cumulative Thinking Prompt: Linear Reasoning-Aware Prompt Citations

M a in C ateg or y Su b categ or y P r om p t M eth od s

Prompt for L inear

Reasoning

Prom pt for L inear

R eason ing w ith Spe-

cif ic R easoning Strat-

egy

• Overarching Prompting [1]

• PE A R L (P lanning w ith E xecutab le A ctions for R easoning over Long D ocum ents)

[2]

• Self-Consistency [3]

Prom pt for L inear

R eason ing w ith Con-

tent D isti l lation

• R 3 (R eview , Rephrase and Resolve) [4]

• SCoT (Structured Chain-of-T hought) [5]

• CoF-CoT (Coarse-to-F ine Chain-of-T hought) [6]

• Least-to-M ost Prompting [7]

Prom pt for L inear

R eason ing w ith Con-

text Generation

• Cue-CoT (Cue-Chain-of-T hought) [8]

• T SGP (T wo-Stage Generative Prompting) [9]

• T hought E xperiments [10]

• Generated K nowledge Prompting [11]

Prompt

Construction

Prom pt Construction

w ith Speci f ic R eason-

ing Strategy

• Chain-of-T hought Prom pting [12]

• Pattern-CoT [13]

• A ctive-Prompt [14]

Prom pt Construction

w ith Qual ity M etrics

• Prom pt Demonstration E xplanation Selection [15]

• COSP (Consistency-based Self-adaptive Prompting) [16]

• A uto-CoT [17]

• D ynam ic Program Prompting [18]

• I AP ( I nstance-A daptive Prompting) [19]

Prom pt Construction

w ith R LH F Language

M odel

• Prom pt-OIRL [20]

• ParetoPrompt [21]

2.2.1 L inear-R eason ing P rom p t A pp l icat ions

P rom pt for L inear R eason ing w ith Sp eci f ic R eason ing Strategy

Overarch ing P rom pting [1] is a few-shot text prompt method that combines both

specif ic instructions and example demonstrations to teach a language model how to build

and use a high-level summary, called an “archetype,” for solving complicated problems.

The instructions are the clear, manually-written sentences that tell the model what to

do, such as “Let’s start with some high-level thinking,” “The problem statements can

be abstracted as follows,” and “From a high-level perspective, the problem could be

addressed as follows.” These guide the model through the two main steps: f irst creating

the archetype and then forming a strategy. The demonstrations are the two examples

provided within the prompt for each task. These examples show the model exactly what

a good archetype and a good strategy look like for a specif ic type of problem, such as a

math word problem or a physics question. By seeing these examples, the model learns

the expected level of abstraction and the style of the high-level plan. Together, the

instructions tell the model what to do, and the demonstrations show the model how

to do it. This combination ef fectively guides the model to f irst strip away distracting

low-level details to grasp the core of the problem, and then use that clearer understanding

to plan its reasoning, which ultimately helps it solve complex tasks more accurately. On
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the GSM8K [22] mathematical reasoning dataset, applying Overarching Prompting to

ChatGPT improved its solve rate to 81.34% , compared to 79.08% for standard Chain-of-

Thought. On the M M LU College Physics task [23], Overarching Prompting with ChatGPT

achieved a 57.84% solve rate, outperforming Chain-of-Thought at 54.70% . These results

demonstrate consistent improvements across dif ferent models and task types.

P E A R L (P lann in g w ith E xecu tab le A ction s for R eason ing over Long D ocu-

m ents) [2] is a multi-stage prompt framework specif ically designed to improve how large

language models reason over lengthy texts. The process begins with an action mining

stage, where the model is prompted, using a few manually crafted seed actions as examples,

to generate a broader set of task-specif ic, reusable actions from training questions. Each

action is formatted like a program function with a natural language def inition. Next,

in the plan generation stage, the model is given a new question and, through few-shot

prompt with demonstrations of good plans, formulates a sequence of these mined actions.

This plan acts as a blueprint, where the output of one action can be used as an input for

another. F inally, in the plan execution stage, the model executes the plan step-by-step.

For each step, it is given a zero-shot prompt containing the long document, the specif ic

action to perform, and the results from previous steps, allowing it to generate a detailed

output. To ensure the quality of the few-shot demonstrations used in plan generation, the

framework incorporates a self-ref inement mechanism where the model corrects its own

plans based on error messages or execution results before they are used as examples. The

principal evidence for PEARL’s ef fectiveness comes from experiments on a challenging

subset of the QuALITY [24] dataset. On questions requiring long-context understanding,

PEARL achieved an accuracy of 70.9% , signif icantly outperforming the zero-shot GPT-4

[25] baseline which scored 64.3% . For the most complex questions that required the full

document, PEARL’s performance was even stronger at 72.4% compared to the baseline’s

61.9% , demonstrating that its structured, multi-stage approach leads to more accurate

answers.

Sel f-Consistency [3] is a decoding strategy designed to replace the standard greedy

decoding approach used with Chain-of-Thought (CoT) [12] prompt. I t functions as

an extension to manually-crafted, few-shot CoT prompts by altering how the language

model generates its response after the prompt is given. The process involves three main

steps. F irst, the language model is prompted with the manually written chain-of-thought

exemplars. Second, instead of the model generating a single, most probable reasoning

path (greedy decoding), the researchers sample multiple diverse outputs from the model’s

decoder, creating a set of dif ferent reasoning paths that might lead to various f inal answers.

Third, these generated answers are aggregated, typically by taking a majority vote, to

select the single most consistent answer from the set. This method is grounded in the

intuition that for complex reasoning tasks, there are often several valid ways to arrive at

8



a correct solution, and these correct solutions are more likely to agree on a f inal answer

than incorrect ones. By marginalizing over the sampled reasoning paths, self-consistency

[3] aims to identify the answer with the strongest support, thereby improving the overall

reasoning accuracy of the model.

A l g or i t h m 2 Pseudocode: L inear R easoning w ith Specif ic R easoning Strategy

R eq u i r e: Source of dem onstrations D = { d1 , d2 , . . . , dK } , Target LLM M a-g en ∈M for generation , R easoning strategy

conf iguration Cr eason

E n su r e: Optim ized prompt w ith reasoning strategy

1: C an d id ate G en er at i on

2: Generate reasoning dem onstrations from D according to Cr eason :

3: - H igh-level abstraction construction

4: - Action or plan formulation

5: - Step-by-step rationale generation

6: D em on st r at ion Sel ect i on

7: Select K demonstrations D sel ected ⊆D based on Cr ea son :

8: - Representativeness of reasoning patterns

9: - D iversity of problem -solving approaches

10: - Quality of interm ediate reasoning steps

11: I n fer en ce w i t h R eason i n g Str ateg y

12: Construct prom pt w ith I and D sel ected according to Creason

13: Apply reasoning m echanism according to Cr eason :

14: - Generate structured reasoning path

15: - E xecute sequential reasoning steps

16: - A ggregate multiple reasoning paths if applicable

17: Generate output via M a-g en

18: r etu r n Optim ized reasoning-enhanced prompt

P rom pt for L inear R eason ing w ith C ontent D ist i l lat ion

The R3 (R ev iew , R ephrase and R esolve) [4] prompt method operates through three

distinct and sequential stages of interaction with the language model, each with a specif ic

instruction. In the f irst stage, called Review, the model is given a prompt containing several

example problems (few-shot demonstrations) that include both relevant and irrelevant

information. The instruction for this stage asks the model to read the question and extract

only the key sentences from the noisy context that are essential for f inding the answer. For

the problem of interest, the model then outputs a numbered list of these crucial sentences,

explicitly noting which pieces of information are irrelevant. In the second stage, Rephrase,

the model is provided with a new prompt that includes the original problem along with

the key sentences it just extracted. This prompt instructs the model to translate those

natural language sentences into a more abstract representation using explicit variables

and their numerical values (e.g. , “Number of lost marbles = 8”). The f inal stage, Resolve,

gives the model the original question along with the generated variables, asking it to form

an equation and calculate the f inal answer. This structured approach forces the model to

focus, simplify, and then solve, preventing it from being derailed by distracting details.

The principal evidence for the ef fectiveness of this method is that, when tested on f ive

dif ferent reasoning datasets containing misleading context, R3 prompting achieved an

average accuracy improvement of 3.7% over the next best prompt baseline when using the
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GPT-3.5-turbo [26] engine. Specif ically, on the SVAM P [27] dataset, which is known for

its tricky in-topic noise, it raised the state-of-the-art performance from 83.6% to 87.3% .

SC oT (Structu red C hain-of-T hought) [5] prompt is a method where the overall task

of generating a document-grounded conversation is deliberately divided into a sequence of

smaller, more manageable sub-tasks. For each of these sub-tasks, the researchers manually

create text-based prompts that include specif ic instructions and a few examples (few-shot)

to show the language model exactly what is expected. In practice, this means before

the model writes a f inal answer, it f irst goes through guided steps: one prompt asks it

to determine if the user’s question can actually be answered from the given document

(answerability classif ication), and another prompt asks it to identify the specif ic sentences

within the document that contain the relevant information (sentence selection). Only after

these steps are completed does a f inal prompt guide the model to generate the response,

now equipped with a clear understanding of whether an answer exists and where it is

located. This structured, step-by-step approach is designed to prevent the model from

skipping ahead and making up information, instead forcing it to follow a logical and

verif iable reasoning path. The principal evidence for its ef fectiveness is that the SCoT

method, when including the answerability classif ication and sentence selection states with

a FLAN-UL2-20B [28] assistant model, increased the agent’s faithfulness to the source

document by up to 16.8% compared to a simpler method that generated the conversation

in one step, as measured by lexical precision and factual consistency checks.

The CoF -CoT (Coarse-to-F ine Chain-of-T hought) [6] method is a manually-

crafted, text-based prompt approach designed to improve how large language models

handle complex language understanding tasks. Instead of asking the model to produce

an answer in one go, CoF-CoT breaks the overall task into a specif ic sequence of f ive

smaller, more manageable steps that progress from broad, sentence-level understanding

to precise, word-level details. As detailed in Section 3 of the paper, these steps are: 1)

generating an Abstract M eaning Representation [29] (AM R) graph, which captures the

core concepts and relationships in the sentence; 2) predicting the overall intent of the

utterance; 3) identifying the key phrases or slot values; 4) assigning a type to each of

those key phrases from a given vocabulary; and f inally 5) assembling everything into

a f inal structured output called a Logic Form. A key feature of this method is that

the prompt for each step explicitly includes the outputs generated from all previous

steps, a process called conditioning, which ensures the later, f iner-grained decisions are

informed by the earlier, broader understanding. For example, the model uses the AM R

graph and predicted intent from the f irst two steps to help it identify the correct slot

values in step three. The primary evidence for its ef fectiveness is presented in Table

1, where CoF-CoT consistently outperforms all other prompt methods across multiple

metrics. For instance, on the M TOP [30] dataset in a zero-shot setting, CoF-CoT achieved
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57.67% intent accuracy, a substantial improvement over the next best method’s 45.67%

(Least-to-M ost [7]). Similarly, on the M ASSIVE dataset [31] under the same conditions,

it reached 89.00% intent accuracy, signif icantly higher than the 73.66% achieved by the

best baseline method, Complex CoT [32].

Least-to-M ost P rom pting [7] is a manually-crafted, few-shot text prompt strategy

designed to help language models solve complex problems by breaking them down into

simpler parts. The process is explicitly divided into two stages, both implemented through

carefully designed prompts. In the f irst stage, called decomposition, the user provides

the model with a few examples that demonstrate how to break a complicated question

into a list of smaller, easier subproblems. For instance, a prompt might show how a

multi-step math question can be split into individual questions, each asking for a single

piece of information. The model then applies this learned pattern to decompose the new,

unseen problem it is given. In the second stage, called subproblem solving, the model

is guided through a sequence of prompts to solve each of these smaller subproblems one

by one. Critically, the answer generated for each subproblem is included in the prompt

for the next one, allowing the model to build on its previous work and eventually arrive

at the f inal answer for the original, complex problem. The principal evidence for the

ef fectiveness of this method comes from its performance on the SCAN [33] benchmark,

a test of compositional generalization. W hen tested on the most challenging “length

split,” where the commands in the test set are longer than any shown in the prompts,

least-to-most [7] prompt achieved an accuracy of 99.7% using only 14 examples. This

dramatically outperformed chain-of-thought prompt, which only reached 16.2% accuracy

on the same test.

A l g or i t h m 3 Pseudocode: L inear R easoning w ith Content D isti l lation

R eq u i r e: I nput query x , Target LLM M a-g en ∈M for generation , N umber of d isti l lation stages S, D isti l lation strategy

Td i st i l l (e.g. , sequential decom position, coarse-to-f ine, structured sub-tasks)

E n su r e: F inal output y

1: C on ten t D i st i l l at ion

2: D ecom pose input x into S sequential com ponents:

3: - E xtract essential information while f iltering irrelevant content

4: - Transform natural language into structured or abstract representations

5: - Break com plex problems into ordered subproblems

6: Sequ en t i a l R eason in g

7: for stage s = 1 to S d o

8: Condition on outputs from previous stages

9: Generate stage-specif ic output via M a-g en

10: en d for

11: R esol u t i on

12: Synthesize f inal output based on al l d isti l led components

13: r etu r n F inal output y
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P rom pt for L inear R eason ing w ith C ontex t G eneration

The C ue-C oT (C ue-C hain-of-T hought) [8] prompt framework is designed to enhance

Large Language M odel (LLM ) responses in dialogue by explicitly incorporating reasoning

about a user’s underlying status, which includes their personality, emotional state, and

psychological condition as inferred from the conversation context. This framework consists

of two distinct variations. The f irst, One-step Cue CoT (O-Cue CoT ), uses a single,

comprehensive prompt that instructs the LLM to perform two tasks in one go: f irst,

to reason about and generate a description of the user’s status based on the dialogue,

and second, to immediately generate a f inal response that takes this inferred status into

account. The primary advantage of this method is its simplicity, but the paper notes it

can lead to less detailed reasoning or cause the model to struggle with long and complex

instructions. The second variation, M ulti-step Cue CoT (M -Cue CoT ), decomposes

the process into two separate, sequential prompts. The f irst prompt instructs the model

solely to analyze the dialogue and output an inference about the user’s status. The second

prompt then provides the model with the original dialogue plus this inferred user status,

and instructs it to generate a f inal response. This step-by-step approach of fers greater

clarity, allows for the intermediate reasoning to be verif ied or stored, and makes it easier

for the model to follow instructions. The principal evidence supporting the superiority of

this multi-step approach comes from extensive comparative experiments. For instance,

across six dif ferent datasets, the M-Cue CoT method consistently achieved higher win

rates than both standard prompt and O-Cue CoT . In a specif ic zero-shot evaluation on

the Chinese Zhihu dataset with the ChatGPT model, M -Cue CoT achieved a helpfulness

win rate of 95.57% and an acceptability win rate of 65.22% , demonstrating its robustness

and ef fectiveness.

T SG P (T wo-Stage G enerat ive P rom ptin g) [9] is a framework designed to answer

commonsense questions without any training on labeled data. I t operates in two distinct

stages, both driven by manually-crafted text prompts. In the f irst stage, called K nowledge

Generation, the researchers feed a pre-trained language model a prompt that includes a

simple instruction, such as “Generate some knowledge about the concepts in the input,”

followed by a few handwritten examples (few-shot demonstrations) of questions paired

with helpful knowledge statements. W hen a new question is inserted into this prompt,

the model generates several pieces of commonsense knowledge related to that question,

making the implicit information stored in its parameters explicit. Because this generated

knowledge can sometimes be noisy or unhelpful, the framework then selects the single

most relevant piece by calculating its pointwise mutual information with the original

question. In the second stage, called Answer Generation, the framework uses another

manually-crafted prompt. This prompt contains instructions, the selected knowledge

statement from the f irst stage, the original question, and more few-shot demonstrations

showing how to derive answers from knowledge. The language model then generates
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numerous possible answers, or pseudo-answers, based on this combined context. Finally,

to predict the correct answer from the given choices, the framework computes the semantic

similarity between each of the generated pseudo-answers and each provided answer option,

using a separate sentence-embedding model, and votes for the option with the highest

overall similarity. The principal evidence supporting this framework’s ef fectiveness comes

from its performance on three dif ferent commonsense reasoning benchmarks. On the

CommonsenseQA [34] dataset, TSGP achieved 49.1% accuracy using the GPT2-XL model,

which is a substantial 16.8% improvement over the baseline model that simply scored

answer options without any prompt. I t also outperformed the previous best unsupervised

method, SEQA [35], by 14.3% . On OpenBookQA [36], TSGP reached 44.4% accuracy,

beating the baseline by 21.6% and SEQA by 11.0% . On SocialIQA [37], it achieved 51.5%

accuracy, outperforming the baseline by 8.7% and SEQAA by 4.0% . These consistent

improvements across diverse tasks demonstrate that by using structured prompts to make

implicit knowledge explicit, the TSGP framework enables language models to perform

unsupervised commonsense reasoning more ef fectively without any f ine-tuning.

T hought E xp er im ents [10] prompt framework is a method designed to help language

models reason through moral questions by guiding them to think about alternative

scenarios and hypothetical situations. The approach uses a series of manually written text

instructions that break down the reasoning process into f ive clear steps. F irst, the model

is asked to generate “what if” questions about the given moral situation, questions that

explore dif ferent possibilities or missing details. Second, the model answers those questions

in detail. Third, it summarizes what it has learned from considering these counterfactuals

and decides whether the original action was morally wrong. Fourth, because there can be

multiple ways to think about a moral issue, the model generates several dif ferent summaries

and then selects the best one. Finally, using that chosen summary, the model answers the

original multiple-choice question about the moral scenarios. This framework can be used

in two ways: in a zero-shot setting where the model receives only the instructions and no

examples, or in a few-shot setting where it f irst sees f ive manually crafted examples that

demonstrate the process. Unlike simpler reasoning methods that follow a single straight

line of thought, this approach encourages the model to explore multiple perspectives by

asking hypothetical questions. For instance, when considering a scenario about cutting

children’s hair, the model asks questions like “W ere the children okay with it?” or “W hat

was the reason for cutting their hair?”, questions that address details not clearly stated

in the original scenario. By exploring these dif ferent possibilities, the model can make

a more informed and accurate moral judgment based on a fuller understanding of the

situation.

G enerated K now ledge P rom pting [11] operates as a two-stage text-prompt method

designed to improve commonsense reasoning. In the f irst stage, knowledge generation, the
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researchers use a large language model like GPT-3 [26] and prompt it with a manually-

crafted few-shot prompt. This prompt contains a clear instruction and f ive human-written

demonstration pairs, each showing a question and a corresponding knowledge statement

that helps answer that question without directly giving away the answer. By feeding a

new question into this few-shot prompt, the language model generates multiple relevant

knowledge statements about the topic of the question. In the second stage, knowledge

integration, these generated statements are then used as additional input for a separate

inference model, such as T5 [38] or Unif iedQA [39]. The inference model makes predictions

by looking at each knowledge statement combined with the original question, and the

method automatically selects the prediction that gets the strongest support from any

single knowledge statement. This two-stage prompt approach is f lexible because it does not

depend on having a structured knowledge base like ConceptNet [40] to look up facts, nor

does it require training the model specif ically to work with external knowledge. Instead,

it leverages the knowledge already stored inside large language models and makes that

knowledge explicit through prompt, ef fectively turning complex commonsense questions

into simpler reasoning tasks such as deduction, analogy, or numerical comparison that

standard language models can handle more reliably. The principal evidence for the

ef fectiveness of this method comes from the experimental results reported in Table

3 of the paper, where Generated K nowledge Prompting achieves new state-of-the-art

performance on three out of four commonsense reasoning benchmarks, improving accuracy

on NumerSense [41] from 66.18% to 72.47% , on CommonsenseQA 2.0 [42] from 70.2% to

73.03% , and on QASC [43] from 76.74% to 80.33% when applied to existing top-performing

models.
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A l g or i t h m 4 Pseudocode: L inear R easoning w ith Context Generation

R eq u i r e: I nput query x , Target LLM M a-g en ∈M for generation, N umber of generated contexts K , Context selection

strategy Ssel ect

E n su r e: F inal output y

1: Stag e 1 : C on tex t G en er at i on

2: Generate context inform ation relevant to input x via M a-g en :

3: - User status inference (e.g. , personal ity, emotion, psychological condition)

4: - Com monsense knowledge statements

5: - Counterfactual or hypothetical scenarios

6: - M issing detai ls or alternative perspectives

7: Obtain generated context set C = { c1 , c2 , . . . , cK }

8: Stag e 2 : C on tex t Sel ect i on

9: i f Ssel ect = single th en

10: Select optimal context c∗ from C using:

11: - Pointwise mutual information w ith input

12: - Semantic sim ilarity scoring

13: - H euristic or learned ranking

14: el se i f Ssel ect = multip le th en

15: K eep al l contexts for ensemble reasoning

16: en d i f

17: Stag e 3 : O u tp u t G en er at ion

18: Generate f inal output via M a-g en using:

19: - Original input x

20: - Selected context(s) c∗ or C

21: - Task-specif ic instructions

22: i f Ssel ect = multip le th en

23: A ggregate outputs via voting or sim ilarity-based selection

24: en d i f

25: r etu r n F inal output y

2.2.2 L inear-R eason ing P rom p t Construction

P rom pt C onstruction w ith Sp eci f ic R eason ing Strategy

Chain-of-T hought P rom p tin g [12] is a few-shot, text-based prompt technique where

each demonstration provided to the language model is manually augmented with a natural

language “chain of thought.” This means the prompt does not just show the model a

question and its f inal answer, but also includes a written-out, step-by-step explanation

of the reasoning process needed to proceed from the question to the f inal answer. For

example, instead of using a prompt simply showing “Q: 15 + 15 = 30” and “A: 30”, a

chain-of-thought [12] demonstration would show its reasoning rationals “Q: 15 + 15 =

30? A: The problem is 15 plus 15. Adding the ones column, 5 plus 5 equals 10, so you

write down 0 and carry over 1. Then, in the tens column, you add the carried-over 1

to the two tens digits, which are 1 and 1, making 1 + 1 + 1 = 3. The f inal number is

30. The answer is 30.” The core idea is that this specif ic prompt structure explicitly

models for the model how a complex problem can be broken down into simpler, sequential

steps. By seeing this structure in a few examples, a suf ficiently large language model can

then apply the same type of step-by-step reasoning to new, unseen problems, ef fectively

unlocking its latent capacity for multi-step tasks like math, commonsense, and symbolic

reasoning. The proposed method demonstrates signif icant ef fectiveness, particularly when
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applied to suf ficiently large language models. For instance, on the challenging GSM8K

benchmark of math word problems, prompting the PaLM 540B [44] model with just eight

chain-of-thought exemplars achieved a new state-of-the-art accuracy, surpassing even a

f inetuned GPT-3 with a verif ier. Furthermore, this method improved performance on the

StrategyQA [45] commonsense reasoning task, with PaLM 540B reaching 75.6% accuracy,

outperforming the prior state-of-the-art of 69.4% . Lastly, in symbolic reasoning tasks like

sports understanding, the same model achieved a score of 95.4% , which is notably higher

than the unaided sports enthusiast baseline of 84% .

Pattern-C oT [13] is a prompt demonstration generation and selection method designed

to construct few-shot examples for reasoning tasks by prioritizing the logical structure

of problem-solving over surface-level semantics. The method begins by collecting a pool

of seed demonstrations, each consisting of a question, its intermediate reasoning steps

(rationale) , and the answer. These can be sourced from existing training data or, when

unavailable, generated by a large language model using a zero-shot prompt approach.

The core innovation lies in extracting “reasoning patterns” from these rationales, which

are sequences of fundamental operation tokens specif ic to the task domain, such as

mathematical symbols (+ , − , ×, ÷) for arithmetic problems, or terms like “day,” “week,”

and “month” for date-related tasks. These operation tokens are identif ied either through

prior domain knowledge or by prompt a large model to generate them. Once extracted,

each rationale is converted into a pattern sequence (e.g., ×, − for a two-step calculation).

These patterns are then encoded into vector representations using a sentence transformer

model [46] and grouped into clusters via k-means clustering. This clustering ensures that

the selected demonstrations are diverse in terms of the reasoning approaches they represent.

From each cluster, a representative demonstration is sampled to form the f inal prompt set,

where the number of clusters k is determined adaptively based on the number of identif ied

operation types and the total sample size using a formula k = ⌈ 1
2

×n ×(1 + log N )⌉
(where n is the number of operation types and N is the number of samples). This process

yields a prompt that exposes the language model to varied reasoning paths, reducing

the risk of bias from repetitive patterns and improving the model’s ability to select the

correct approach for downstream tasks. The ef fectiveness of Pattern-CoT is demonstrated

through extensive experimental results reported in the paper. On the LLaM A-2-7B model

[47], Pattern-CoT achieved 79.66% accuracy on the M ultiArith [48] dataset, outperforming

the semantic-based Auto-CoT [17] method which scored 76.00% . Similarly, on the Coin

Flip dataset [12], Pattern-CoT reached 59.40% accuracy compared to Auto-CoT’s 51.20% .

A ctive-P rom p t [14] is a method designed to build better few-shot chain-of-thought

prompts by focusing on the model’s own uncertainty. Instead of relying on humans to

guess which example questions might be helpful, the process begins by having the large

language model itself analyze a pool of unlabeled questions. For each question, the model
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is asked to generate an answer multiple times. I f the generated answers vary widely,

then that question would be f lagged as having high “uncertainty.” The logic behind

this selection decision is that these are the questions where the model struggles most

and where a clear, step-by-step example would be most benef icial for being few-shot

demonstrations. Humans then step in to write a reasoning chain for only these carefully

selected, high-uncertainty questions, showing exactly how to arrive at the correct answer.

This new, small set of human-annotated examples becomes the demonstrations of the

few-shot prompt. The principal evidence supporting this approach is found in the paper’s

experimental results, such as on the GSM8K [22] math dataset. Using the GPT-3.5-

turbo [26] model, the standard chain-of-thought method with arbitrarily chosen examples

achieved 74.2% accuracy. In contrast, Active-Prompt, which used its uncertainty-based

selection to pick the examples to annotate, achieved a signif icantly higher accuracy of

77.1% , demonstrating that a prompt built around the model’s uncertain questions is more

ef fective.

A l g or i t h m 5 Pseudocode: Prom pt Construction w ith Specif ic R easoning Strategy

R eq u i r e: Source of dem onstrations S ( train ing data, unlabeled inputs, or m anual exam ples) , Target LLM M a -g en ∈M for

generation, R easoning strategy type Tr eason , N umber of dem onstrations K

E n su r e: Optim ized prompt w ith reasoning demonstrations

1: C an d id ate G en er at i on

2: Generate reasoning dem onstrations from S via:

3: - M anual crafting with step-by-step rationales

4: - Pattern extraction and clustering from existing rationales

5: - Uncertainty-based selection from unlabeled inputs

6: D em on st r at ion Sel ect i on

7: Select K demonstrations based on:

8: - D iversity of reasoning structures

9: - Uncertainty or dif ficulty levels

10: - R epresentativeness of reasoning patterns

11: I n fer en ce

12: for each test input x t est d o

13: Construct prompt w ith selected reasoning demonstrations

14: Generate step-by-step reasoning and output via M a-g en

15: en d for

16: r etu r n Optim ized reasoning-enhanced prompt

P rom pt C onstruction w ith Qual i ty M etr ics

Prom pt D em onstration E xp lanation Selection [15] functions as an optimization

framework designed to ref ine the explanatory content within few-shot text prompts. The

research employs a leave-one-out generation scheme. Using the other K − 1 exemplars

(complete with their seed explanations and answers) as context, they prompt a large

language model (LLM ) to generate new explanation-answer pairs for the held-out question

qi , keeping only those generations that produce the correct answer ai . This process is

repeated with temperature scaling to produce a diverse candidate pool Ê i of up to 8 valid

explanations per question, which also includes the original seed explanation. Subsequently,

the selection phase aims to f ind the optimal combination C = { ei } i = 1:K (one candidate per
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exemplar) from this discrete search space. Given the high computational cost of evaluating

combinations directly on a development set, the method introduces two ef ficient proxy

metrics to prioritize promising candidates: one based on one-shot silver accuracy (SOSA cc)

on an unlabeled development set V , and another based on one-shot log likelihood (SOSLL )

computed from the few-shot exemplars themselves. After using these metrics to rank

and select a limited number of high-scoring combinations, the method performs a f inal,

more expensive evaluation using the actual ob jective O , accuracy against a silver-labeled

version of the development set, to identify the single best-performing combination of

reasoning rationales. The principal evidence supporting this method is that the optimized

prompts consistently outperform the original human-written ones across four dif ferent

reasoning tasks. Quantitatively, the optimized explanations achieved substantial gains

over the seed explanations, with accuracy improvements of 3.3% on GSM [22], 4.3% on

ECQA [49], and 7.1% on E-SNLI [50]. Furthermore, the proxy metrics proved ef fective,

as combinations ranked by SOSA cc in the top 16 achieved up to 1.4% higher accuracy than

random selection on E-SNLI , while those ranked by SOSLL outperformed random selection

by 2.0% on ECQA. The framework’s robustness was further demonstrated by its ability

to f ind better-performing explanations even with a reduced computation budget of 20

passes, yielding improvements of 2.0% , 4.0% , and 6.0% on GSM , ECQA, and E-SNLI

respectively.

COSP (Consistency-based Sel f-adap tive p rom pt) [16] is a two-stage method

designed to improve the reasoning performance of large language models without requiring

any human-provided, labeled examples. In the f irst stage, the model is asked to solve

each test question multiple times using a simple zero-shot chain-of-thought trigger phrase

like “Let’s think step by step,” generating a pool of its own responses, each consisting

of a reasoning path and a f inal answer. From this pool, COSP selects the most ef fective

question-answer-reasoning pairs to serve as in-context demonstrations. The selection

process is guided by a scoring function that incorporates three key criteria: consistency,

which measures how often the model arrives at the same f inal answer for a given question

across multiple attempts (assuming that answers with higher agreement are more likely

to be correct) ; diversity, which ensures the selected set of demonstrations covers dif ferent

types of questions and reasoning patterns to avoid narrow guidance; and repetitiveness,

which penalizes demonstrations where the reasoning text repeats itself, as such repetitive

patterns can mislead the model. In the second stage, these self-selected, high-quality

demonstrations are prepended to each original test question, and the model is queried

again to produce a f inal answer. The principal evidence for the method’s ef fectiveness

is found in the paper’s experimental results. Across six arithmetic and logical reasoning

tasks using the PaLM-62B model [44], COSP achieved an average accuracy of 66.28% .

This represents a substantial improvement of 10.40% over the standard Zero-shot CoT

with self-consistency [3] baseline, which averaged 55.88% . Furthermore, it achieved near
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identical performance with the Few-shot CoT baseline that uses f ive handcrafted, labeled

demonstrations, which averaged 66.37% , demonstrating that COSP can eliminate the

need for manual prompt engineering while matching or exceeding its performance.

A uto-CoT [17] is a few-shot prompt method designed to eliminate the need for

manually creating demonstration examples. I ts process begins by taking all the available

test questions and grouping them into clusters based on their semantic similarity, which

ensures the selected examples will be diverse. From each of these clusters, it picks one

question that is most representative of that group. For each selected question, it uses a

simple zero-shot prompt, “Let’s think step by step,” to instruct a large language model to

generate a reasoning chain that leads to an answer. The method then applies basic quality

checks, such as preferring shorter questions and reasoning chains with a limited number

of steps, to f ilter out potentially f lawed generations. The f inal output of this process is

a set of model-generated demonstrations, each consisting of a question, its step-by-step

reasoning, and the answer. This set is then used as the few-shot examples in a prompt for

answering new, unseen test questions. The principal evidence for the ef fectiveness of this

method is shown in the paper’s main results table, where on ten dif ferent reasoning tasks,

Auto-CoT achieved an average accuracy competitive with M anual-CoT. For instance, on

the M ultiA rith [48] dataset, Auto-CoT scored 92.0% ±1.7% , compared to M anual-CoT’s

91.7% , demonstrating that automatically generated demonstrations can perform as well

as human-crafted ones without the need for human intervention.

D ynam ic P rogram P rom pting [18] is a few-shot method designed to improve how

large language models solve math word problems by using training data more ef fectively.

The process begins by automatically annotating each problem in the training dataset with

a Python program that correctly solves it. This is done by prompting Codex [51] multiple

times until it generates a program whose executed result matches the known correct

answer. Once this annotated dataset is created, the method dynamically selects prompts

for a new test question. Instead of using the same f ixed set of example problems for every

query, it retrieves the M most similar problems from the annotated training data based

on semantic similarity by using sentence embeddings. These similar problems, along with

their Python program solutions, are then provided as in-context examples in the prompt.

This approach helps the model by showing it how to solve problems that are structurally

similar to the new one, which is especially valuable for complex or diverse question types

where a generic set of examples would be insuf ficient. The method’s ef fectiveness is

strongly supported by the empirical results; on the complex and noisy MathQA [52]

dataset, this approach achieved a signif icant improvement, outperforming the strong PAL

baseline by over 30 percentage points (61.7% vs. 30.0% ), while this dynamic selection

strategy consistently surpassed random exemplar selection, which scored only 34.0% on

the same MathQA dataset, highlighting the critical role of relevance, and the benef it
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extended to the SVAM P [27] dataset, where the proposed method improved performance

by 2.9 points over the reproduced PAL baseline (80.3% vs. 77.4% ).

I A P ( I nstance-A dap tive P rom pting) [19] is a method designed to choose the

optimal instruction-only prompt for each individual question when using large language

models for step-by-step reasoning. Instead of using the same prompt for every question,

IAP looks at how information f lows inside the model when it processes a question with a

candidate prompt. I t calculates a single combined score based on three measurements:

how well the prompt absorbs information from the question, how well the reasoning steps

pull information directly from the question, and how well the reasoning steps incorporate

guidance from the prompt. This score tells researchers whether a particular prompt is

likely to lead to a correct answer for that specif ic question. IAP comes in two versions.

The f irst, Sequential Substitution, tests prompts one by one in a f ixed order until it f inds

one whose score exceeds a pre-set threshold, then uses that prompt to generate the answer.

The second, Majority Vote, calculates scores for all available prompts, picks the top

three with the highest scores, and selects the most common answer among them as the

f inal result. Both versions draw from a diverse pool of candidate prompts that includes

helpful instructions, misleading ones, and even completely unrelated phrases. W hen tested

across mathematical word problems, logical reasoning tasks, and commonsense questions,

both IAP approaches consistently outperformed the best single prompt designed for an

entire task, as well as more complex prompt optimization methods like OPRO [53] and

Self-Discover [54], demonstrating that tailoring prompts to individual instances yields

better overall results.

A l g or i t h m 6 Pseudocode: Prom pt Construction w ith Qual ity M etrics

R eq u i r e: Target LLM M , Task inputs X t est = { x j } T
j = 1 , Candidate source S (train ing data, prom pt tem plates, or self-

generation) , Qual ity metrics Q p rox y for ef ficient prioritization, Target ob jective O for f inal evaluation, N umber of top

candidates K

E n su r e: Optim ized prompt com ponents and f inal outputs Y t est for al l test inputs

1: Stag e 1 : C an d id ate G en er at i on

2: Generate candidate pool C from source S via:

3: - Retrieval from training data, or

4: - Self-generation w ith temperature scal ing, or

5: - Predef ined prompt templates

6: Stag e 2 : Q u a l i ty -A w ar e P r i or i t i za t i on

7: for each test input x ∈X test d o

8: Compute proxy scores for candidates c ∈C using Q p rox y

9: (e.g. , consistency, diversity, sim ilarity, information f low , or si lver accuracy)

10: Rank candidates and retain top-K candidates Ct op

11: Stag e 3: F in a l Select ion & G en er at ion

12: E valuate Ct op using target ob jective O (e.g. , answer agreement, si lver-label accuracy)

13: Select optimal candidate c∗ = arg maxc∈Ct o p O(c, x )

14: Generate f inal output y via M using selected prom pt components

15: Store y in Y t est

16: en d for

17: r etu r n Y t est with associated optim ized prompt components
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P rom pt C onstruction w ith R LH F Language M odel

P rom p t-O I R L [20] is designed to suggest the most ef fective prompt for each individual

question, rather than relying on a single prompt for all questions. I t works in two main

stages. First, it learns from an “of fline” dataset, which is existing information collected

from past experiments where various prompts, such as “Let’s think step by step,” were

tested on arithmetic problems. This dataset contains records of which prompts led to

correct or incorrect answers for specif ic questions. From this data, Prompt-OIRL builds a

prediction model, a kind of simplif ied scoring system, that can estimate the likelihood

of a given prompt successfully answering a particular question. In the second stage,

during actual use (inference), when a new question is asked, the method uses this learned

prediction model to instantly evaluate a set of candidate prompts and select the one with

the highest predicted chance of success. The key advantage is that this selection happens

without having to send each candidate prompt to the large language model, which is a

time-consuming and costly process. Only the single, selected prompt is then sent to the

language model to generate the f inal answer. This approach directly tackles two major

challenges identif ied in the paper: the dif ficulty of evaluating a prompt’s quality when

the correct answer is unknown (Challenge 1) and the high cost of repeatedly interacting

with language models to test dif ferent prompts (Challenge 2). The principal evidence

for its ef fectiveness is demonstrated in their experiments. For instance, when only one

prompt’s worth of data was available for training, Prompt-OIRL improved the success

rate of getting correct answers by 24.3% compared to simply using the best prompt from

that limited training data. This shows its ability to learn and generalize ef fectively, even

from scarce information, to make better, query-specif ic prompt choices.

ParetoP rom pt [21] is a reinforcement learning method designed to automatically

generate ef fective text prompts by learning from comparisons between prompt pairs.

Instead of calculating a single combined score to evaluate a prompt’s quality, which would

require making assumptions about how to balance dif ferent goals, the method compares

two prompts based on whether one “dominates” the other across multiple ob jectives. A

prompt dominates another if it is better in at least one objective (such as accuracy or

f luency) and not worse in any other. The policy model, which generates the prompts, is

then updated using a loss function that encourages it to produce more of the dominating

prompts. A key innovation is the use of a special “non-dominated loss function” for pairs

of prompts where neither dominates the other. This loss function encourages the model

to generate prompts that represent dif ferent, equally valid trade-of fs between objectives,

rather than clustering around a single type of solution. This combination ensures that

the f inal set of prompts generated by the model is not only high-quality but also diverse,

ef fectively covering the entire range of optimal compromise solutions, known as the Pareto

front. The principal evidence supporting this def inition is found in the text style transfer

experiment results shown in Table 2, where ParetoPrompt-IPO generated the largest set of
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non-dominated prompts (Pareto Set Size of 34.8) and achieved the highest Hypervolume

(HV) score of 2406, demonstrating its ability to produce both diverse and high-performing

prompts that cover the full range of optimal trade-of fs.

A l g or i t h m 7 Pseudocode: Prom pt Construction w ith RLHF Language M odel

R eq u i r e: Train ing dataset D t r a i n = { (q, P can d , y) } contain ing questions, cand idate prom pts, and ground-truth answers,

R LH F language m odel πθ for prompt optim ization, Target LLM M a -g en ∈M for generation, Number of optim ization

iterations T

E n su r e: Optim ized prompt selection pol icy π∗
θ

1: Stag e 1 : P ol i cy L ear n i n g fr om O f fli n e D ata

2: for iteration t = 1 to T d o

3: Sample batch of training exam ples from D t ra i n

4: For each example, evaluate candidate prom pts P can d using learned reward model

5: Update pol icy πθ to m axim ize expected reward via R LHF

6: en d for

7: Obtain optim ized pol icy π∗
θ for prom pt selection

8: Stag e 2 : I n fer en ce w i th L ear n ed P ol i cy

9: for each test input q d o

10: I dentify candidate prompts P can d for input q

11: Select optimal prompt p∗ = arg m axp ∈P ca n d
π∗

θ(p | q)

12: Generate output via M a-g en using prom pt p∗

13: en d for

14: r etu r n Optim ized policy π∗
θ

2.3 M ethodology

2.3.1 P rob lem D ef in i tion

M athematical def inition generation requires the language model M a-gen to navigate from

the holistic reasoning space R toward a specif ic reasoning direction ρI ,D that yields a

def inition satisfying standards of formal precision, conceptual completeness, and structural

coherence. Existing prompt strategies approach this navigation through various linear

reasoning patterns L = { ℓ1 −→ ℓ2 −→ · · · −→ ℓR } , yet each exhibits distinct limitations

in how they structure the reasoning trajectory. The direct prompt pdirect instructs

the model to generate a def inition in a single step without any intermediate reasoning

scaf folding, ef fectively requiring the model to identify the optimal reasoning direction

ρI ,D from the outset without preparatory exploration. The excellent-professor-aware

prompt pe-pro introduces persona-based contextualization but still relies on a one-pass

generation process, assuming that the assigned persona alone suf ficiently constrains the

reasoning space without providing explicit guidance on how to traverse it. The step-by-step

prompt psbs decomposes the reasoning process into sequential steps, yet these steps remain

loosely structured and do not ensure that the model accumulates progressively ref ined

understanding before committing to a f inal def inition.

The central problem addressed by the Cumulative Thinking Prompt is whether a

more structured linear reasoning approach, one that explicitly sequences knowledge

accumulation prior to generation, can more ef fectively guide the language model toward
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optimal reasoning subspaces R I ,D ⊆R and reasoning directions ρI ,D . W hile existing linear

methods either bypass intermediate reasoning altogether or employ decomposition without

explicit knowledge scaf folding, they do not guarantee that the model has established a

suf ficient conceptual foundation before generating the f inal output. This gap is particularly

consequential for mathematical def inition generation, where the quality of the f inal

def inition depends critically on the model’s ability to integrate foundational understanding

with formal precision.

The Cumulative Thinking Prompt addresses this problem by introducing a structured

linear reasoning framework that separates the reasoning process into two distinct phases:

a preparatory knowledge accumulation phase followed by a def inition generation phase.

The method instructs the model to perform f ive sequential recalling steps { r1 , r2 , . . . , r5}

that progress from essential to abstract understanding of the target term t( i , j ) within

its subject si , thereby establishing a progressively ref ined conceptual foundation. Only

after completing this explicit knowledge accumulation does the model proceed to generate

the f inal def inition g(pct )
( i , j ) . This design treats reasoning navigation N M ( I , D ) = R I ,D →

R I ,D → ρI ,D not as an implicit byproduct of generation but as a deliberate, staged process

where each phase prepares the model for the next. By making the knowledge accumulation

explicit and sequential, the Cumulative Thinking Prompt aims to ensure that the model’s

f inal reasoning direction is informed by a comprehensive preparatory exploration of the

reasoning space, thereby overcoming the limitations of linear methods that either skip

this preparatory phase entirely or structure it insuf ficiently.

2.3.2 D ataset

The dataset employed for evaluating the proposed Cumulative Thinking Prompt pct against

the baseline prompt methods comprises 439 math terms Tsi systematically distributed

across 18 distinct mathematical sub jects S = { s1, s2 , . . . , s18} , including algebra, geometry,

calculus, linear algebra, probability, topology, and others. Designed to represent the typical

mathematical terms that college STEM students encounter when learning mathematics

for machine learning and neural network fundamentals, each subject contains between

23 and 26 terminologies with a mean of approximately 24 terms per subject, ensuring

balanced representation across foundational mathematical domains.
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Tab le 2.2: Cumulative Thinking Prompt Dataset: Dataset

Su b j ect N u m b er of M ath T erm s

Abstract A lgebra 26

A lgebra 24

Calculus 24

D if ferential Geometry 25

D iscrete M athematics 25

Dynam ical Systems 23

Geom etry 24

G raph T heory 26

Information T heory 24

L inear A lgebra 25

Logic 24

M easure T heory 23

Numerical L inear A lgebra 24

Optim ization 26

Probabi l ity 24

Statistics 24

Topology 24

Trigonom etry 24

Total 439

This dataset is specif ically constructed to characterize the distinct reasoning behaviors

of dif ferent prompt methods P = { pdirect , pe-pro, psbs, pct } and to investigate whether the

proposed Cumulative Thinking Prompt’s sequential reasoning order, which f irst initializes

f ive sequential and accumulative knowledge recall and thinking steps { r1 , r2 , . . . , r5}

within the sequential reasoning framework I before generating the f inal mathematical

term def inition g(pct )
( i , j ) , can ef fectively guide the language model M a-gen toward identifying

the optimal reasoning subspace R I ,D ⊆R and reasoning directions ρI ,D within the holistic

reasoning space R , thereby producing superior def inition generation outcomes compared

to baseline prompt methods that employ alternative reasoning navigational strategies

N M (I , D ).

Alg eb ra
24  te rm s
(5 .5% )

Geom etry
24  te rm s
(5 .5% )

Trig onom etry
24  te rm s
(5 .5% )

Ca lcu lu s
24  te rm s
(5 .5% )

Linea r Alg eb ra
25  te rm s
(5 .7% )

Num erica l Linea r Alg eb ra
24  te rm s
(5 . 5% )

Probab ility
24  term s
(5 . 5% )

D iscrete Ma them a tics
25  te rm s
(5 .7% )

Log ic
24  te rm s
(5 . 5% )

Sta tistics
24  term s
(5 . 5% )

Optim iza tion
26 te rm s
(5 . 9% )

In form ation  Theory
24 te rm s
(5 . 5% )

Graph Theory
26  term s
(5 . 9% )

D iffe ren tia l Geom etry
25  term s
(5 . 7% )

Topo log y
24  te rm s
(5 . 5% )

Abstract Alg eb ra
26  te rm s
(5 .9% )

Dynam ica l System s
23  te rm s
(5 .2% )

Measu re  Theory
23  term s
(5 . 2% )

Cu m u l a t i v e  Th i n k i n g  Pr o m p t :  D a t a se t  D i s t r i b u t i o n  b y  Su b j e ct

Figure 2.1: Cumulative Thinking Prompt: Dataset D istribution by Sub ject
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The dataset construction followed a multi-agent collaborative optimization procedure,

beginning with DeepSeek serving as the suggesting LLM agent A suggest to propose an

initial structure of mathematical subjects S = { s1 , s2 , . . . , sm } and corresponding mathe-

matical terms Tsi = { t( i ,1) , t( i ,2) , . . . , t( i ,n i ) } for each sub ject. This initial structure was then

iteratively reviewed and optimized through a collaborative framework involving Qwen,

ChatGPT , and Gemini operating as evaluator agents A eval ⊆A and optimizer agents

A optim ⊆A , following the implicit LLM collaboration strategies Scollab = { s1 , s2 , . . . , sL }

that enabled sequential consensus and parallel deliberation. The iterative ref inement pro-

cess continued until the optimized dataset structure, encompassing both the mathematical

subjects and the mathematical terms within each subject, achieved mutual agreement

across all participating language model agents, ensuring that the f inal dataset represented

a collectively validated foundation for evaluating reasoning behaviors across dif ferent

prompt methods P .

2.3.3 M ethods

P rop osed P rom pt M ethod

The proposed Cumulative Thinking Prompt pct is a sequential reasoning method de-

signed for mathematical term def inition generation, where the language model M a-gen

f irst initializes f ive sequential and accumulative knowledge recall steps { r1 , r2 , . . . , r 5} ,

progressing from essential to abstract understanding of the target term t( i , j ) within its

subject si , before generating the f inal def inition g(pct )
( i , j ) . These f ive recalling steps serve

as implicit reasoning context and reasoning navigation constraints that guide the model

toward relevant reasoning subspaces R I ,D ⊆R and optimal reasoning directions ρI ,D ,

enabling the accumulation of pertinent knowledge that facilitates convergence to the most

appropriate mathematical def inition. As one of two proposed prompt methods that employ

sequential reasoning as their fundamental reasoning behavior for the mathematical term

def inition generation task, pct leverages this structured pre-generation thinking process

to navigate the holistic reasoning space R more ef fectively than non-sequential or less

constrained alternatives.

C u m u lat i ve T h in k i n g P rom p t

recall your understanding about [term] in [sub ject] from essential to abstract in sequential 5 times, then

to generate def inition of [term] in [sub ject] with detailed mathematical explanations in one paragraph of

approximately 200 words with used math symbols in LaTeX format, based on all 5 previous sequential

thinking before generating the mathematical def inition.
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A l g or i t h m 8 Pseudocode: Cumulative T hinking Prompt

R eq u i r e: M ath sub jects S = { s1 , s2 , . . . , sm } , M ath term s Ts i = { t( i , 1 ) , t( i , 2 ) , . . . , t( i , n i ) } for each sub ject, Cumulative

T hinking Prom pt pct , N umber of sequential recalls N , G eneration LLM M a-g en ∈M accessed via A PI , E valuation LLM

M a-eva l ∈M accessed via A PI , E leven evaluation metrics E = { e1 , e2 , . . . , e11 }

E n su r e: E valuation results R

1: for each sub ject si ∈S d o

2: for each term t( i , j ) ∈Ts i d o

3: for sequential recal l k = 1 to N d o

4: Generate recal l r k from essential to abstract understanding using pct via M a-g en

5: en d for

6: Generate f inal def inition g
( p ct )
( i , j )

via M a-g en , based on al l sequential recal ls { r 1 , r 2 , . . . , r N }

7: for each evaluation metric ek ∈E d o

8: E valuate generated f inal def in ition g ( p ct )
( i , j )

using metric ek via M a-eva l

9: Store evaluation score r ( i , j , p ct , k )

10: en d for

11: en d for

12: en d for

13: Compute aggregate scores for Cumulative T hinking Prompt

14: r etu r n E valuation results R for cumulative think ing method

B asel ine P rom pt M ethods

To establish a comprehensive performance comparison with the proposed Cumulative

Thinking Prompt pct , three baseline prompt methods are employed for the same mathe-

matical term def inition generation task: direct prompt pdirect , excellent-professor-aware

prompt pe-pro, and step-by-step prompt psbs. Each of these baseline methods represents

widely used and well-established prompt techniques that have robustly demonstrated the

advantages and strengths of their respective reasoning patterns for reasoning navigation

N M ( I , D ) to achieve strong generation performance. The direct prompt pdirect relies

on straightforward, single-step generation without intermediate reasoning; the excellent-

professor-aware prompt pe-pro leverages persona-driven contextualization to guide the

model toward authoritative outputs; and the step-by-step prompt psbs employs sequen-

tial reasoning decomposition to systematically build toward the f inal def inition. These

baselines collectively provide a rigorous benchmark against which the sequential recalling

behavior of the proposed Cumulative Thinking Prompt can be evaluated.

T h ree B asel i n e P rom p t M eth od s

D i r ect P r om p t :

def inition of [term] in [sub ject] with detailed mathematical explanations in one paragraph of approximately

200 words with used math symbols in LaTeX format.

E x cel len t-P rofessor -A w ar e P rom p t :

you are an excellent math professor who are good at math teaching, generate def inition of [term ] in

[sub ject] with detailed mathematical explanations in one paragraph of approximately 200 words with used

math symbols in LaTeX format.

Step-by -Step P rom p t :

let’s think step by step, def inition of [term] in [sub ject] with detai led mathematical explanations in one

paragraph of approximately 200 words with used math symbols in LaTeX format.
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A l g or i t h m 9 Pseudocode: D irect Prompt

R eq u i r e: M ath sub jects S = { s1 , s2 , . . . , sm } , M ath term s Ts i = { t( i , 1 ) , t( i , 2 ) , . . . , t( i , n i ) } for each sub ject, D irect prom pt

pd i r ect , G eneration LLM M a-g en ∈ M accessed via A PI , E valuation LLM M a-eva l ∈ M accessed via A PI , E leven

evaluation metrics E = { e1 , e2 , . . . , e11 }

E n su r e: E valuation results R

1: for each sub ject si ∈S d o

2: for each term t( i , j ) ∈Ts i d o

3: Generate f inal def inition g
( p d i r ect )
( i , j )

via M a-g en using pd i r ect

4: for each evaluation metric ek ∈E d o

5: E valuate generated f inal def in ition g ( p d i r ect )
( i , j )

using metric ek via M a-eva l

6: Store evaluation score r ( i , j , p d i r ect , k )

7: en d for

8: en d for

9: en d for

10: Compute aggregate scores for direct prom pt

11: r etu r n E valuation results R for direct method

A l g or i t h m 10 Pseudocode: E xcellent-Professor-Aware Prompt

R eq u i r e: M ath sub jects S = { s1 , s2 , . . . , sm } , M ath term s Ts i = { t( i , 1 ) , t( i , 2 ) , . . . , t( i , n i ) } for each sub ject, E xcel lent-

professor-aware prom pt pe-p ro , G eneration LLM M a-g en ∈M accessed via A PI , E valuation LLM M a-eva l ∈M accessed

via A PI , E leven evaluation metrics E = { e1 , e2 , . . . , e11 }

E n su r e: E valuation results R

1: for each sub ject si ∈S d o

2: for each term t( i , j ) ∈Ts i d o

3: Adopt excel lent math professor persona via pe-p ro

4: Generate f inal def inition g
( p e-p r o )

( i , j )
via M a-g en

5: for each evaluation metric ek ∈E d o

6: E valuate generated f inal def in ition g
( p e-p r o )

( i , j )
using metric ek via M a-eva l

7: Store evaluation score r ( i , j , p e-p r o , k )

8: en d for

9: en d for

10: en d for

11: Compute aggregate scores for excel lent-professor-aware prompt

12: r etu r n E valuation results R for excel lent-professor-aware method

A l g or i t h m 11 Pseudocode: Step-by-Step Prompt

R eq u i r e: M ath sub jects S = { s1 , s2 , . . . , sm } , M ath term s Ts i = { t( i , 1 ) , t( i , 2 ) , . . . , t( i , n i ) } for each sub ject, Step-by-step

prom pt psb s , G eneration LLM M a-g en ∈M accessed via A P I , E valuation LLM M a -eva l ∈M accessed via A P I , E leven

evaluation metrics E = { e1 , e2 , . . . , e11 }

E n su r e: E valuation results R

1: for each sub ject si ∈S d o

2: for each term t( i , j ) ∈Ts i d o

3: for reasoning step k = 1 to K d o

4: Generate step k reasoning using psb s via M a-g en

5: en d for

6: Generate f inal def inition g
( p sb s )
( i , j )

via M a-g en

7: for each evaluation metric ek ∈E d o

8: E valuate generated f inal def in ition g
( p sb s )
( i , j )

using metric ek via M a-eva l

9: Store evaluation score r ( i , j , p sb s , k )

10: en d for

11: en d for

12: en d for

13: Compute aggregate scores for step-by-step prom pt

14: r etu r n E valuation results R for step-by-step method
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2.3.4 E xp er im ent Setup

A pp l ied L arge Language M odels

Tab le 2. 3: Large Language M odels for A ll Three Studies

L ar g e L an gu ag e M od el V er si on s Fu n ct i on s

D eep Seek V 3.2 U sed for m ath term def in ition generation and evaluation, and

also for dataset and evaluation metrics construction.

Q w en 3.5 Plus Used for optim izing the dataset and evaluation metrics.

C h atG P T 5.3 and 5.4 I nstant Used for optim izing the dataset and evaluation metrics.

G em in i 3.1 F lash Used for optim izing the dataset and evaluation metrics.

H yp erparam eters

Tab le 2.4: Cumulative Thinking Prompt: Hyperparameters

H y p er p ar am eter V a lu e E x p l an at ion

M ax R etr i es 3 T he system tries up to 3 tim es if an A PI cal l fai ls, balancing reliabil ity against total

processing time.

R et r y D el ay 2 seconds T he system waits 2 seconds between retry attem pts to give servers tim e to recover

and prevent overwhelm ing them .

A P I K ey s C ou n t User input M ultip le A PI keys distribute requests across accounts to increase throughput and

avoid hitting individual rate lim its.

M od el deepseek-chat DeepSeek v3.2, Used for def inition generation and qual ity evaluation.

T em p er atu r e for

I n fer en ce

0.25 Controls random ness in response generation ; m oderate tem perature balances creativ ity

with coherence for generating reasoning steps.

T em p er atu r e for

E va l u at i on

0.1 A low tem perature ensures consistent, determ inistic evaluations by m inim izing ran-

domness in the A I’s responses.

M ax T oken s 4000 T his l im its the A I ’s response length to ensure com plete evaluation results f it w ithin

the al lowed capacity.

2.3.5 E valuation M etr ics

The evaluation of mathematical term def inition quality for both the proposed Cumula-

tive Thinking Prompt pct and the baseline prompt methods pdirect , pe-pro, and psbs was

conducted using eleven automatic evaluation metrics E = { e1, e2 , . . . , e11} . T hese metrics

were implemented via the DeepSeek API , where the evaluation LLM M a-eval ∈M system-

atically assessed each generated def inition g(p)
( i , j ) across multiple dimensions of def inition

quality, producing evaluation scores r ( i , j ,p,k ) for each metric ek . This automated evaluation

framework ensured consistent, scalable, and reproducible assessment across all generated

def initions, enabling rigorous comparative analysis of reasoning navigation strategies

employed by dif ferent prompt methods.

This collection of evaluation metrics was constructed through a multi-agent collaborative

framework that parallels the dataset optimization procedure. Initially, DeepSeek served
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as the suggesting agent A suggest to propose a series of mathematical term def inition

evaluation metrics, each accompanied by detailed metric descriptions designed to enable

the evaluator LLM M a-eval to clearly understand the meaning and scope of each evaluation

criterion. Following this initial suggestion, Qwen, ChatGPT , and Gemini were deployed as

evaluator agents A eval and optimizer agents A optim to collaboratively review and ref ine the

proposed metrics from both holistic and specif ic perspectives. This iterative optimization

process ensured that the evaluation metrics were rigorously aligned with the fundamental

knowledge and skills expected of college STEM students learning mathematics for machine

learning and neural network fundamentals, consistent with the design principles established

during dataset construction.

A distinctive feature of the evaluation metrics, alongside the generation and evaluation

dataset, is that both research components were proposed, reviewed, and optimized through

the collaborative interaction of multiple LLM agents A = { A 1 , A 2 , . . . , AK } , enabling

iterative convergence toward improved quality in an automated manner. This agent-

based collaboration strategy Scol lab leveraged the powerful parametric knowledge and

generation capabilities of proven large language models, allowing the evaluation framework

to evolve through sequential consensus and parallel deliberation without requiring manual

intervention. The resulting eleven evaluation metrics encompass a comprehensive set

of dimensions for assessing mathematical def inition quality. Collectively, these metrics

provide a robust foundation for evaluating the reasoning navigation behaviors N M (I , D )

exhibited by both the proposed Cumulative Thinking Prompt pct and the baseline prompt

methods.
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Tab le 2.5: Cumulative Thinking Prompt: Evaluation Framework

E va l u at i on M etr i cs E va l u at i on Focu s

A b st r act i on L evel

( A L )

D egree to which the explanation is formulated in term s of form al structures, properties, or logical

relations rather than anchored to specif ic examples, visualizations, or intuitive analogies

C on cep tu a l C om -

p leten ess ( C C )

E xtent to which the def in ition includes al l necessary and suf ficient conditions, and om its no core

attributes required to characterize the concept uniquely within its mathematical theory

E x p l an ator y H ier ar -

chy ( E H )

C larity and ef fectiveness of the logical ordering, from the in itial def in ition to the statem ent of

immediate im pl ications, properties, or necessary consequences

For m a l M a th em at i -

ca l P r eci si on ( F M P )

D egree of exactness in the formulation of m athem atical statem ents, including unambiguous

quantif ication, well-form ed logical expressions, and precise specif ication of relations and operations

D ef in i t i on R i g or

( D R )

Com pleteness and expl icitness of the scope, boundary conditions, dom ain restrictions, ex istence

assertions, and uniqueness conditions (where appl icable) accom panying a formal def inition

T h eor et i ca l C or r ect-

n ess ( T C )

A bsence of logical errors, false im pl ications, inval id equ ivalences, or statem ents that contrad ict

established theorems or axioms within the relevant mathematical fram ework

St r u ctu r a l C oh er -

en ce ( SC )

Consistency and logical f low at m acro-level (paragraph, section) and m icro-level ( sentence, clause) ,

including non-contradiction, clear referents, and absence of abrupt conceptual jumps

N ota t i on an d T er m i-

n ol og y C on si st en cy

( N T C )

U niform ity in the use of symbols, variab le nam es, functional notation , and term inological choices

throughout the def in ition , w ith no synonym ous substitutions that im p ly d istinction or conf licting

usage

U se of Stan d ar d

A cad em ic C on ven -

t i on s ( U SA C )

Adherence to prevai l ing notational systems, symbolic idioms, and term inological norms accepted

w ith in the relevant m athem atical subdiscip l ine, includ ing conventional quantif ier usage and symbol

deployment

A cad em ic T on e an d

Sty l e ( A T S)

A ppropriateness of register, including im personal construction, lex ical form al ity, absence of col-

loqu ial ism or rhetorical f lourish, and m aintenance of neutral , expository voice consistent w ith

scholarly m athematical writing

Su i t ab i l i ty for T ex t-

b ook / G r ad u ate

N otes ( ST G N )

F itness for direct inclusion in advanced expository prose w ithout requiring im m ediate rem ediation ,

supplem entation , or rephrasing; assum es graduate-level read iness but does not presuppose special-

ized prerequisite knowledge beyond the intended scope of the text

2.4 R esu lts and A naly tics
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Figure 2.2: Cumulative Thinking Prompt: Holistic Relative and Absolute Performances
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2.4.1 A bsolu te Per form ance A nalyt ics

The Cumulative Thinking Prompt pct demonstrates superior performance across the vast

majority of sub jects, achieving the highest average scores in all of 18 math sub jects. This

method excels particularly in Dif ferential Geometry (9.2727), Probability (9.2443), and

M easure Theory (9.2431), where the sequential f ive-step recalling process { r1 , r2 , . . . , r5}

appears most ef fective for navigating complex, abstract mathematical domains. The

method’s strongest relative advantage over baselines is observed in Algebra (8.9261) and

Trigonometry (9.0170), suggesting that the cumulative knowledge accumulation prior to

def inition generation g(pct )
( i , j ) is especially benef icial for foundational mathematical sub jects.

The lowest performance within this method occurs in Numerical Linear A lgebra (8.9716),

though this still ranks competitively against baseline methods.
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Figure 2.3: Cumulative Thinking Prompt: Sub ject-Level Absolute Performance (A ll Variations)

The step-by-step prompt psbs serves as the second strongest performer overall, con-

sistently ranking above the direct prompt and excellent-professor-aware prompt across

nearly all sub jects. This method achieves its highest scores in Abstract Algebra (8.9423)

and M easure Theory (8.9506), where sequential reasoning decomposition L = { ℓ1 −→ ℓ2 −→

· · · −→ ℓR } aligns well with the hierarchical structure of these sub jects. The method demon-

strates particular strength in Dif ferential Geometry (8.9836), closely approaching the

performance of the proposed method. The step-by-step approach shows its most modest

performance in Trigonometry (8.5947), suggesting that sub jects with strong visual-spatial

components may benef it less from purely sequential verbal reasoning.

The direct prompt pdirect exhibits consistent but moderate performance across the

subject spectrum, functioning as a stable baseline without the additional reasoning

constraints of other methods. This method achieves its highest scores in M easure Theory

(8.9704) and Abstract Algebra (8.7972), where direct generation without intermediate
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reasoning appears suf ficient for producing acceptable def initions. The lowest performance

occurs in A lgebra (8.2557) and Numerical Linear Algebra (8.7083), indicating that sub jects

requiring precise formal notation and structural clarity benef it substantially from additional

reasoning scaf folding.

The excellent-professor-aware prompt pe-pro shows the most variable performance across

sub jects, ranking lowest among all four methods in the majority of subject areas. This

method achieves its highest scores in Information Theory (8.9716) and Abstract Algebra

(8.8811), where the “excellent professor” persona may provide benef icial contextualization.

However, it performs notably lower in Algebra (8.1932) and Trigonometry (8.3523), sug-

gesting that persona assignment alone, without explicit reasoning guidance, is insuf ficient

for consistently eliciting high-quality def initions. The variability in performance indicates

that persona-based prompt Pprofs may interact unpredictably with sub ject-specif ic content

characteristics.

Tab le 2. 6: Cumulative Thinking Prompt: Holistic Absolute Performance (A ll Variations)

P r om p t M eth od H ol i st i c A b solu te P er form an ce R an k P er form an ce C h ar acter i st i c

Cumulative T hinking Prompt 9.075 1 Consistently highest across 16 sub-

jects; strongest in abstract and m easure-

theoretic dom ains

Step-by-Step Prompt 8.800 2 Stable second-p lace perform ance; excels

in algebraically structured sub jects

D irect Prompt 8.732 3 M oderate, consistent basel ine; weakest

in sub jects requiring precise form al struc-

ture

E xcel lent-Professor-A ware Prompt 8.707 4 M ost variab le; underperform s in founda-

tional sub jects despite persona assign-

ment

The analytics indicate that the Cumulative Thinking Prompt’s sequential recalling

mechanism { r1 , r2, . . . , r5} ef fectively guides the language model M a-gen toward optimal

reasoning subspaces R I ,D ⊆R and reasoning directions ρI ,D , consistently outperforming

baseline methods that employ either no reasoning scaf folding, linear decomposition only,

or persona-based contextualization without structured pre-generation thinking.

2.4.2 R elat ive Perform ance A naly tics

To enable systematic comparison across prompt methods, the excellent-professor-aware

prompt pe-pro is selected as the baseline reference point, as it exhibits the lowest overall

performance among all evaluated methods with a holistic average score of 8.707, ranking

fourth across the 18 mathematical sub jects. This method serves as the baseline against

which the performance improvements of other prompt methods, direct prompt pdirect , step-

by-step prompt psbs, and the proposed Cumulative Thinking Prompt pct , are measured.

Each method’s performance for a given subject is expressed as a percentage relative to
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the baseline, where values exceeding 100% indicate performance gains over the lowest-

performing method, providing a clear measure of improvement achieved through dif ferent

reasoning navigation strategies N M (I , D ).
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Figure 2.4: Cumulative Thinking Prompt: Sub ject-Level Relative Performance (A ll Variations)

The Cumulative Thinking Prompt pct achieves substantial and consistent performance

gains over both the baseline excellent-professor-aware prompt and the alternative prompt

methods across all 18 mathematical subjects. Relative to the baseline, improvements

range from 1.67% in Abstract Algebra to 8.95% in Algebra, with an average holistic

gain of 4.11% . W hen compared against the step-by-step prompt, the second strongest

performer, pct demonstrates superior performance in 17 out of 18 subjects, with the

most pronounced advantages in Discrete M athematics (107.19% vs. 103.19% ), Geometry

(104.30% vs. 99.61% ), and Algebra (108.95% vs. 106.68% ). Against the direct prompt,

pct outperforms in all 18 subjects, with average gains of 3.80% . The most signif icant

advantages over alternative methods are observed in A lgebra, Trigonometry (107.96% ),

and Probability (104.63% ), where the sequential f ive-step recalling process { r1 , r2 , . . . , r5}

most ef fectively guides the language model toward optimal reasoning subspaces R I ,D ⊆R

and reasoning directions ρI ,D .

The step-by-step prompt psbs ranks as the second strongest performer overall, achieving

positive gains over the baseline in 13 of 18 sub jects with an average relative score of 101.05% .

This method demonstrates its strongest advantage over the baseline in A lgebra (106.68% ),

D iscrete M athematics (103.19% ), and Trigonometry (102.90% ), where sequential reasoning

decomposition L = { ℓ1 −→ ℓ2 −→ · · · −→ ℓR } ef fectively structures the def inition generation

process. However, psbs underperforms relative to the proposed Cumulative Thinking

Prompt in all but one sub ject, with the largest performance gap observed in Geometry

(4.69% lower) and Algebra (2.27% lower), indicating that linear reasoning alone, without
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cumulative knowledge accumulation, yields suboptimal navigation of the reasoning space.

The direct prompt pdirect ranks third overall with an average relative score of 100.31% ,

demonstrating selective gains over the baseline in 11 of 18 subjects. W hile this method

surpasses the baseline in sub jects such as Discrete M athematics (103.08% ) and Trigonome-

try (102.45% ), it consistently underperforms relative to the Cumulative Thinking Prompt

across all 18 subjects, with an average def icit of 3.80% . The most substantial gaps are

observed in Algebra (8.19% lower), Probability (4.42% lower), and Linear Algebra (6.67%

lower), conf irming that the absence of reasoning scaf folding constrains the model’s ability

to navigate toward optimal reasoning directions ρI ,D .

Tab le 2.7: Cumulative Thinking Prompt: Relative Absolute Performance (A ll Variations)

P r om p t M eth od A ver ag e R ela t i ve Scor e Su b j ects A b ove B asel i n e Su b j ects B elow B asel i n e

Cumulative T hinking Prompt 104 . 11% 18 of 18 0 of 18

Step-by-Step Prompt 101.05% 13 of 18 5 of 18

D irect Prompt 100.31% 11 of 18 7 of 18

The Cumulative Thinking Prompt consistently achieves superior performance over both

the baseline excellent-professor-aware prompt and the alternative prompt methods across

all mathematical subjects, with an average relative score of 104.11% . The sequential

recalling mechanism { r1, r2 , . . . , r5} enables the language model M a-gen to accumulate

relevant knowledge prior to def inition generation, ef fectively navigating from the holistic

reasoning space R toward optimal reasoning subspaces R I ,D ⊆R and reasoning directions

ρI ,D . This structured pre-generation thinking provides a distinct reasoning advantage

over the linear decomposition of step-by-step prompt, the persona-based contextualization

of excellent-professor-aware prompt, and the direct generation approach, conf irming that

cumulative knowledge accumulation before f inal output yields optimal mathematical

def inition generation quality.

2.4.3 A u tom atic E valuation R el iab i l i ty A naly t ics

To establish the reliability of automatic evaluation using the DeepSeek API as the

evaluator M a-eval ∈M for mathematical term def inition quality scoring, a validation

study was conducted. A random sample comprising 25% of all math terms Tsi =

{ t( i ,1) , t( i ,2) , . . . , t( i ,n i ) } was selected, with sampling stratif ied to ensure even representation

across all 18 mathematical subjects S = { s1 , s2, . . . , s18} . For this sampled subset, the

same evaluation metrics E = { e1 , e2 , . . . , e11} were applied through manual evaluation by

the dissertation author as human assessor to independently score the generated def initions

g(p)
( i , j ) across all prompt methods P = { pdirect , pe-pro, psbs, pct } .

The rankings obtained from manual evaluation for each prompt method were compared
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against the rankings derived from automatic evaluation via DeepSeek. The comparative

analytics obtained a 90% consistency between the automated and manual evaluation

approaches, demonstrating that the automatic evaluation framework reliably replicates

human judgment across diverse mathematical domains.

The strong alignment between automatic and manual evaluation validates that large

language models such as DeepSeek, with their vast learned parametric knowledge and

powerful capability in navigating their reasoning space R , can ef fectively identify optimal

evaluation subspaces R I ,D ⊆R and evaluation directions ρI ,D for complex contextual

quality assessment tasks. This f inding substantiates that automatic evaluation represents

a reliable, scalable, and reproducible method for implementing advanced context quality

evaluation, such as the mathematical term def inition evaluation conducted in this study,

without compromising the validity and consistency of the assessment outcomes.

2.4.4 C oncrete E xam p les

D ef in i t ion of Singu lar Value D ecom p osit ion in L inear A lgeb ra w ith C um u lat ive

T h ink ing P rom p t

¥

R ecal l you r understand ing ab ou t sin gu lar va lue decom p osi t i on in l i n ear al gebra from essenti al to ab-

stract in sequentia l 5 t im es, then to generate def in i t i on of sin gu l ar value decom p osi t ion i n l in ear a l-

geb ra w ith detai l ed m athem ati cal ex p lanations in one paragraph of approx im atel y 200 words w i th

used m ath sym b ols in L aT eX form at , b ased on a l l 5 p rev i ous sequ ent ia l th in k in g b efore generat in g the

m athem at ica l d ef in i t i on .

Æ

f ir st t h i n k i n g : R ecal l th at any real or com p lex m atri x A of d im ensions m ×n can b e decom p osed into th ree sim p ler

m atr ices: tw o orthogona l/un i tary m atrices and one d iagona l m atr i x contain in g non-negative real num b ers.

secon d t h i n k i n g : T he decom p osi t i on is A = U ΣV ∗ , w here U is an m × m orthogonal m atr ix ( i f real ) or un i tary

m atr i x ( i f com p lex ) , V is an n × n orthogona l/un i tary m atr i x , and Σ is an m × n rectan gu lar d iagona l m atr i x w i th

non -negat ive rea l entr ies σ1 ≥ σ2 ≥ · · · ≥ σr > 0 on i ts m ain d iagonal , w here r = ran k (A ) .

t h i r d t h i n k i n g : T he colum ns of U are cal l ed l eft-si ngu l ar vectors and form an orthonorm al b asis for the colum n

space of A . T he colum ns of V are ca l led r ight-si ngu lar vectors and form an orthonorm al b asi s for the row space of

A . T he d iagona l entr ies σi are the sin gu lar valu es, rep resent in g the sca l i n g factors a long orthogonal d i rections.

fo u r t h t h i n k i n g : SV D connects to fundam ental m atr ix p rop ert ies: the singu l ar values are the square roots of the

eigenvalues of A ∗ A or A A ∗ , th e colum ns of V are ei genvectors of A ∗ A , and the colum ns of U are ei genvectors of

A A ∗ . T h is revea ls the geom etric action of A : i t rotates/ref lects by V ∗ , sca les by Σ, then rotates/ref lects by U .

f ift h t h i n k i n g : A bstract ly, SV D prov id es op tim al low -rank app rox im at ions v ia the E ckart–Y oung theorem : the

b est rank -k app rox im at i on A k = U k Σk V ∗
k , w here U k and V k conta in th e f irst k colu m n s, an d Σk the top k sin gu -

lar valu es. T h is m in im izes ∥A − A k ∥und er sp ectral/Frob en iu s norm s, m ak in g SV D fu ndam enta l for d im ensional i ty

reduct ion , d ata com p ression , and solv in g i l l -cond i t ioned system s.

d ef in i t i on : I n l in ear a lgeb ra, the sin gu lar val ue decom p osi t i on (SV D ) of a real or com p lex m atr i x A ∈Cm ×n i s a

factor izat i on of the form A = U ΣV ∗ , w here U ∈ Cm ×m and V ∈ Cn ×n are un i tary m atr i ces ( orthogonal i f A is

real ) , and Σ ∈Rm ×n i s a rectangu lar d iagonal m atr ix w i th non-negati ve real entr i es σ1 ≥ σ2 ≥ · · · ≥ σr > 0 on i ts

m ain d iagon al , w here r = rank (A ) . T he colum ns u i of U are the left-sin gu lar vectors of A , form in g an orthonorm al

basi s for the colum n space; the colum ns v i of V are the r ight-si ngu l ar vectors, form in g an orthonorm al b asis for

the row space. T he sin gu lar va lues σi =
p

λi ( A ∗ A ) are the square roots of the eigenvalues of A ∗ A , reveal i ng

the geom etr i c transform ati on : A f irst app l ies an orthogonal transform ati on V ∗ , th en scales each coord in ate by

σi , and f ina l ly app l ies another orthogonal transform ati on U . T h is decom p osi t ion p rov id es the opt im al low -rank

app rox im at ion v ia the E ckart–Y oung theorem : A k =
P k

i = 1 σi u i v ∗
i m in im izes ∥A − B ∥for al l rank-k m atr ices B

under the sp ectra l or Frob en iu s norm .
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D ef in i t ion of Stochastic G rad ient D escent in O p tim ization w ith C um u lat ive

T h ink ing P rom p t

¥

R ecal l you r und erstand in g ab ou t stoch ast ic g rad ient d escent in op t im izat i on from essent ia l to ab stract

i n sequenti al 5 t im es, then to generate def in i t ion of stochast ic grad ient descent i n opt im i zation w ith

deta i l ed m ath em at ica l ex p lanat ions in one parag raph of ap p rox im ately 200 word s w i th used m ath sym -

b ol s i n L aTeX form at, based on al l 5 p rev ious sequenti al th in k in g b efore generatin g the m athem ati ca l

def in i t i on .

Æ

f ir st t h i n k i n g : Stochast ic G rad ient D escent (SG D ) i s a fundam ental op t im i zation a lgor i thm used to m in im ize

a loss function , part i cu lar ly i n m ach ine learn i n g . A t i ts core, i t’s an i terat i ve m ethod for f in d in g the param eters

( l i ke weights i n a neural network ) that resu l t in the lowest p ossi b le error . U n l ike standard grad ient descent, w h ich

com putes the g rad ient usin g the enti re dataset, SG D uses a sin g le, random ly selected data p oint ( or a sm al l m in i -

batch ) to estim ate the grad ient at each step . T h is m akes each up date m uch faster bu t a lso m uch noisier .

secon d t h i n k i n g : T he essential m echan ism involves i n i t ia l i zin g param eters random ly, then rep eated l y : 1) sam -

p l in g a data in stance, 2) com pu tin g the grad ient of the loss for that sin g le in stance w ith resp ect to the param eters,

and 3) up dat in g the param eters by m ov in g a sm al l step in the opp osi te d i rect ion of that grad ient. T he step size is

control led by the learn in g rate. T he ’stochastic’ ( random ) natu re of the sam p le selecti on introduces var iance into

the g rad ient estim ates, w h ich can help escap e shal low loca l m in im a bu t requ i res carefu l tun in g of the learn in g rate

to ensu re convergence.

t h i r d t h i n k i n g : A bstracti ng fu rther , SG D solves the em p ir ical r isk m in im izati on p rob lem : we aim to f in d pa-

ram eters θth at m in im ize the average loss L (θ) = 1
N

P N
i = 1 l i (θ) , w here l i i s the loss for the i -th data p oint . T he

true grad ient i s ∇L (θ) = 1
N

P
∇l i (θ) . SG D app rox im ates th is fu l l -batch grad ient w i th an unb i ased estim ator

g t = ∇l i t (θt ) , w here i t i s random ly chosen . T he up date ru l e is θt + 1 = θt − ηt g t , w i th ηt as the learn i ng rate

schedu le. T h is trade-of fb etween com pu tat ional ef ficiency and noisy up dates is centra l to i ts ana lysis.

fo u r t h t h i n k i n g : From a h igher-level p ersp ective, SG D is a stochastic app rox im ation algor i thm for f in d in g the

zeros of a function’s grad ient . I t b elongs to the fam i ly of f irst-order i terat ive op tim i zation m ethods. T he noise in

the grad ient est im ate acts as a form of regu lar i zat ion , w h ich can lead to b etter general izat i on in m ach ine learn in g

m odel s com pared to fu l l-b atch grad ient descent. I ts convergence p rop ert ies dep end cri t ical ly on cond i t i ons l ike a

decreasin g learn in g rate ( e. g . , ηt ∝ 1
t ) and the convex i ty ( or sm oothness) of th e ob j ect ive funct ion .

f ift h t h i n k i n g : A t the m ost abstract l evel , SG D is a m an i festati on of the R obb in s-M on ro stochasti c approx im a-

tion algor i thm app l ied to op tim ization . I t op erates in a h igh-d im ensional p aram eter space under uncertainty, u sin g

noisy, i ncom p lete in form ation ( a sin g l e sam p le g rad ient ) to nav igate toward s an op tim um . T h is em b od ies a fun-

dam ental trade-of fin large-scale learn i ng : p reci se, ex p ensive com pu tations versus cheap , app rox im ate ones. T he

algor i thm ’s success h in ges on the m athem at ical p rop ert ies of the loss landscap e and the anneal i ng of the learn in g

rate to average ou t th e noise over tim e, ensu r in g convergence to a stat ionary p oint .

d ef in i t i on : Stochasti c G rad ient D escent (SG D ) i s a f irst-order i terat ive op tim i zati on algor i thm designed to m in-

im i ze an ob j ective function J (θ) ex p ressed as a sum of d i f ferenti ab le funct ions, J ( θ) = 1
n

P n
i = 1 L i (θ) , w here θ

are the param eters and L i i s the loss for the i -th data p oin t . I n stead of com pu ti ng the exact grad ient ∇J (θ) =
1
n

P n
i = 1 ∇L i (θ) , w h ich i s costl y for large n , SG D uses a stochastic app rox im ati on . A t each i terat ion t , i t un i form ly

sam p les an index i t ( or a m in i-batch of in d ices) and com pu tes the noisy grad ient estim ate g t = ∇L i t ( θt ) . T he

param eters are then up dated as θt + 1 = θt − ηt g t , w here ηt > 0 is the learn ing rate. T h is up date m oves θi n the d i-

rection opp osi te to the instantaneous grad ient estim ate. T he unb i asedness E [g t ] = ∇J (θt ) ensu res that, on average,

the p rocess fol l ow s the true grad ient descent d i rect ion . For convergen ce to a loca l m in im um , the learn in g rate m ust

satisfy the R obb in s-M on ro cond i t ions
P

t ηt = ∞ and
P

t η2
t < ∞ , a l l ow in g the noise to b e averaged ou t over t im e

w h i le ensu rin g su f ficient step sizes to reach the op t im um .

2.5 Conclusion

2.5.1 R esearch Contr ibu tions

This study introduces the Cumulative Thinking Prompt pct as a novel contribution to

prompt engineering, distinguished by its structured pre-generation knowledge accumulation

mechanism. Unlike conventional prompt approaches that either generate outputs directly,

decompose reasoning linearly, or rely on persona-based contextualization, the proposed

method operationalizes a deliberate preparatory phase consisting of f ive sequential recalling
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steps { r1 , r2, . . . , r5} that progress from essential to abstract understanding. This design

reframes the relationship between reasoning navigation N M ( I , D ) and solution generation

by treating knowledge accumulation as an explicit cognitive scaf fold rather than an implicit

byproduct of generation. The empirical validation demonstrates that this approach

consistently outperforms three widely used baseline methods across 18 mathematical

subjects, achieving an average relative score of 104.11% against the lowest-performing

baseline and securing the highest ranking in all of 18 math subjects. The theoretical

grounding of this mechanism within the reasoning space framework, where the model

progressively traverses from the holistic reasoning space R toward optimal reasoning

subspaces R I ,D ⊆ R and specif ic reasoning directions ρI ,D , of fers a conceptual lens

for understanding why sequential knowledge accumulation yields superior performance

compared to alternative prompt strategies that lack such preparatory structure.

A second contribution lies in the development and rigorous validation of a compre-

hensive dataset for mathematical def inition generation, encompassing 439 terminologies

Tsi distributed across 18 subjects S = { s1, s2 , . . . , s18} . The construction of this resource

employed a multi-agent collaborative methodology wherein DeepSeek served as the sug-

gesting agent A suggest to propose initial math sub ject structures with corresponding math

terms, while Qwen, ChatGPT , and Gemini acted as evaluator agents A eval ⊆A and opti-

mizer agents A optim ⊆A to iteratively review and ref ine the dataset through sequential

review until the f inal consensus has been reached. This agent-based collaboration strategy

Scol lab ensured that the f inal dataset achieved mutual agreement across all participating

language models, establishing a foundation that is both representative of college STEM

mathematical learning ob jectives and methodologically reproducible. The dataset’s design

intentionally captures the typical mathematical terminology encountered by students pur-

suing machine learning and neural network fundamentals, thereby aligning the evaluation

framework with authentic educational contexts while enabling systematic comparison of

reasoning behaviors across dif ferent prompt methods P = { pdirect , pe-pro, psbs, pct } .

The third contribution addresses the critical challenge of evaluation methodology

through the construction and validation of an automatic evaluation framework compris-

ing eleven metrics E = { e1 , e2 , . . . , e11} . Following the same multi-agent collaborative

paradigm applied to dataset construction, DeepSeek initially proposed a series of evalu-

ation metrics with detailed descriptions to enable the evaluator LLM M a-eval to clearly

understand the scope and meaning of each criterion. Qwen, ChatGPT, and Gemini

subsequently served as evaluator and optimizer agents to collaboratively review and ref ine

the metrics from both holistic and specif ic perspectives, ensuring alignment with the

fundamental knowledge and skills expected of college STEM students. The resulting

evaluation framework encompasses dimensions ranging from Abstraction Level (AL) and

Conceptual Completeness (CC) to Formal M athematical Precision (FM P) and Suitability
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for Textbook / Graduate Notes (STGN). The reliability of this automatic evaluation

was rigorously validated through a comparative study wherein a randomly selected 25%

sample of generated def initions was manually scored by a human assessor, yielding a

90% consistency rates with the LLM . This validation substantiates that large language

model with extensive parametric knowledge can ef fectively navigate its reasoning space

R to identify optimal evaluation subspaces R I ,D ⊆ R and evaluation directions ρI ,D ,

establishing automatic evaluation as a reliable, scalable, and reproducible methodology

for complex contextual quality assessment.

In summary, this study advances the f ield of prompt engineering through three inter-

connected contributions: the introduction and empirical validation of the Cumulative

Thinking Prompt as a structured pre-generation reasoning method; the development of a

rigorously constructed and collaboratively optimized mathematical terminology dataset

spanning 18 subjects; and the establishment of a validated automatic evaluation framework

comprising eleven metrics with demonstrated reliability against human judgment. To-

gether, these contributions provide both theoretical insights into how sequential knowledge

accumulation facilitates optimal reasoning navigation N M ( I , D ) and practical method-

ologies for prompt design, dataset construction, and evaluation that extend beyond the

specif ic domain of mathematical def inition generation to inform broader applications of

large language models in educational and technical contexts.

2.5.2 Futu re D irections

The Cumulative Thinking Prompt’s foundational principle, knowledge accumulation before

generation, opens promising avenues for extending this paradigm beyond the f ive-step

sequential recall structure employed in the present study. Future research could investigate

adaptive knowledge accumulation mechanisms wherein the number and depth of recall-

ing steps { r1 , r2, . . . , rN } are dynamically determined based on task complexity, sub ject

domain characteristics, or real-time assessment of the language model’s intermediate com-

prehension. Rather than f ixing the accumulation phase at f ive steps, adaptive approaches

could employ meta-reasoning frameworks where the model evaluates its own preparatory

knowledge suf ficiency before proceeding to f inal generation, ef fectively learning to calibrate

the depth of pre-generation thinking. Additionally, the knowledge accumulation concept

could be extended to multimodal contexts where mathematical def initions may benef it

from integrating textual, symbolic, and visual reasoning streams, enabling the model to

accumulate not only sequential conceptual recalls but also complementary representational

formats that collectively enrich the f inal output. Exploring whether knowledge accumula-

tion yields dif ferential benef its across model architectures, sizes, and training paradigms

would further elucidate the generalizability of this reasoning preparation mechanism.

The multi-agent collaborative methodology employed for dataset construction and
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evaluation metric development represents a scalable paradigm for creating rigorously vali-

dated research artifacts, yet substantial opportunities remain for advancing this approach.

Future work could formalize agent collaboration strategies Scollab = { s1 , s2 , . . . , sL } into

reusable frameworks with def ined roles, communication protocols, and consensus mecha-

nisms that extend beyond sequential ref inement to include parallel deliberation, adversarial

validation, and hierarchical quality control. The integration of specialized agent roles,

such as domain expert agents with f ine-tuned knowledge in specif ic mathematical sub-

disciplines, diversity-promoting agents that ensure comprehensive subject coverage, and

consistency-enforcing agents that maintain notational and structural coherence across

the dataset, could yield artifacts with enhanced quality and reduced bias. Furthermore,

the collaboration framework could be extended to incorporate iterative human-in-the-

loop validation at critical junctures, creating hybrid systems where LLM agents propose

and optimize while human experts provide targeted oversight, thereby combining the

scalability of automated collaboration with the nuanced judgment of domain specialists.

Such frameworks would be particularly valuable for constructing evaluation datasets in

specialized technical domains where both breadth and depth of coverage are essential.

The explicit intermediate reasoning generated by the Cumulative Thinking Prompt, the

f ive sequential recalling steps { r1, r2 , . . . , r5} that trace the model’s cognitive trajectory

from essential to abstract understanding, suggests signif icant potential for applications

beyond quality enhancement. These intermediate reasoning traces could serve as valu-

able pedagogical artifacts, providing learners with transparent insight into how complex

mathematical concepts are constructed from foundational principles. Future research

could explore leveraging these explicit reasoning steps for personalized learning assistance,

where the model’s accumulated knowledge pathways are analyzed to identify gaps in

conceptual understanding and generate targeted explanatory interventions. Additionally,

the transparency af forded by explicit intermediate reasoning opens possibilities for im-

proved interpretability and trustworthiness in high-stakes applications. By externalizing

the knowledge accumulation process, these reasoning traces enable users to verify the

logical progression underlying generated outputs, detect potential misconceptions or rea-

soning errors before they propagate to f inal solutions, and provide targeted feedback for

ref inement. Investigating how explicit intermediate reasoning can facilitate interactive

ref inement cycles, where users engage with and modify intermediate steps before f inal

generation, could yield systems that function not merely as autonomous generators but as

collaborative reasoning partners, aligning with broader movements toward explainable AI

and human-AI collaborative intelligence.
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Chapter 3

A U D I T P rom pt w ith I terative

R eason ing: On-the-F ly M athem atical

D ef in i t ion G eneration w ith Cycl ic

Qual i ty R ef inem ent

3.1 I ntroduction

Building upon the Cumulative Thinking Prompt research, which established the value of

structured knowledge accumulation prior to generation for mathematical def inition quality,

this study investigates whether iterative reasoning, a fundamentally dif ferent navigation

paradigm, can further enhance language model performance by incorporating real-time

quality assessment and recursive ref inement into the generation process. W hile linear

reasoning methods L = { ℓ1 −→ ℓ2 −→ · · · −→ ℓR } such as the Cumulative Thinking Prompt

ef fectively guide the language model M a-gen through preparatory knowledge accumulation

before producing a f inal output, they inherently lack mechanisms for intermediate quality

checks and corrective ref inement. Once the model commits to a reasoning direction ρI ,D

and generates a def inition, there is no opportunity within the same prompt framework

to evaluate that output, identify def iciencies, and ref ine it based on explicit feedback.

This limitation is particularly consequential for mathematical def inition generation, where

subtle inaccuracies, incomplete formulations, or deviations from disciplinary conventions

may persist undetected in a single-pass generation process, regardless of the quality of

preparatory reasoning.

The AUDIT prompt addresses this limitation by introducing an iterative reasoning

framework I = { ι1(
⟳
−→ ι2)

δ1 (
⟳
−→ ι3)

δ2 } that explicitly incorporates recursive quality audits

and ref inement cycles into the def inition generation process. Rather than treating def inition

generation as a one-time navigation event, the AUDIT prompt structures the task as a
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multi-stage process: an initial def inition is generated, followed by a structured audit that

identif ies specif ic areas for improvement, then a ref ined def inition is produced based on

the audit feedback, and this cycle repeats to progressively enhance output quality. This

design enables the language model to leverage previously generated outputs and audit

insights as implicit context for subsequent ref inements, ef fectively allowing the model to

revisit and adjust its reasoning directions ρI ,D based on self-assessed quality indicators. By

incorporating explicit feedback loops into the reasoning navigation N M (I , D ) = R I ,D →

R I ,D → ρI ,D , the AUDIT prompt aims to overcome the inherent constraints of linear

reasoning approaches for tasks requiring high precision and adherence to formal standards.

To evaluate the ef fectiveness of iterative reasoning for mathematical def inition gen-

eration, this study conducts a comprehensive comparison between the AUDIT prompt

and established baseline methods, with particular emphasis on head-to-head analysis

against the Cumulative Thinking Prompt, the linear reasoning method that demon-

strated ef fectiveness in the f irst study. The evaluation employs an extended dataset that

builds upon the 439 terminologies used in the Cumulative Thinking Prompt research,

expanding to 921 mathematical terms Tsi = { t( i ,1) , t( i ,2) , . . . , t( i ,n i ) } across 18 subjects

S = { s1 , s2 , . . . , s18} , enabling more robust assessment of performance patterns across

diverse mathematical domains. The same 11 evaluation metrics E = { e1 , e2, . . . , e11} are

applied consistently across all prompt methods, ensuring that performance dif ferences can

be reliably attributed to the distinct reasoning characteristics of each approach rather

than variations in evaluation criteria. Through this comparative framework, the study

seeks to determine whether iterative reasoning with explicit quality audits and ref inement

cycles yields superior def inition quality compared to linear reasoning strategies, and to

provide insights into how recursive feedback mechanisms inf luence the language model’s

ability to navigate the holistic reasoning space R toward optimal reasoning directions for

complex mathematical def inition tasks.

3.2 R elated W orks

The following section presents comprehensive examinations of representative prompt vari-

ations P = { p1 , p2 , . . . , p|P | } that enable LLM s as M = { M (a-gen) , M (a-eval) , M (m -eval) , πθ}

to engage in iterative traversal I = { ι1(
⟳
−→ ι2)

δ1 (
⟳
−→ ι3)

δ2 · · · (
⟳
−→ ιT )δT − 1 } of their expansive

reasoning space R =
S U

u= 1 R u across diverse task domains, systematically organized into

two principal categories encompassing three subcategories. The f irst major category,

“Prompt for I terative Reasoning,” comprises techniques that direct models through re-

cursive cognitive processes via structured reasoning strategies (such as evidence triple

verif ication, privacy-preserving prompt synthesis, teacher-inspired multi-stage retrieval,

and abductive explanation tree construction) and multi-agent collaborative frameworks

A = { A 1 , A2 , . . . , AK } where A k = (M k , Ck , R k ) (including inter-model debate architec-
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tures, planning-guided search with world model simulation, and principle distillation from

diverse exemplar sets). The second major category, “Prompt Construction,” addresses

methodologies for crafting ef fective prompts through iterative demonstration generation

D = { d1 , d2 , . . . , dK } (employing bidirectional synthesis cycles that create and subsequently

select high-quality exemplars through complexity-based clustering mechanisms).

Tab le 3. 1: AUD IT Prompt: Citations of I terative Reasoning and Constructions

M ain C ateg or y Su b categ or y P r om p t M eth od s

Prompt for I terative

Reasoning

Prom pt for I terative R ea-

soning w ith Specif ic R ea-

soning Strategy

• Chain-of-K nowledge (CoK ) [55]

• D if ferential ly-Private Of fsite Prompt Tuning (D P-OPT ) [56]

• Teaching-Inspired I ntegrated Prompting [57]

• M aieutic Prom pting [58]

Prom pt for I terative R ea-

soning w ith A gents in

Collaboration

• M ultiagent D ebate [59]

• R easoning via Planning (RA P) [60]

• Princip le-Based Prompting [61]

Prompt Construction
Prom pt Construction

w ith I terative D em on-

stration Generation

• Synthetic Prompting [62]

3.2.1 I terative-R eason ing P rom pt A pp l icat ions

P rom pt for I terative R eason ing w ith Sp eci f ic R eason ing Strategy

C hain-of-K now ledge (C oK ) [55] prompting is a method designed to make the reasoning

process of large language models more reliable by changing the format of their output in

a constrained reasoning subspace. Instead of letting the model generate a free-form chain

of thought, the CoK prompt instructs it to produce its reasoning as a series of explicit,

structured facts, called evidence triples, formatted as (sub ject, relation, ob ject) , alongside a

plain language explanation. This structured output directly tackles the common problem of

hallucination, where models invent plausible-sounding but incorrect information. Because

the reasoning is broken down into discrete, verif iable pieces of knowledge, it becomes

possible to check each piece against a trusted external knowledge base. This is the role

of the F 2-Verif ication step, which evaluates the generated triples for factuality (do they

match known facts?) and faithfulness (is the explanation logically connected to both the

triples and the f inal answer?). I f the verif ication f inds the reasoning to be unreliable, the

framework triggers a rethinking process, feeding the correct information back into the

model to generate a new, corrected answer. The principal evidence for the ef fectiveness

of this entire framework can be seen in the results for the OpenBookQA [36] task using

the GPT-3.5-Turbo [26] model. W hile standard M anual CoT [12] prompting achieved

82.6% accuracy, the CoK method alone improved this to 83.5% . W hen the full framework,

including CoK prompting and the F2-Verif ication with its rethinking process, was applied,

the accuracy further increased to 85.0% , demonstrating the concrete benef it of making

the reasoning transparent and verif iable.
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D if ferential ly-P r ivate O f fsi te P rom p t Tun ing (D P -OPT ) [56] is a method for

creating a discrete text prompt using a local language model, such as Vicuna-7B [63],

without exposing private data to the cloud. The process begins with an initial task

instruction. A small batch of private training samples is used to evaluate this instruction,

and the results, showing which samples were correctly or incorrectly predicted, are fed back

to the local LLM as in-context examples. This “backward pass” prompts the local model

to generate new candidate instructions. Crucially, to protect privacy, this generation step

does not use the private data directly. Instead, the data is partitioned into disjoint subsets,

and the local LLM is queried with each subset separately. A voting mechanism then

counts the proposed next token from each query, and a dif ferentially-private algorithm

(called LimitedDomain) selects a token based on these votes while adding calibrated

noise. This process repeats token-by-token to build a complete prompt. After multiple

candidate prompts are generated, another private selection mechanism chooses the best

one based on its accuracy on a validation set. The f inal output is a plain-text instruction

that can be sent to a cloud-based LLM (like GPT-3.5 [26]) for inference. The principal

evidence supporting its ef fectiveness comes from experiments on four classif ication tasks

(SST-2, Trec, Mpqa, Disaster). W hen prompts generated by DP-OPT on Vicuna-7B

were transferred to DaVinci-003, they achieved an average test accuracy of 81.4% . This

performance closely approached the non-private in-context learning baseline (82.9% ) and

signif icantly outperformed a private soft-prompt baseline (PromptDPSGD [64]) which

scored only 70.5% , all while providing a formal mathematical guarantee that the f inal

prompt does not leak the private information used in its creation.

The Teach ing-I nsp ired I ntegrated P rom p ting [57] Framework operates through

a structured three-stage process designed to mimic how a teacher guides students. In

the f irst stage, the prompt is constructed by retrieving two types of external information.

Similar solved problems are selected from a database by tokenizing the test problem

and using the BM25 [65] algorithm to f ind candidates, which are then ranked by their

Longest Common Subsequence length with the test problem; the top similar problem is

included with its analysis and answer. Simultaneously, relevant background knowledge

is retrieved by extracting key knowledge points and uncertain theorems from the test

problem (with help from an LLM ) and using these as queries against a knowledge database

of theorems and concepts; the top three candidates are selected based on their textual

similarity to the problem. These elements are combined with two few-shot exemplars that

include both Chain-of-Thought reasoning steps and Program-of-Thought Python code

to demonstrate solution approaches. In the second stage, the model generates multiple

solution paths using self-consistency [3] sampling, producing both step-by-step natural

language answers and executable Python program outputs. In the third stage, an answer

selection mechanism is applied. This includes a double-check verif ication that compares

each path’s Python program output with its corresponding step-by-step answer to check
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for consistency. I f all paths are consistent, majority voting determines the f inal answer. I f

inconsistencies arise, the model generates additional answers, and for Chinese problems,

an English-Chinese ensemble strategy translates the problem and context into English

before generating further solutions. A further selection step then compares the frequency

of the most common answer from the Python programs against the most common answer

from the step-by-step solutions, choosing the one with higher frequency as the f inal output.

The principal evidence supporting this framework’s ef fectiveness comes from experiments

on nine benchmarks using GPT-3.5-Turbo [26] and GPT-4 [25]. The framework achieves

new state-of-the-art performance on four math benchmarks with GPT-4 [25]: AddSub [66]

at 98.2% (+ 3.3% improvement), SVAM P [67] at 93.9% (+ 0.2% increase), M ath23K [68]

at 94.3% (+ 7.2% increase), and AQuA [69] at 81.1% (1.2% increase). On GPT-3.5-Turbo

[26], it improves accuracy on the research created M athMC dataset by 18.8% and on

M athToF by 10.5% .

M aieu tic P rom pting [58] is a few-shot, text-based prompt method designed to

improve the logical consistency of a language model’s reasoning. The process begins

by taking a question and prompting the model to generate two separate abductive

explanations: one that supports a “True” answer and one that supports a “False” answer.

For example, given a question, the model is asked to complete “True, because.. .” and

“False, because.. .”. This is the f irst level of the “maieutic tree.” Recognizing that these

f irst explanations might themselves be unreliable, the method then performs recursive

validation. I t takes each generated explanation and treats it as a new question, prompting

the model again to justify both true and false answers for that explanation. This process

continues to a specif ied depth, creating a tree of interconnected propositions. However, not

all branches are kept; the method only continues to expand from a proposition if the model

is inconsistent about its truth value (i.e., if it gives the same answer to the proposition

and its negation). Once the tree is built, the method quantif ies two types of relationships:

the model’s “belief” in each proposition (based on its probability assignments) and the

“consistency” between a child explanation and its parent (based on generation likelihoods).

To further strengthen the model, a separate Natural Language Inference (NLI) model

is used to check for entailment or contradiction between all pairs of propositions in the

tree, adding more logical constraints. Finally, all these beliefs and logical relationships

are converted into weighted constraints and fed into a M AX-SAT solver [70], a symbolic

algorithm that f inds the single set of truth values (True/False) for every proposition in the

tree that satisf ies the maximum possible weight of constraints. The truth value assigned to

the original question by this solver is the f inal, robust answer. The principled evidence from

the paper shows this method’s ef fectiveness: on the Com2Sense [71] benchmark, M aieutic

Prompting achieved 72.5% accuracy, signif icantly outperforming other prompt methods

like Chain of Thought [12] (61.6% ) and Self-Consistency [3] (61.4% ). Furthermore, its

robustness was demonstrated with a pairwise accuracy of 75.0% on Com2Sense, a metric
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testing questions with opposite meanings, which was substantially higher than the 68.7%

achieved by the next best prompt method.

A l g or i t h m 12 Pseudocode: I terative R easoning with Specif ic R easoning Strategy

R eq u i r e: I nput x , P rom pt instructions I , P rom pt dem onstrations D (optional ) , Target LLM M a-g en ∈M for generation ,

R easoning strategy conf iguration Cr eason , M aximum iterations T

E n su r e: F inal output w ith verif ied reasoning

1: C an d id ate G en er at i on

2: Generate initial reasoning outputs according to Cr ea son

3: Q u a l i ty V er i f icat ion

4: E valuate generated outputs using verif ication mechanism s

5: I ter at i ve R ef in em en t

6: for iteration t = 1 to T d o

7: i f verif ication identif ies unrel iable outputs th en

8: I ncorporate verif ication feedback into reasoning context

9: Generate ref ined outputs via M a-g en

10: R e-evaluate ref ined outputs

11: el se

12: b r eak

13: en d i f

14: en d for

15: O u tp u t Sel ect i on

16: Apply selection mechanism according to Cr eason

17: r etu r n F inal verif ied output

P rom pt for I terative R eason ing w ith A gents in Col lab orat ion

M u ltiagent D ebate [59] is def ined as a manually-crafted, zero-shot text prompting

technique that orchestrates an iterative debate between multiple language model instances.

The method operates by f irst using a “starting” prompt that instructs each independent

model agent to generate an initial answer to a given query. Following this, a specialized

“debate” or “consensus” prompt is employed in subsequent rounds. This prompt takes the

responses from all agents and feeds them back to each individual agent, with instructions

to critically examine the collective input and ref ine its own answer accordingly. This

cycle of sharing answers and prompting for revision is repeated over multiple rounds,

allowing the agents to engage in a structured, multi-turn interaction. The core mechanism

leverages the language model’s ability to process and critique text, compelling each agent to

consider alternative perspectives and reasoning paths. This process is designed to enhance

the f inal output by encouraging the models to move beyond their initial, potentially

f lawed, responses and converge on an answer that is more robust, factually valid, and

logically sound. The prompt templates are kept consistent across all tasks, demonstrating

the method’s general applicability as a prompt strategy. The conducted experiments

demonstrate that this debate process leads to signif icant performance gains across multiple

benchmarks. For instance, on grade school math problems (GSM 8K [22]) , the M ulti-Agent

(Debate) approach achieved an accuracy of 85.0 ±3.5% , a clear improvement over the

Single Agent baseline at 77.0 ±4.2% and even over a M ulti-Agent majority voting method

at 81.0 ±3.9% (Table 1). The paper also provides qualitative evidence, such as in Figure 4
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and 5, showing cases where all agents initially provided incorrect answers but, through the

iterative critique process of the debate, arrived at the correct f inal answer. This conf irms

that the method’s strength lies its iterative and collaborative reasoning design that helps

the language model to converge to correct solution.

The R eason in g v ia P lann ing (R A P ) [60] framework operates by using distinct sets

of manually-crafted, few-shot text prompts to repurpose a single large language model

into two complementary roles that work together during the reasoning process. In its

role as a reasoning agent, the model is given prompts containing task instructions and

example demonstrations that ask it to propose the next logical step or action based on

the current situation, for instance, in the Blocksworld task [72], the prompt shows several

examples of initial block conf igurations and their corresponding action plans, then asks the

model to generate the next action for a new conf iguration. In its parallel role as a world

model, the same language model receives dif ferent prompts that instruct it to simulate

the consequences of taking that proposed action, predicting how the situation will change,

such as showing examples of how picking up a block alters which blocks are clear and what

the hand is holding. A third set of prompts guides the model to evaluate its own reasoning

steps, asking questions like “Is this reasoning step correct?” and using the model’s

conf idence in its answer as a quality signal. These three prompt-driven functions, action

proposal, outcome simulation, and self-evaluation, provide the necessary components for

a M onte Carlo Tree Search algorithm [73], [74] to strategically explore multiple possible

reasoning paths. The search process builds a tree of reasoning steps, uses the world model

to look ahead at future consequences, employs the self-evaluation signals to assess the

promise of dif ferent branches, and backtracks to try alternatives when a path appears

unpromising. This structured, iterative approach enables the model to move beyond

simply generating a single linear chain of thoughts, instead allowing it to deliberately plan

by considering alternatives, anticipating future states, and ref ining its choices based on

projected outcomes. On 6-step Blocksworld problems where simple Chain-of-Thought

[12] prompting achieves 0% success, RAP achieves 42% success with LLaMA-33B [75]

(Table 1); on mathematical reasoning (GSM8K [22]), RAP with aggregation achieves

51.8% accuracy compared to 48.1% for Chain-of-Thought [12] with self-consistency [3]

(Table 2); and on logical reasoning ProntoQA [76], RAP achieves 78.8% proof accuracy

versus 64.8% for standard Chain-of-Thought (Table 3). These consistent improvements

across diverse tasks demonstrate that the prompt-based transformation of a single model

into an agent with a world model, combined with strategic search, enables more ef fective

reasoning than linear generation approaches.

Pr incip le-B ased P rom pting [61] is a multi-agent prompt strategy designed to

improve how Large Language M odels (LLMs) perform text classif ication. The process

begins in the “Principle Generation” step, where several dif ferent LLM agents are each
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given a small set of demonstration examples (ranging from 4 to 16 samples) from the

target classif ication task. These agents are instructed to analyze the examples and

independently generate a set of candidate principles or guiding rules that distinguish

between the dif ferent classes, such as rules for identifying anger versus joy in text. This

creates a diverse pool of 36 candidate principles, generated by varying the number of

examples, whether the examples include labels, and the type of LLM used. Next, in the

“Principle Consolidation” step, a f inal LLM agent (the f inalizer) receives all these candidate

principles and synthesizes them into a single, comprehensive, and non-redundant set

of principles. The core insight is that this f inal set of model-generated text principles

captures the essential knowledge needed for the task. F inally, in the “Text Classif ication”

step, these consolidated principles are inserted as the core instruction into a zero-shot

prompt. The classif ier LLM is then given this prompt, which contains the principles but

no examples, and is asked to classify new, unseen data. The principal evidence supporting

this method’s ef ficiency and ef fectiveness is found in the paper’s experimental results.

On the Emotion20 dataset with the FLAN-UL2 model, the principle-based consolidation

approach achieved a 15.11% improvement in macro F1 score over a standard zero-shot

prompt. This signif icantly outperformed providing the model with eight examples (0.92%

improvement) and even surpassed the performance of human-crafted principles on the

PC2 dataset (19.37% vs. 13.26% ), all while using an input token length equivalent to only

a 2-shot example, proving it to be a more ef ficient and often more powerful alternative.

A l g or i t h m 13 Pseudocode: A gent Collaboration w ith I terative Reasoning

R eq u i r e: I nput x , Prom pt instructions I , Prom pt dem onstrations D (optional) , Set of agents A = { A 1 , A 2 , . . . , A K }

where A k = (M k , Ck , R k ) , Col laboration strategy Scol l a b , M aximum interaction rounds T

E n su r e: F inal output from coordinated agent reasoning

1: I n i t i a l i za t i on

2: Conf igure agents A according to Scol l a b

3: I nitialize coordination state A coord ← A

4: I ter at i ve C ol l ab or at i ve R eason in g

5: for round t = 1 to T d o

6: for each agent A k ∈A coord d o

7: Generate output via A k based on input x and shared context

8: en d for

9: A ggregate agent outputs according to Scol l a b

10: E valuate current state against col laboration ob jectives

11: i f term ination condition met th en

12: b r eak

13: el se

14: U pdate coordination state A coord based on aggregated outputs

15: D istribute feedback to agents for next round

16: en d i f

17: en d for

18: O u tp u t Sy n th esi s

19: Synthesize f inal output from aggregated agent responses

20: r etu r n F inal output
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3.2.2 I terative-R eason ing P rom pt Construction

P rom pt C onstruction w ith I terative D em onstration G eneration

Synthetic P rom ptin g [62] is a few-shot method where a large language model generates

its own improved prompt demonstrations. I t begins with a small number of manually-

crafted seed examples, each consisting of a question and a reasoning chain written as

Python code. The method then employs a unique two-step synthesis process to create

new, high-quality examples. In the f irst step, called the backward process, the model is

prompted to generate a reasoning chain of a specif ic length for a given topic, and then to

create a question that logically matches that chain, ensuring the question is answerable.

In the second step, the forward process, the same model is prompted again to generate

a more precise and detailed reasoning chain specif ically for the newly created question.

This two-step cycle is repeated to build a large pool of synthetic question-answer pairs.

To construct the f inal prompt, the method does not use all generated examples but

selects the most ef fective ones. I t employs an “in-cluster complexity” selection scheme,

which groups the synthetic examples by their semantic meaning and chooses the most

complex example (the one with the longest reasoning chain) from each group. This ensures

the f inal set of demonstrations is both diverse and informative. The principal evidence

supporting the ef fectiveness of this approach is presented in Table 2 of the paper. On the

GSM8K [22] math reasoning dataset with only 2 seed examples, Synthetic Prompting

achieved an accuracy of 74.7% , which is a meaningful improvement over standard PAL

prompting, which scored 72.5% using the same seed examples. This demonstrates that

the model-generated and carefully selected prompt demonstrations were signif icantly more

ef fective at eliciting correct reasoning than the original manually-crafted ones.

A l g or i t h m 14 Pseudocode: I terative Prompt D emonstration Generation

R eq u i r e: Seed content Cseed = { c1 , c2 , . . . , cN } , Target LLM M a-g en ∈M for generation, N umber of iterations T , N umber

of demonstrations K

E n su r e: Optim ized demonstration set D sel ected

1: I n i t i a l i za t i on

2: I nitialize demonstration pool D p ool ← ∅

3: I nitialize current content w ith Cseed

4: I ter at i ve G en er at ion

5: for iteration t = 1 to T d o

6: Generate synthetic outputs based on current content

7: Ref ine generated outputs via subsequent generation steps

8: Add ref ined outputs to D p ool

9: en d for

10: D em on st r at i on Sel ect i on

11: Select K demonstrations from D p ool based on selection criteria:

12: - Complex ity or diversity m etrics

13: - Clustering or semantic grouping

14: - R epresentativeness of reasoning patterns

15: Set D sel ected as f inal demonstration set

16: r etu r n D sel ected
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3.3 M ethodology

3.3.1 P rob lem D ef in i tion

The AUDIT prompt addresses the fundamental limitation inherent in linear reasoning

approaches L = { ℓ1 −→ ℓ2 −→ · · · −→ ℓR } for mathematical def inition generation: the

absence of mechanisms for real-time quality assessment and iterative ref inement during

the generation process. W hile linear reasoning strategies such as the Cumulative Thinking

Prompt ef fectively guide the language model M a-gen through structured pre-generation

knowledge accumulation, they produce a f inal def inition without incorporating intermediate

quality checks or opportunities for corrective ref inement based on identif ied def iciencies.

This one-pass generation paradigm constrains the model’s ability to detect and rectify

subtle inaccuracies, incomplete formulations, or deviations from standard mathematical

conventions that may arise during the initial generation.

Formally, given a mathematical term t( i , j ) within subject si , the task of mathematical

def inition generation can be characterized as a reasoning navigation problem N M (I , D ) =

R I ,D → R I ,D → ρI ,D , where the language model must traverse from the holistic reasoning

space R toward an optimal reasoning direction ρI ,D that yields a high-quality def inition.

Linear reasoning methods execute this navigation as a single forward trajectory without

feedback loops, meaning that once a particular reasoning direction is selected, the model

cannot revisit or ref ine its path based on intermediate output quality. This limitation

is particularly consequential for mathematical def inition generation, where the precision

of formal statements, completeness of necessary conditions, and adherence to notational

conventions require careful scrutiny that may benef it from iterative revision.

The AUDIT prompt addresses this problem by introducing an iterative reasoning

framework I = { ι1(
⟳
−→ ι2)

δ1 (
⟳
−→ ι3)

δ2 } that explicitly incorporates quality audits and

ref inement cycles into the generation process. Rather than producing a single def inition

in one pass, the method generates an initial def inition, evaluates it through a structured

audit that identif ies specif ic areas for improvement, ref ines the def inition based on audit

feedback, and repeats this cycle to progressively enhance output quality. This approach

treats def inition generation not as a one-time navigation event but as a recursive process

where each iteration leverages previously generated outputs and audit insights to ref ine the

model’s traversal of the reasoning space. By incorporating explicit feedback mechanisms,

the AUDIT prompt enables the language model to dynamically adjust its reasoning

directions ρI ,D based on self-assessed quality indicators, thereby overcoming the inherent

constraints of linear reasoning for tasks requiring high precision and adherence to formal

standards.
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3.3.2 D ataset

To enable a more rigorous evaluation of the AUDIT prompt’s iterative reasoning mechanism,

this study employs an extended dataset that builds upon the dataset originally proposed

and optimized in the Cumulative Thinking Prompt research. W hile maintaining the

same 18 mathematical subjects S = { s1 , s2 , . . . , s18} , the dataset signif icantly expands

the number of math terms Tsi = { t( i ,1) , t( i ,2) , . . . , t( i ,n i ) } under each subject, increasing

the total number of terms from 439 to 921, representing an addition of 482 terms and a

relative increase of 109.8% . This substantial expansion enables more accurate evaluation

of performance gains and losses across the proposed AUDIT prompt and baseline prompt

methods, providing deeper insights into how iterative reasoning I = { ι1(
⟳
−→ ι2)

δ1 (
⟳
−→

ι3)
δ2 · · · (

⟳
−→ ιT )δT − 1 } elicited by the AUDIT prompt helps the language model M a-gen

navigate the vast reasoning space R across nearly 1,000 mathematical terms spanning 18

distinct domains.

Tab le 3. 2: AUD IT Prompt Dataset: Extended Dataset

Su b j ect O r ig i n a l D ataset E x ten d ed D ataset I n cr eased N u m b er P er cen tag e I n cr ease ( % )

Abstract A lgebra 26 52 + 26 100.0%

A lgebra 24 50 + 26 108.3%

Calculus 24 51 + 27 112.5%

D if ferential Geometry 25 50 + 25 100.0%

D iscrete M athematics 25 53 + 28 112.0%

Dynam ical Systems 23 52 + 29 126.1%

Geom etry 24 50 + 26 108.3%

G raph T heory 26 54 + 28 107.7%

Information T heory 24 50 + 26 108.3%

L inear A lgebra 25 51 + 26 104.0%

Logic 24 52 + 28 116.7%

M easure T heory 23 50 + 27 117.4%

Numerical L inear A lgebra 24 50 + 26 108.3%

Optim ization 26 52 + 26 100.0%

Probabi l ity 24 50 + 26 108.3%

Statistics 24 53 + 29 120.8%

Topology 24 51 + 27 112.5%

Trigonom etry 24 50 + 26 108.3%

Total 439 921 + 482 109.8%

The expansion of math terms followed the same multi-agent collaborative procedure

that proved ef fective in constructing and optimizing the f irst version of the dataset and

evaluation framework. DeepSeek served as the suggesting agent A suggest to propose an

expanded coverage scope with additional subject-relevant mathematical terms Tsi =

{ t( i ,1) , t( i ,2) , . . . , t( i ,n i ) } for each subject si ∈ S. Subsequently, Qwen, ChatGPT, and

Gemini were deployed as evaluator agents A eval ⊆A and optimizer agents A optim ⊆A to

iteratively review the newly suggested terms, evaluate their relevance and appropriateness,

and perform further optimizations by removing or adding terms until all participating

language model agents reached a high degree of consensus. This collaborative and iterative

procedure, which had been rigorously validated in the construction of the original dataset
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and evaluation metrics E = { e1 , e2 , . . . , e11} , was reapplied in this dataset expansion task

as an evidence-based methodology, ensuring the reliability and quality of the extended

terminology collection.

Alg eb ra
50 te rm s
(5 . 4% )

Geom etry
50 te rm s
(5 . 4% )

Trig onom etry
50 te rm s
(5 . 4% )

Ca lcu lu s
51 te rm s
(5 . 5% )

Linea r Alg eb ra
51 te rm s
(5 . 5% )

Num erica l Linea r Alg eb ra
50  te rm s
(5 .4% )

Probab il ity
50  te rm s
(5 .4% )

D iscrete Ma them a tics
53  te rm s
(5 .8% )

Log ic
52  te rm s
(5 . 6% )

Sta tistics
53  te rm s
(5 .8% )

Op tim iza tion
52  te rm s
(5 .6% )

In form ation  Theory
50  te rm s
(5 .4% )

Graph  Theory
54  te rm s
(5 .9% )

D ifferentia l Geom etry
50  te rm s
(5 .4% )

Topolog y
51  term s
(5 . 5% )

Abstract Alg eb ra
52  te rm s
(5 .6% )

Dynam ica l System s
52  term s
(5 .6% )

Measure Theory
50  te rm s
(5 .4% )

AU D IT P r o m p t :  D a t a s e t  D i s t r i b u t i o n  b y  Su b je ct

Figure 3.1: AUD IT Prompt: Dataset D istribution by Sub ject

3.3.3 M ethods

P rop osed P rom pt M ethod

The AUDIT prompt introduces an iterative math def inition generation and ref inement

cycle that leverages previously generated def initions and audit reports as implicit context

to progressively enhance generation quality. The method operates through a structured

f ive-step procedure: an initial def inition is generated in the f irst paragraph as “def inition 1”,

followed by a quality audit in the second paragraph as “quality audit 1” that provides

targeted ref inement suggestions, then a f irst ref ined def inition is produced in the third

paragraph as “def inition 2”, subsequently a second audit in the fourth paragraph as

“quality audit 2” of fers further optimization recommendations, and f inally a second ref ined

def inition is delivered in the f ifth paragraph as “def inition 3”. This iterative reasoning

I = { ι1(
⟳
−→ ι2)

δ1 (
⟳
−→ ι3)

δ2 } framework enables the language model M a-gen to recursively

ref ine its outputs by treating the previously generated def inition and accompanying audit

as contextual guidance, allowing for increasingly advanced ref inement suggestions and

improved generation quality at each cycle. The iterative nature of this process ensures

that each iteration builds upon the strengths and addresses the limitations identif ied in

prior stages, ultimately converging toward def initions that more strictly align with the

standard mathematical def initions found in college-level mathematics lecture notes and

textbooks.
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P rop osed P rom p t

A U D I T P r om p t :

def in ition of [term ] in [sub ject] w ith detai led m athem atical explanations in one paragraph of approx im ately 200

words w ith used m ath symbols in LaTeX form at in the f irst paragraph as “def in ition 1”, then suggest m ath def in ition

ref inem ent suggestions in the second paragraph as “quali ty aud it 1”, then generate the f irst ref ined def in ition w ith

detai led m athem atical exp lanations in one paragraph of approx im ately 200 words w ith used m ath symbols in LaTeX

form at in the third paragraph as “def in ition 2”, then suggest m ath def in ition ref inem ent suggestions to further

ref ine the “def in ition 2” in the fourth paragraph as “qual ity audit 2”, then generate the second ref ined def in ition

w ith detai led m athem atical explanations in one paragraph of approx im ately 200 words w ith used m ath symbols

in LaTeX form at in the f ifth paragraph as “def in ition 3:”. M ake sure each of the sequential def in itions should be

optim ized to be m ore strictly al igned w ith the standard m ath def in itions of college level m athem atics lecture notes

and textbooks.

A l g or i t h m 15 Pseudocode: AUD IT Prom pt

R eq u i r e: M ath sub jects S = { s1 , s2 , . . . , sm } , M ath term s Ts i = { t( i , 1 ) , t( i , 2 ) , . . . , t( i , n i ) } for each sub ject, AU D IT prom pt

pau d i t , N umber of audit rounds R , G eneration LLM M a-g en ∈M accessed via A PI , E valuation LLM M a-eva l ∈M

accessed via API , E leven evaluation m etrics E = { e1 , e2 , . . . , e11 }

E n su r e: E valuation results R

1: for each sub ject si ∈S d o

2: for each term t( i , j ) ∈Ts i d o

3: Generate initial def inition d1 using pau d i t via M a-g en

4: for audit round r = 1 to R − 1 d o

5: Generate qual ity audit a r with ref inem ent suggestions for def inition dr using pa u d i t via M a -g en

6: Generate ref ined def in ition dr + 1 based on audit a r using pau d i t via M a-g en

7: en d for

8: F inal def inition g
( p a u d i t )
( i , j )

= dR

9: for each evaluation metric ek ∈E d o

10: E valuate generated f inal def inition g ( p a u d i t )
( i , j )

using metric ek via M a-eva l

11: Store evaluation score r ( i , j , p a u d i t , k )

12: en d for

13: en d for

14: en d for

15: Compute aggregate scores for AU D IT prom pt

16: r etu r n E valuation results R for AU D IT method

B asel ine P rom pt M ethods

To enable meaningful comparative analytics, this study evaluates the proposed AUDIT

prompt against a set of established baseline prompt methods, with particular emphasis

on the head-to-head comparison between the AUDIT prompt as an iterative reasoning

strategy I = { ι1(
⟳
−→ ι2)

δ1 (
⟳
−→ ι3)

δ2 } and the Cumulative Thinking Prompt as a linear

reasoning strategy L = { ℓ1 −→ ℓ2 −→ · · · −→ ℓR } . W hile the Cumulative Thinking Prompt

demonstrated ef fectiveness through structured pre-generation knowledge accumulation

in the f irst research study, its linear nature lacks on-the-f ly quality audit, ref inement

suggestions, and dynamic iterative optimization during the generation process. In contrast,

the AUDIT prompt introduces a recursive ref inement cycle where each def inition generation

is immediately followed by a targeted audit and subsequent ref inement, enabling the

language model M a-gen to continuously improve output quality based on explicit feedback.

This head-to-head comparison between linear and iterative reasoning approaches provides

meaningful insights into the distinct benef its and drawbacks of each reasoning pattern,
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with the AUDIT prompt of fering the advantage of real-time quality assessment and

progressive optimization that linear strategies cannot inherently provide. Additional

baselines including the direct prompt pdirect , excellent-professor-aware prompt pe-pro, and

step-by-step prompt psbs further contextualize the performance of both reasoning paradigms

within the broader landscape of commonly applied prompting techniques.

B asel in e P rom p t M eth od s

D i r ect P r om p t :

def in ition of [term ] in [sub ject] w ith detai led m athem atical explanations in one paragraph of approx im ately 200

words w ith used math symbols in LaTeX format.

E x cel l en t-P r ofessor -A w ar e P r om p t :

you are an excel lent m ath professor who are good at m ath teaching, generate def in ition of [term ] in [sub ject] w ith

detai led m athem atical exp lanations in one paragraph of approx im ately 200 words w ith used m ath symbols in LaTeX

format.

Step -by -Step P r om p t :

let’s th ink step by step , def in ition of [term ] in [sub ject] w ith detai led m athem atical exp lanations in one paragraph

of approximately 200 words w ith used math symbols in LaTeX format.

C u m u l at i ve T h i n k i n g P r om p t :

recal l your understanding about [term ] in [sub ject] from essential to abstract in sequential 5 tim es, then to generate

def in ition of [term ] in [sub ject] w ith detai led m athem atical explanations in one paragraph of approx im ately 200

words w ith used m ath symbols in LaTeX form at, based on al l 5 previous sequential th ink ing before generating the

mathem atical def in ition.

The pseudocode for each of these baseline methods is provided in algorithms as 9, 10,

11, and 8, respectively.

3.3.4 E xp er im ent Setup

H yp erparam eters

The hyperparameter conf igurations adopted in this study follow the same settings es-

tablished in the Cumulative Thinking Prompt research, which were carefully selected

to ensure stable inference and reproducible generation outcomes across all experimental

runs. By maintaining consistency with the hyperparameters detailed in Table 2.4, this

study preserves methodological alignment with the f irst investigation while enabling

reliable evaluation of the AUDIT prompt’s iterative ref inement mechanism. This uniform

experimental framework guarantees that any observed performance dif ferences can be

attributed to the prompt strategies themselves rather than variations in underlying model

conf igurations.

3.3.5 E valuation M etr ics

To systematically evaluate how iterative reasoning I = { ι1(
⟳
−→ ι2)

δ1 (
⟳
−→ ι3)

δ2 · · · (
⟳
−→ ιT )δT − 1 }

within the AUDIT prompt inf luences mathematical def inition generation quality, this

study employs the same evaluation framework comprising 11 distinct metrics that initially

proposed and verif ied in the f irst research and presented in Table 2.5. This framework
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enables direct comparison between the AUDIT prompt’s iterative ref inement mechanism

and commonly applied prompt strategies, including a head-to-head comparison with the

Cumulative Thinking Prompt, a linear reasoning method L = { ℓ1 −→ ℓ2 −→ · · · −→ ℓR } that

demonstrated ef fectiveness in the f irst study. By applying the same evaluation metrics

E = { e1 , e2 , . . . , e11} consistently across both iterative and linear reasoning approaches,

this study ensures that performance dif ferences can be reliably attributed to the dis-

tinct reasoning navigation N M ( I , D ) characteristics of each prompt method rather than

variations in evaluation criteria.

3.4 R esu lts and A naly tics

3.4.1 H ol ist ic Per form ance A nalyt ics

The following section presents the holistic relative and absolute performance analytics

for the proposed AUDIT prompt alongside established baseline methods, including the

Cumulative Thinking Prompt from the f irst study. This comparative analysis aims

to elucidate how iterative reasoning I = { ι1(
⟳
−→ ι2)

δ1 (
⟳
−→ ι3)

δ2 } and linear reasoning

L = { ℓ1 −→ ℓ2 −→ · · · −→ ℓR } dif fer in eliciting reliable generation from the language model

M a-gen for mathematical term def inition tasks. By examining both relative performance

against a common baseline and absolute performance metrics, this analysis reveals the

distinct advantages and stability characteristics of iterative ref inement strategies compared

to their linear counterparts.
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Figure 3.2: AUDIT Prompt: Holistic Relative and Absolute Performances (A ll Variations)

The holistic relative performance analysis, with the lowest-performing excellent-professor-

aware prompt normalized to 100% , reveals a clear performance hierarchy with distinct

clustering patterns. The top-performing cluster comprises AUDIT Prompt V3 (114.42% ,

+ 14.42% ) and AUDIT Prompt V2 (112.52% , + 12.52% ), demonstrating substantial advan-

tages over all other methods, with performance gains exceeding 12% above baseline. The

middle cluster includes the Cumulative Thinking Prompt (102.81% , + 2.81% ) and AUDIT
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Prompt V1 (102.80% , + 2.80% ), which achieve comparable improvements of approximately

2.8% , indicating that both linear reasoning with knowledge accumulation and single-

iteration iterative reasoning yield similar moderate gains. The lower cluster encompasses

step-by-step prompt (101.66% , + 1.66% ) and direct prompt (100.27% , + 0.27% ), which

show marginal improvements over baseline. The numerical evidence strongly indicates

that the multi-iteration ref inement cycles employed in AUDIT V2 and V3, particularly

the three-stage iterative process of generation, audit, and ref inement, provide substantial

advantages over the single-pass knowledge accumulation of the Cumulative Thinking

Prompt, with AUDIT V3 outperforming the Cumulative Thinking Prompt by 11.61

percentage points.

Tab le 3.3: AUD IT Prompt: Holistic Relative Performance (A ll Variations)

P r om p t V ar i a t ion H ol i st i c R el a t i ve P er form an ce ( % ) P er form an ce D i f fer en ce ( % )

AU D IT Prompt V 3 114.42% + 14.42%

AU D IT Prompt V 2 112.52% + 12.52%

Cumulative T hinking Prompt 102.81% + 2.81%

AU D IT Prompt V 1 102.80% + 2.80%

Step-by-Step Prompt 101.66% + 1.66%

D irect Prompt 100.27% + 0.27%

E xcel lent-Professor-A ware Prompt 100.00% 0.00%

The holistic absolute performance analysis further substantiates the superiority of

iterative reasoning, revealing that AUDIT V3 achieves the highest absolute performance

(9.400) with the smallest standard deviation (0.058), indicating both superior quality

and exceptional stability across all 18 mathematical subjects. AUDIT V2 follows with

strong performance (9.245, std = 0.071), while the Cumulative Thinking Prompt (8.447,

std = 0.236) and AUDIT V1 (8.446, std = 0.179) occupy a middle tier with notably

higher variability. The baseline methods, step-by-step prompt (8.353, std = 0.239),

direct prompt (8.239, std = 0.261), and excellent-professor-aware prompt (8.216, std =

0.283), exhibit the lowest absolute performance and highest variability, with standard

deviations nearly f ive times larger than that of AUDIT V3. The min-max ranges further

il lustrate stability dif ferences: AUDIT V3 spans only 0.190 points (9.315–9.505), while

the excellent-professor-aware prompt spans 0.905 points (7.714–8.619), demonstrating

that iterative reasoning not only yields higher average quality but also provides more

consistent performance across diverse mathematical domains. These f indings collectively

indicate that the recursive ref inement mechanism inherent to iterative reasoning enables

the language model to navigate the reasoning space R more reliably than linear reasoning

strategies, converging toward optimal reasoning directions ρI ,D with greater consistency

and less susceptibility to subject-specif ic variations.
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Tab le 3.4: AUDIT Prompt: Holistic Absolute Performance (A ll Variations)

P r om p t V ar i a t ion B asel i n e H ol i t i c

A b sol u te

P er for -

m an ce

P er for m an ce

D i f fer en ce

Std M in M ax

AU D IT Prompt V 3 8.216 9.400 1.184 0.058 9.315 9.505

AU D IT Prompt V 2 8.216 9.245 1.029 0.071 9.104 9.329

Cumulative T hinking Prompt 8.216 8.447 0.231 0.236 7.965 8.741

AU D IT Prompt V 1 8.216 8.446 0.230 0.179 7.975 8.709

Step-by-Step Prompt 8.216 8.353 0.137 0.239 7.900 8.787

D irect Prompt 8.216 8.239 0.023 0.261 7.743 8.639

E xcel lent-Professor-A ware Prompt 8.216 8.216 0.000 0.283 7.714 8.619

3.4.2 Sub ject-Level Per form ance A naly tics

The following section presents sub ject-level absolute and relative performance analytics

for the proposed AUDIT prompt alongside baseline prompt methods, including the

Cumulative Thinking Prompt from the f irst study. This granular analysis examines how

iterative reasoning I = { ι1(
⟳
−→ ι2)

δ1 (
⟳
−→ ι3)

δ2 } performs across individual mathematical

subjects, revealing domain-specif ic patterns that complement the holistic f indings.
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Figure 3.3: AUD IT Prompt: Sub ject-Level Absolute Performance (A ll Variations)

The subject-level absolute performance analytics demonstrate that AUDIT Prompt

V3 and V2 achieve signif icantly higher performance across every mathematical subject

compared to all other prompt variations. AUDIT V3 leads with scores ranging from

9.315 in Numerical Linear Algebra to 9.505 in Information Theory, while AUDIT V2

follows closely with scores between 9.104 and 9.329. The performance gap between these

top-tier iterative methods and the remaining prompt variations is substantial and visually

evident, Cumulative Thinking Prompt and AUDIT V1 cluster together with scores ranging

from 7.965 to 8.741, residing noticeably lower on the performance scale. This distinct

separation between the two-stage iterative methods (V2 and V3) and the single-pass
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methods provides convincing evidence that iterative ref inement across multiple cycles,

particularly the three-stage process of generation, audit, ref inement, second audit, and

f inal ref inement embedded in AUDIT V3, enables the language model M a-gen to produce

substantially higher quality mathematical def initions. In contrast, AUDIT V1, which

represents only the initial generation stage without iterative audit and ref inement, shows

performance nearly identical to the Cumulative Thinking Prompt (8.446 vs. 8.447),

conf irming that the iterative ref inement mechanism, not merely the structural complexity

of the prompt, is responsible for the observed performance gains.

Tab le 3.5: AUDIT Prompt: Sub ject-Level Absolute Performance (A ll Variations)

Su b j ect A U D I T

P r om p t

V 3

A U D I T

P r om p t

V 2

C u m u la t i v e

T h i n k i n g

P r om p t

A U D I T

P r om p t

V 1

Step -by -

Step

P r om p t

D i r ect

P r om p t

E x cel l en t-

P r ofessor -

A w ar e

P r om p t

Abstract A lgebra 9.416 9.306 8.646 8.709 8.626 8.580 8.497

A lgebra 9.383 9.252 8.345 8.282 8.045 7.835 7.848

Calculus 9.339 9.111 7.965 7.975 7.986 7.743 7.714

D if ferential Geometry 9.485 9.320 8.741 8.558 8.633 8.522 8.528

D iscrete M athematics 9.421 9.304 8.610 8.559 8.447 8.250 8.247

Dynam ical Systems 9.441 9.304 8.468 8.434 8.381 8.253 8.450

Geom etry 9.375 9.173 8.012 8.388 8.132 7.955 7.934

G raph T heory 9.316 9.208 8.569 8.490 8.433 8.388 8.400

Information T heory 9.505 9.304 8.443 8.495 8.274 8.252 8.327

L inear A lgebra 9.482 9.291 8.589 8.558 8.331 8.275 8.252

Logic 9.434 9.227 8.726 8.524 8.458 8.435 7.933

M easure T heory 9.412 9.279 8.708 8.649 8.627 8.419 8.510

Numerical L inear A lgebra 9.315 9.179 8.342 8.316 8.383 8.240 8.217

Optim ization 9.414 9.300 8.510 8.508 8.485 8.431 8.514

Probabi l ity 9.430 9.329 8.456 8.500 8.350 8.301 8.196

Statistics 9.315 9.159 8.186 8.248 7.900 7.864 7.794

Topology 9.334 9.253 8.636 8.651 8.787 8.639 8.619

Trigonom etry 9.391 9.104 8.099 8.193 8.071 7.915 7.908

The subject-level relative performance analysis, with the excellent-professor-aware

prompt normalized to 100% as the lowest-performing baseline, further validates the

ef fectiveness and reliability of iterative reasoning embedded in the AUDIT prompt. AUDIT

V3 achieves consistent relative performance improvements across all 18 subjects, ranging

from 108.3% in Topology to 121.1% in Calculus, with an average relative performance

of approximately 114.4% . AUDIT V2 demonstrates similarly consistent gains, spanning

from 107.4% in Topology to 118.1% in Calculus. Notably, the Cumulative Thinking

Prompt and AUDIT V1 exhibit moderate improvements ranging from 99.9% to 110.0%

and 99.8% to 107.4% respectively, with several subjects showing marginal gains or

slight underperformance. This consistent pattern across all subjects demonstrates that

the iterative reasoning, audit, and ref inement behaviors elicited by the AUDIT prompt

successfully guide the language model to navigate and dynamically select optimal reasoning

subspaces R I ,D ⊆R and reasoning directions ρI ,D with higher ef ficiency and reliability

than linear reasoning approaches. The baseline excellent-professor-aware prompt, which
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relies solely on the simple and general “You are an excellent professor.. .” message in its

prompt instructions I without structured reasoning guidance, consistently ranks lowest,

underscoring the critical importance of explicit reasoning scaf folding, particularly iterative

ref inement, for achieving superior def inition generation quality across diverse mathematical

domains.
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AUDIT Prom p t V1

AUDIT Prom p t V2

AUDIT Prom p t V3

Figure 3.4: AUD IT Prompt: Sub ject-Level Relative Performance (A ll Vairations)

Tab le 3.6: AUD IT Prompt: Sub ject-Level Performance (A ll Vairations)

Su b j ect A U D I T

P r om p t

V 3

A U D I T

P r om p t

V 2

C u m u la t i v e

T h i n k i n g

P r om p t

A U D I T

P r om p t

V 1

Step -by -

Step

P r om p t

D i r ect

P r om p t

E x cel l en t-

P r ofessor -

A w ar e

P r om p t

Abstract A lgebra 110.8% 109.5% 101.7% 102.5% 101.5% 101.0% 100.0%

A lgebra 119.6% 117.9% 106.3% 105.5% 102.5% 99.8% 100.0%

Calculus 121.1% 118.1% 103.3% 103.4% 103.5% 100.4% 100.0%

D if ferential Geometry 111.2% 109.3% 102.5% 100.4% 101.2% 99.9% 100.0%

D iscrete M athematics 114.2% 112.8% 104.4% 103.8% 102.4% 100.0% 100.0%

Dynam ical Systems 111.7% 110.1% 100.2% 99.8% 99.2% 97.7% 100.0%

Geom etry 118.2% 115.6% 101.0% 105.7% 102.5% 100.3% 100.0%

G raph T heory 110.9% 109.6% 102.0% 101.1% 100.4% 99.9% 100.0%

Information T heory 114.1% 111.7% 101.4% 102.0% 99.4% 99.1% 100.0%

L inear A lgebra 114.9% 112.6% 104.1% 103.7% 101.0% 100.3% 100.0%

Logic 118.9% 116.3% 110.0% 107.4% 106.6% 106.3% 100.0%

M easure T heory 110.6% 109.0% 102.3% 101.6% 101.4% 98.9% 100.0%

Numerical L inear A lgebra 113.4% 111.7% 101.5% 101.2% 102.0% 100.3% 100.0%

Optim ization 110.6% 109.2% 99.9% 99.9% 99.7% 99.0% 100.0%

Probabi l ity 115.1% 113.8% 103.2% 103.7% 101.9% 101.3% 100.0%

Statistics 119.5% 117.5% 105.0% 105.8% 101.4% 100.9% 100.0%

Topology 108.3% 107.4% 100.2% 100.4% 101.9% 100.2% 100.0%

Trigonom etry 118.7% 115.1% 102.4% 103.6% 102.1% 100.1% 100.0%
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3.4.3 A U D I T P rom pt vs. Cum u lative T h ink ing P rom p t

The following section presents a focused sub ject-level performance comparison between the

highest-performing AUDIT Prompt V3, the Cumulative Thinking Prompt from the f irst

study, and the excellent-professor-aware prompt as the baseline normalized to 100% . This

side-by-side analysis isolates the performance characteristics of iterative reasoning versus

linear reasoning, providing clear evidence of how the multi-stage ref inement mechanism of

AUDIT Prompt translates into superior def inition quality across individual mathematical

subjects.

The subject-level absolute performance analytics demonstrate that AUDIT Prompt

V3, which underwent two def inition quality audits with improvement suggestions and

two iterative ref inements, is the unequivocal winner when compared against both the

Cumulative Thinking Prompt and the excellent-professor-aware baseline. Across all 18

subjects, AUDIT V3 achieves absolute scores ranging from 9.315 to 9.505, while the

Cumulative Thinking Prompt ranges from 7.965 to 8.741, and the baseline from 7.714 to

8.619. The pairwise dif ferences reveal the magnitude of this performance lead: AUDIT

V3 outperforms the Cumulative Thinking Prompt by margins ranging from 0.698 points

in Topology to 1.374 points in Calculus, with an average advantage of 0.983 points across

all sub jects. Against the baseline excellent-professor prompt, the advantage is even more

pronounced, with dif ferences spanning from 0.715 points in Topology to 1.625 points

in Calculus, averaging 1.179 points. Notably, the Cumulative Thinking Prompt itself

shows modest advantages over the baseline, with dif ferences ranging from -0.004 points in

Optimization to 0.793 points in Logic, averaging 0.212 points. These patterns demonstrate

that the iterative ref inement mechanism embedded in AUDIT V3 yields substantially

larger performance gains than linear reasoning alone, with the most pronounced advantages

observed in sub jects such as Calculus, A lgebra, and Trigonometry, domains where formal

precision and conceptual integration are particularly demanding.
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Figure 3.5: AUD IT Prompt: Sub ject-Level Absolute Performance (Selected Variations)

Tab le 3. 7: AUD IT Prompt: Sub ject-Level Performance (Selected Variations)

Su b j ect A U D I T P r om p t V 3 E x cel l en t-P r ofessor -

A w ar e P r om p t

C u m u lat i ve T h in k in g

P r om p t

Abstract A lgebra 9.416 8.497 8.646

A lgebra 9.383 7.848 8.345

Calculus 9.339 7.714 7.965

D if ferential Geometry 9.485 8.528 8.741

D iscrete M athematics 9.421 8.247 8.610

Dynam ical Systems 9.441 8.450 8.468

Geom etry 9.375 7.934 8.012

G raph T heory 9.316 8.400 8.569

Information T heory 9.505 8.327 8.443

L inear A lgebra 9.482 8.252 8.589

Logic 9.434 7.933 8.726

M easure T heory 9.412 8.510 8.708

Numerical L inear A lgebra 9.315 8.217 8.342

Optim ization 9.414 8.514 8.510

Probabi l ity 9.430 8.196 8.456

Statistics 9.315 7.794 8.186

Topology 9.334 8.619 8.636

Trigonom etry 9.391 7.908 8.099

The subject-level relative performance comparison further reinforces the superiority

of iterative reasoning, with AUDIT V3 achieving relative performance scores ranging

from 108.3% in Topology to 121.1% in Calculus, all benchmarked against the excellent-

professor-aware prompt at 100% . The performance dif ferences between AUDIT V3 and

the Cumulative Thinking Prompt reveal consistent double-digit gains across 11 out of

18 subjects, with advantages ranging from + 8.1% in Topology to + 17.8% in Calculus,

and an average advantage of + 11.7% across the 18 sub jects. This pattern of consistent,

substantial relative performance gains provides compelling evidence that the iterative
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reasoning with dynamic generation, audit, and ref inement mechanism of the AUDIT

prompt enables the language model M a-gen to navigate the reasoning space R toward

optimal reasoning subspaces R I ,D ⊆R and reasoning directions ρI ,D with far greater

ef fectiveness than linear reasoning strategies. These f indings serve as further evidence,

extending the previously conducted performance comparison across all prompt methods,

that iterative reasoning for mathematical term generation is indeed a more powerful and

reliable method compared to linear reasoning approaches, with the capacity to consistently

deliver superior def inition quality across diverse mathematical domains.
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Figure 3.6: AUDIT Prompt: Sub ject-Level Relative Performance (Selected Variations)
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Tab le 3. 8: AUD IT Prompt: Sub ject-Level Relative Performance (Selected Variations)

Su b j ect A U D I T P r om p t V 3 C u m u l at i ve

T h in k in g P r om p t

P er for m an ce

D i f fer en ce

E x cel len t-

P r ofessor -A w ar e

P r om p t

Abstract A lgebra 110.8% 101.7% + 9.1% 100.0%

A lgebra 119.6% 106.3% + 13.3% 100.0%

Calculus 121.1% 103.3% + 17.8% 100.0%

D if ferential Geometry 111.2% 102.5% + 8.7% 100.0%

D iscrete M athematics 114.2% 104.4% + 9.8% 100.0%

Dynam ical Systems 111.7% 100.2% + 11.5% 100.0%

Geom etry 118.2% 101.0% + 17.2% 100.0%

G raph T heory 110.9% 102.0% + 8.9% 100.0%

Information T heory 114.1% 101.4% + 12.7% 100.0%

L inear A lgebra 114.9% 104.1% + 10.8% 100.0%

Logic 118.9% 110.0% + 8.9% 100.0%

M easure T heory 110.6% 102.3% + 8.3% 100.0%

Numerical L inear A lgebra 113.4% 101.5% + 11.9% 100.0%

Optim ization 110.6% 99.9% + 10.7% 100.0%

Probabi l ity 115.1% 103.2% + 11.9% 100.0%

Statistics 119.5% 105.0% + 14.5% 100.0%

Topology 108.3% 100.2% + 8.1% 100.0%

Trigonom etry 118.7% 102.4% + 16.3% 100.0%

N otes: Perform ance dif ference refers to the relative perform ance d if ference between the best-perform ing prom pt variation ,
AU D IT Prom pt V 3, as an iterative reasoning prom pt m ethod, and the previously proposed linear reasoning prom pt m ethod,
Cumulative T hinking Prompt. A higher positive dif ference indicates a greater advantage for the AU D IT Prompt.

3.4.4 C oncrete E xam p les

D ef in i tion of E igenvalue in L inear A lgeb ra w ith A U D I T P rom pt

¥

D ef in i t i on of ei genvalue in l inear al geb ra w i th detai l ed m athem ati cal exp lanati ons in one paragraph of

app rox im atel y 200 words w ith used m ath sym b ols in L aTeX form at i n the f irst paragraph as “def-

in i t ion 1”, then suggest m ath def in i t i on ref inem ent suggesti ons i n the second paragraph as “qual-

i ty aud i t 1”, then generate the f irst ref in ed def in i t i on w i th deta i led m athem atical ex p lanat ions in

one parag raph of app rox im ately 200 words w ith used m ath sym b ols i n L aTeX form at in the th i rd

parag raph as “def in i t ion 2”, then suggest m ath def in i t ion ref in em ent suggest ions to fu rther ref in e the

“def in i t ion 2” in the fou rth paragraph as “qual i ty aud i t 2”, then generate the second ref in ed def in i t ion

w i th deta i l ed m athem at ica l ex p lanat ions in one p arag raph of app rox im ately 200 word s w i th used m ath

sym b ols in L aTeX form at in the f ifth paragraph as “def in i t ion 3:”. M ake su re each of the sequent ial

d ef in i t i ons shou ld b e op tim i zed to b e m ore str ict l y al igned w ith the standard m ath def in i t ions of col-

l ege level m athem atics lectu re n otes and tex tb ook s.
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Æ

d ef in i t i o n 1 : I n l in ear algebra, an eigenvalue of a square m atr ix A ∈Cn ×n i s a scal ar λ∈C for w h ich there ex ists

a non-zero vector v ∈ Cn , cal l ed an ei genvector , such that the l i n ear transform ati on def in ed by A acts on v by

sim p le sca lar m u l t ip l icat ion . T h is rel at ionsh ip i s expressed by the eigenvalue equat ion A v = λv . E qu ival entl y, λ i s

an eigenvalue i f and on ly i f the m atri x A − λI n i s sin gu lar , m ean ing i ts determ inant i s zero: d et( A − λI n ) = 0. T h is

determ inant cond i t ion def ines the character ist ic p olynom ial pA ( λ) = det ( λI n − A ) , a m on ic p ol ynom ia l of d egree

n w hose roots are p recisel y the eigenvalues of A . T he set of al l eigenvalues is the sp ectrum σ(A ) . G eom etr ical l y,

ei genvectors ind icate d i recti ons invar iant under the transform ati on , stretched or com pressed by the factor λ, w h ich

can b e a real or com p lex num b er .

q u a l i t y a u d i t 1 : T he def in i t ion correct ly i denti f ies the core equati on and the determ inant cond i t ion . H owever,

i t cou ld b e ref ined for str icter al i gnm ent w i th standard tex tb ooks by : 1) E xp l i ci t ly stat in g the dom ain ( com p lex

num b ers) for b oth the m atr i x entr i es and eigenvalues from the ou tset to cover the general case. 2) M ore form al ly

def in in g the eigenvector as b elong in g to the dom ain space Cn and b ein g non-zero. 3) C lar i fy i n g that the character i s-

tic p oly nom ial i s typ ical l y d ef in ed as det( λI − A ) to ensu re i t i s m on ic. 4) E m phasizin g that the eigenva lue equat ion

im p l i es a non-tr iv ia l sol u t ion to (A − λI ) v = 0 , w h ich is the key to the singu l ar i ty cond i t i on . 5) A void in g the less

com m on notat ion I n i n favor of I w hen d im ension is clear .

d ef in i t i on 2 : L et A b e an n × n m atr ix w i th entr i es i n C . A com p lex num b er λi s cal led an eigenvalue of A i f

there ex i sts a non-zero vector v ∈Cn such that A v = λv . T he vector v is an ei genvector corresp ond in g to λ. T h is

cond i t ion is equ iva lent to stat ing that the hom ogeneous l in ear system ( A − λI )v = 0 has a non-tri v i al solu tion , w h ich

occurs i f and on ly i f the m atrix A − λI is singu lar . T herefore, λis an eigenvalue p recisely when det(A − λI ) = 0. T he

function p(λ) = det(λI − A ) is the characteri st ic p olynom ial of A , a m on ic p olynom ial of d egree n . T he fundam ental

theorem of algeb ra guarantees that p (λ) h as n roots in C counted w i th m u lt ip l i ci ty, w h ich consti tu te the sp ectrum

of A . E igenva lues revea l the scal i n g factors a long invar iant d i rect ions under the l i n ear transform at ion T ( x ) = A x .

q u a l i t y a u d i t 2 : T h i s def in i t ion is m ore p recise. To fu rther ref in e i t to col lege-level tex tb ook standard s: 1) Sp ec-

i fy that the eigenvector v m ust b e in the vector space on w h ich A acts ( typ ical ly Cn or Rn ) . 2) E xp l ici t l y connect

the ei genvalue to the l in ear op erator T : V → V rep resented by A , as eigenvalues are intr in sic to the op erator ,

not j u st the m atr ix . 3) C l ar i fy that the a lgeb rai c m u lt i p l ici ty of an ei genva lue is i ts m u l t ip l ici ty as a root of the

character ist ic p olynom ial . 4) N ote that for real m atr ices, non-real eigenvalues occur in com p lex con j ugate pai rs. 5)

Strengthen the f in al sentence by exp l ici t ly stat in g that an eigenvalue λscales i ts ei genvector w ithout chang in g i ts

d i rect ion in th e under ly in g vector space.

d ef in i t i on 3 : L et V b e a f in i te-d im ensional vector space over C and let T : V → V b e a l in ear op erator . A scalar

λ∈ C i s an ei genva lue of T i f there ex i sts a non-zero vector v ∈ V , cal led an eigenvector of T , such that T ( v ) =

λv . I f we choose a basis for V and represent T by an n × n m atr i x A , th en λ i s an eigenvalue of A i f and on ly i f

det (λI − A ) = 0. T he p ol ynom ia l pT (λ) = det ( λI − A ) i s the character ist i c p oly nom ial of T ; i t i s i n dep endent

of the choice of basi s. T he eigenvalues are the roots of th i s m on ic degree-n p olynom ial . E ach eigenvalue λhas

an al gebraic m u l t ip l i ci ty, w h ich is i ts m u lt i p l ici ty as a root of pT ( λ) , and a geom etr ic m u lt i p l ici ty, w h ich i s the

d im ension of the eigenspace E λ = { v ∈ V : T ( v ) = λv } . G eom etr ical ly, an ei genvector def in es a one-d im ensional

i nvari ant subspace of V on w h ich T acts by scalar m u l t ip l i cat ion by λ.

D ef in i tion of I nteger in A lgeb ra w ith A U D I T P rom pt

¥

D ef in i t i on of i nteger i n a lgeb ra w ith detai led m athem at ical ex p l anations i n one paragraph of app rox -

im ately 200 words w ith used m ath sym b ols in L aTeX form at in the f irst p aragraph as “def in i t ion 1”,

then suggest m ath def in i t ion ref in em ent suggesti ons in the second parag raph as “qual i ty aud i t 1”,

then generate the f irst ref ined def in i t ion w i th detai l ed m athem atica l ex p lanat ions in one parag raph of

app rox im atel y 200 words w ith used m ath sym b ols in L aTeX form at i n the th i rd paragraph as “def in i -

t ion 2”, then suggest m ath def in i t ion ref in em ent suggesti ons to fu rther ref in e the “def in i t ion 2” in the

fou rth p arag raph as “qu al i ty au d i t 2”, then generate the second ref in ed d ef in i t i on w i th deta i l ed m athe-

m at ical exp lanations in one paragraph of approx im atel y 200 words w i th used m ath sym b ol s in L aTeX

form at in th e f ifth p arag rap h as “def in i t i on 3:”. M ake su re each of the sequent ia l d ef in i t i on s shou ld b e

op tim ized to b e m ore str i ct ly al igned w ith the standard m ath def in i t ions of col lege level m athem at ics

l ectu re notes and tex tb ooks.
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Æ

d ef in i t i on 1 : I n al geb ra, an integer is an elem ent of the set Z = { . . . , − 3 , − 2 , − 1 , 0 , 1 , 2 , 3 , . . . } , w h ich ex tends

the natu ral num b ers N to i ncl ude add i t i ve inverses. Form al ly, Z i s constructed as the set of equ ival ence cl asses of

ordered pai rs of natu ral num b ers ( a , b) under the equ i val ence relat ion ( a , b) ∼ (c, d ) i f and on l y i f a + d = b + c,

i ntu i t ively rep resenting the solu tion to a − b = c − d. T h is construction y ield s the integers as the G rothend ieck g roup

of the natu ra l num b ers, ensu r in g every i nteger n has an inverse − n such that n + (− n ) = 0, w here 0 i s th e ad d i t i ve

i d enti ty. T he set Z form s a com m utative r in g under standard add i t i on and m u lt ip l icat ion , d enoted (Z, + , · ) , w h ich

is an integ ral dom ain as i t contain s no zero d iv i sors: i f ab = 0 for a , b ∈ Z , th en a = 0 or b = 0. T he integers are

countab ly in f in i te and are ordered by the relat ion ≤ , w h ich is a total order com patib le w i th the r in g op erat ions.

q u a l i t y a u d i t 1 : T he def in i t ion correct ly i denti f ies integers as elem ents of Z and m enti ons thei r r i ng structu re,

bu t i t is over ly focused on the constructive equ ivalence class m ethod , w h ich , w h i le foundati onal , i s not the p r im ary

def in i t i on in introductory col lege al gebra. I t shou ld m ore d i rectl y state the standard a lgeb rai c def in i t ion : the i n-

tegers are the un ique ( up to i som orph ism ) ordered integral d om ain w hose p osi t ive elem ents are wel l -ordered . T he

exp l anati on of the G rothend ieck g roup is too advanced for a f irst def in i t i on . T he ref in em ent shou ld em phasi ze the

ax iom s of an ord ered r in g : closu re, associat i v i ty, com m u tat iv i ty, i d ent i t i es, i nverses for add i t ion , d i str i b u t i v i ty, an d

the tota l order p rop ert ies. T he l i n k to natu ral num b ers sh ou ld b e clar i f ied as Z+ ∪{ 0} b ein g isom orph ic to N.

d ef in i t i o n 2 : I n col l ege-level al geb ra , the integers are def in ed ax iom at ica l l y as the set Z th at form s an ordered inte-

gra l d om ain w ith un i ty, w here the p osi t ive elem ents are wel l-ordered . Sp eci f ica l ly, (Z, + , · , ≤ ) sat isf ies: ( 1) (Z, + , · )

i s a com m utat ive r i ng w ith m u lt i p l icat ive id enti ty 1, ( 2) i t is an integ ral dom ain ( i . e. , i f a b = 0 for a , b ∈ Z , th en

a = 0 or b = 0) , and ( 3) ≤ i s a tota l order on Z com pati b le w ith the r in g op erat ions: i f a ≤ b, th en a + c ≤ b + c

for al l c ∈ Z , and i f a ≤ b and 0 ≤ c, then a c ≤ bc. T he set of p osi t ive i ntegers Z+ = { n ∈ Z : n > 0} i s order-

isom orph ic to the natu ra l num b ers N and sati sf ies the wel l-order i n g p r incip le: every non-em p ty subset of Z+ has

a least el em ent. T h is structu re is un ique up to isom orph i sm and i s the m in im al r i ng ex tension of N th at includes

add i t i ve inverses, enab l i n g solu t ions to equat ions of the form a + x = b for al l a , b ∈Z.

q u a l i t y a u d i t 2 : T h is d ef in i t i on is m ore a l i gned w i th stan dard a lgeb ra ic p resentat i ons. H owever , i t can b e ref in ed

for greater p reci si on and cl ar i ty. T he phrase ’ordered integ ral d om ain w ith un i ty, w here the p osi t ive elem ents are

wel l -ordered’ is correct bu t cou ld b e exp l ici t l y connected to the Peano ax iom s v i a the wel l-order in g pr incip le. T he

un iqueness cl aim shou ld b e tem p ered : Z i s the un ique ( up to isom orph ism ) ordered integral dom ain w hose p osi t ive

elem ents are wel l-ordered . T he exp l anati on of i som orph ism to N shou ld sp eci fy i t as a sem ir i ng isom orph ism . T he

f in al sentence ab ou t solv i n g a + x = b i s im p ortant but shou ld b e fram ed as Z b ein g the group of d i f ferences of N .

T he def in i t i on shou ld a lso exp l i ci t l y state that Z contain s a copy of N as Z + ∪{ 0} .

d ef in i t i on 3 : T he integers are the un ique ( up to isom orph i sm ) ordered integ ral d om ain ( Z, + , · , ≤ ) i n w h ich the

set of p osi t ive elem ents P = { x ∈ Z : x > 0} i s wel l -ordered . T h is m eans ( Z, + , · ) i s a com m utative r in g w i th

m u lt ip l i cat ive i denti ty 1 ̸= 0, has no zero d i v isors (a b = 0 = ⇒ a = 0 or b = 0) , and the total order ≤ satisf ies: ( i )

i f a ≤ b then a + c ≤ b + c for a l l c ∈ Z , and ( i i ) i f a ≤ b and 0 ≤ c then a c ≤ bc. T he wel l-order i ng of P im p l ies

every non-em p ty subset S ⊆ P has a least elem ent und er ≤ , w h ich is equ ivalent to the induct ion p r in cip le on P. T he

structure em b eds the natu ra l num b ers N v ia the m onom orph ism φ : N → Z w ith φ(n ) = 1 + 1 + · · · + 1
| { z }

n t i m es

, i denti fy in g

N w i th P ∪{ 0} . A lgeb ra ica l l y, Z i s the G rothend ieck g roup ( g roup of d i f ferences) of N, ensu rin g every integer can b e

exp ressed as a − b for a , b ∈N, and i t i s the in i t i a l ob j ect in the category of r in gs w i th un i ty.

3.5 Conclusion

3.5.1 R esearch Contr ibu tions

This study makes several signif icant contributions to the understanding and application

of iterative reasoning for mathematical def inition generation. First, it introduces the

AUDIT prompt, a novel iterative reasoning framework I = { ι1(
⟳
−→ ι2)

δ1 (
⟳
−→ ι3)

δ2 } that

operationalizes recursive quality assessment and ref inement as integral components of

the generation process. Unlike linear reasoning methods that produce a single output

without intermediate feedback, the AUDIT prompt structures the task as a multi-stage

cycle: initial def inition generation, structured quality audit with ref inement suggestions,

ref ined def inition generation, second quality audit, and f inal ref ined def inition. This

design represents a fundamental departure from conventional prompt strategies, treating

def inition generation not as a one-time navigation event but as a dynamic process where the

language model M a-gen can revisit and ref ine its reasoning directions ρI ,D based on explicit
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self-assessment. The empirical validation demonstrates that this iterative mechanism

yields substantial performance improvements, with AUDIT V3 achieving a holistic relative

performance of 114.42% against the baseline, a gain of 14.42 percentage points, and

outperforming the Cumulative Thinking Prompt by 11.61 percentage points, conf irming

that recursive ref inement with explicit feedback loops enables superior navigation of the

reasoning space R compared to linear reasoning approaches.

Second, this research contributes a comprehensive comparative framework that isolates

the distinct ef fects of iterative ref inement stages on generation quality. By evaluating three

AUDIT variants, V1 (single generation without ref inement), V2 (one audit-ref inement

cycle), and V3 (two audit-ref inement cycles), the study reveals a clear progression where

additional ref inement cycles yield diminishing but stil l meaningful improvements. AUDIT

V3 achieves the highest performance (9.400) with the lowest standard deviation (0.058),

indicating that two ref inement cycles not only enhance quality but also improve consistency

across diverse mathematical subjects. The f inding that AUDIT V1 performs nearly

identically to the Cumulative Thinking Prompt (8.446 vs. 8.447) conf irms that the

performance advantage of AUDIT V2 and V3 stems specif ically from the iterative audit-

ref inement mechanism rather than from the structural complexity of the prompt itself. This

granular analysis provides actionable insights for prompt design: the optimal number of

ref inement cycles depends on the balance between quality requirements and computational

ef ficiency, with two cycles of fering substantial gains at acceptable cost.

Third, this study establishes the reliability and generalizability of iterative reasoning

for mathematical def inition generation across 18 diverse mathematical subjects S =

{ s1 , s2, . . . , s18} with 921 terminologies Tsi . The consistent performance advantages of

AUDIT V3 across all sub jects, from Algebra (119.6% relative performance) to Topology

(108.3% ), demonstrate that iterative ref inement benef its are not conf ined to specif ic

domains but represent a robust phenomenon across the mathematical spectrum. M oreover,

the exceptionally low variability of AUDIT V3 (std = 0.058) compared to linear methods

(std ranging from 0.179 to 0.283) indicates that iterative reasoning provides not only

higher average quality but also greater stability, making it particularly valuable for

applications requiring consistent, high-quality outputs across diverse inputs. Together,

these contributions advance both the theoretical understanding of how iterative reasoning

facilitates navigation of the reasoning space R and the practical methodology for designing

ef fective prompts for complex generation tasks.

3.5.2 Futu re D irections

Building upon the f indings of this AUDIT prompt research, several promising future

directions emerge for extending the iterative reasoning paradigm. The f irst direction

concerns the optimization of ref inement cycles through adaptive mechanisms. In the
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current study, the number of audit-ref inement cycles was f ixed at two based on empirical

observation. Future research could investigate dynamic termination criteria, where the

language model M a-gen determines when to conclude the ref inement process based on the

quality of the current output or the marginal improvement observed between successive

iterations. Such adaptive approaches could employ meta-evaluation mechanisms where

the model assesses its own output against the evaluation metrics E = { e1, e2 , . . . , e11}

and terminates ref inement when quality thresholds are met or when diminishing returns

indicate further iterations would yield minimal improvement. This would enable more

ef ficient use of computational resources while maintaining high output quality, particularly

for tasks where the optimal number of ref inement cycles may vary depending on input

complexity or subject domain.

A second promising direction involves expanding the iterative reasoning framework to

incorporate multi-agent collaboration and diverse feedback sources. W hile the current

AUDIT prompt relies on a single language model instance to both generate def initions

and perform self-audits, future research could implement multi-agent architectures where

distinct agents A = { A 1 , A 2, . . . , AK } take on specialized roles. For example, a generator

agent could produce initial def initions, a critic agent could perform structured audits,

a ref inement agent could incorporate feedback, and a consensus agent could adjudicate

between competing ref inements. Such distributed approaches could leverage the strengths

of dif ferent model conf igurations or personas, such as research-focused agents for formal

precision and teaching-focused agents for pedagogical clarity, to produce def initions that

balance multiple quality dimensions simultaneously. Additionally, incorporating human

feedback into the iterative cycle could create hybrid systems where domain experts provide

targeted ref inement suggestions that the language model then incorporates, combining

the scalability of automated generation with the nuanced judgment of human specialists.

A third direction addresses the extension of iterative reasoning beyond def inition

generation to broader educational and technical applications. The AUDIT prompt’s core

mechanism, recursive generation, audit, and ref inement, could be adapted for tasks such as

mathematical proof construction, algorithm explanation, technical writing, and educational

content development. For instance, in mathematical proof generation, iterative ref inement

could help models identify logical gaps or missing steps through self-audit, progressively

building toward complete and rigorous proofs. Similarly, in educational settings, the

audit component could be reframed as a pedagogical tool that generates not only ref ined

content but also explanations of why ref inements were necessary, providing learners with

insights into the revision process itself. Future research could also explore domain-specif ic

audit criteria tailored to dif ferent tasks, moving beyond the 11 evaluation metrics used in

this study to incorporate discipline-specif ic quality standards. By extending the iterative

reasoning framework to new domains and integrating it with emerging capabilities such
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as multi-agent collaboration and adaptive ref inement control, future work can further

unlock the potential of large language models to generate high-quality, precisely calibrated

outputs across the full spectrum of knowledge-intensive tasks.
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Chapter 4

R eason ing A ssum ptions: W hat W e

E xp ect vs. W hat W e Trust in

Persona-A ware P rom pt E ngineer ing

4.1 I ntroduction

The Cumulative Thinking Prompt and AUDIT prompt studies established that both

structured knowledge accumulation and iterative ref inement can signif icantly enhance

mathematical def inition generation quality by guiding the language model M a-gen through

deliberate reasoning navigation N M ( I , D ) = R I ,D → R I ,D → ρI ,D within the vast

reasoning space R . However, both studies employed persona-based prompting, specif ically

the excellent-professor-aware prompt pe-pro, as one of their baseline methods, yet the role of

persona specif icity itself remained underexplored. The excellent-professor prompt, with its

coarse-grained “excellent professor” specif ication, represents only one point in a potentially

rich spectrum of persona conf igurations. This raises a fundamental question: does the

precision of persona specif ication matter, and if so, how do f ine-grained distinctions in role

description inf luence the language model’s ability to navigate toward optimal reasoning

subspaces R I ,D ⊆R and reasoning directions ρI ,D for mathematical def inition generation?

This study introduces the Professor-Rank-Aware Prompt Framework, which system-

atically investigates how f ine-grained variations in professor rank specif ications af fect

mathematical def inition generation quality. Rather than relying on a single, general

“excellent professor” persona, this research proposes eight distinct Professor-Rank-Aware

Prompt variations Pprofs = { p(profs,1) , p(profs,2) , . . . , p(profs,8) } , each specifying a distinct aca-

demic rank: distinguished professor, emeritus professor, full professor, research professor,

associate professor, teaching professor, assistant professor, and lecturer. These variations

are designed to test whether the explicit connotations embedded within each rank, such

as academic seniority, research emphasis, teaching focus, or career stage, serve as ef fective
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navigation signals that guide the language model toward reasoning subspaces containing

more valuable mathematical information. The baseline excellent-professor-aware prompt

pe-pro ∈Pbase serves as the reference point for comparative analysis, allowing the study

to determine whether f ine-grained rank specif ications yield measurable performance im-

provements or degradations relative to the commonly used but coarse-grained persona

setting.

The evaluation employs the same extended dataset utilized in the AUDIT prompt

research, comprising 921 mathematical terminologies Tsi = { t( i ,1) , t( i ,2) , . . . , t( i ,n i ) } dis-

tributed across 18 mathematical sub jects S = { s1 , s2, . . . , s18} , with def initions assessed

using the same 11 evaluation metrics E = { e1 , e2 , . . . , e11} established in the f irst two

studies. This consistency in experimental design ensures that performance comparisons

across all three studies are methodologically aligned and reproducible. Through system-

atic comparative analysis of absolute and relative performance across the eight proposed

variations and the baseline, this study seeks to answer three core questions: f irst, whether

f ine-grained professor-rank specif ications yield signif icantly dif ferent def inition quality

compared to the coarse-grained excellent-professor baseline; second, whether a clear perfor-

mance hierarchy emerges that correlates with academic seniority or role specialization; and

third, whether the precision of persona context settings can serve as a reliable, training-

free mechanism for optimizing language model outputs. By addressing these questions,

the Professor-Rank-Aware Prompt research contributes to the broader understanding

of how contextual cues within prompt instructions I shape reasoning navigation and

of fers practical guidance for selecting optimal persona conf igurations for educational and

technical applications.

4.2 R elated W orks

The following section presents a systematic examination of representative prompt method-

ologies P = { p1 , p2 , . . . , p|P | } that util ize language models with learned and reinforced cog-

nitive capabilities as M = { M (a-gen) , M (a-eval) , M (m-eval) , πθ} to engage in persona-aware rea-

soning across diverse task domains, organized into two principal categories ref lecting funda-

mental distinctions in how persona characteristics are operationalized within prompt struc-

tures. The nine prompting approaches Pcand ⊆P reviewed herein collectively demonstrate

how the strategic assignment of identities, perspectives, and expertise prof iles to language

models fundamentally shapes their reasoning processes N M ( I , D ) = R I ,D → R I ,D → ρI ,D ,

knowledge activation patterns, and output characteristics. These methodologies span

a spectrum from simple persona injections within single prompts to complex multi-

agent frameworks A = { A 1, A 2 , . . . , AK } where A k = (M k , Ck , R k ) representing mul-

tiple persona-bearing model instances that collaborate through structured interactions

Scol lab = { s1 , s2, . . . , sL } . Across both categories, the core insight unifying these approaches
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is that persona-aware prompting functions as a cognitive steering mechanism, guiding

models toward particular interpretive frameworks and reasoning subspaces R u ⊂R that

would characterize a human possessing the specif ied persona Ck . The f irst major category,

“Persona-Aware Prompt with Role Settings,” encompasses techniques that assign explicit

social, professional, or demographic identities to language models, thereby framing task

execution through the lens of particular role-based perspectives such as domain experts,

imaginary readers with specif ic interests, or evaluative personas with distinct analytical

orientations. The second major category, “Persona-Aware Prompt with Competency

Settings,” addresses methodologies that emphasize capability-based characterizations,

directing models to adopt personas def ined by particular skill sets, knowledge domains,

or reasoning competencies rather than social identities per se, thereby framing task

performance through the lens of specialized expertise and cognitive prof iciencies.

Tab le 4.1: Persona-Rank-Aware Prompt: Citations of Persona-Aware Prompt Variations

M ain C ateg or y P r om p t M eth od s

Persona-A ware Prom pt

w ith R ole Settings

• D iverse Role-Player for Text Generation E valuation (D RPE ) [77]

• T wo-Stage Role-Play Prompting [78]

• CoM M (Collaborative M ulti-A gent, M ulti-R easoning-Path) [79]

• Control led Natural Language for Prompts (CNL-P) [80]

• ChatE val [81]

• Persona-aware Prompt Variation E valuation [82]

Persona-A ware Prom pt

w ith Com petency Set-

tings

• Persona In-Context Learning (PICLe) [83]

• M ulti-A gent D ebate (M AD ) [84]

• Solo Perform ance Prompting (SPP) [85]

4.2.1 Persona-A ware P rom pt w ith R ole Sett in gs

The D iverse R ole-P layer for Tex t G eneration E valuation (D R PE ) [77] is a zero-

shot prompting framework designed to align automatic text evaluation more closely with

human judgment. I t operates by instructing a large language model through two distinct

types of prompts. First, it uses a set of manually-crafted, f ixed prompts that direct the

model to act as an objective judge, focusing on specif ic, universally agreed-upon quality

dimensions of a summary such as its grammar, f luency, and coherence with the original

article. Second, and more distinctively, it employs model-generated prompts: for each new

piece of text, the language model is asked to create a set of dynamic user prof iles based

on the content. This results in prompts that instruct the model to adopt the perspective

of diverse, imaginary readers, such as a sports enthusiast, a legal expert, or a casual news

consumer. These multiple role-player prompts then work in concert, each instructing

the model to compare a pair of candidate summaries from its assigned perspective. The

f inal evaluation aggregates these diverse votes, and the paper’s experiments demonstrate

that this multi-perspective prompting approach yields results that correlate with human

evaluations (up to 90% on the CNN/DM dataset) far more ef fectively than traditional
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metrics like BERTScore (55% ) or even simple, direct prompts to the language model

(58% ).

The T wo-Stage R ole-P lay P rom ptin g [78] technique is a two-stage, zero-shot, text-

based prompt method. In the f irst stage, the user creates a manually-crafted “role-setting

prompt” to assign a specif ic persona to the language model, such as “you are an excellent

math teacher.” The model then generates multiple responses to this prompt, from which

the researchers select the most immersive one to serve as the “role-feedback prompt.” In

the second stage, both the original role-setting prompt and the selected role-feedback

prompt are combined with the actual reasoning question to form a single API call to

the model, which then generates the f inal answer. The principal evidence supporting the

ef fectiveness of this method is the method’s consistent higher performance of the standard

zero-shot baseline across a wide range of reasoning benchmarks. For instance, on the Last

Letter Concatenation task, the role-play prompt method achieved an accuracy of 84.2% ,

which is a dramatic improvement over the 23.8% accuracy of the standard zero-shot

approach, demonstrating the powerful ef fect of this two-stage character immersion on the

model’s ability to perform the required reasoning.

The Col lab orat ive M u l ti-A gent, M u lt i-R eason in g-Path (C oM M ) [79] prompt is

a manually-crafted, few-shot text prompting framework that operates by assigning distinct

expert roles to multiple instances of a large language model. In this design, the researchers

manually write specif ic prompts to def ine each agent’s identity, such as a “physicist”

responsible for providing domain knowledge or a “mathematician” responsible for accurate

calculations, along with their duties and guiding principles. Each agent is then given the

same set of few-shot demonstration examples, but these examples are presented following

dif ferent reasoning paths tailored to their specif ic expertise, for instance, the physicist

receives examples solved through physics reasoning, while the mathematician receives the

same problems solved through mathematical logic. The agents work collaboratively: the

f irst expert provides its analysis, the second expert builds upon or corrects that analysis,

and a third summarizer agent synthesizes both perspectives to produce a f inal answer.

The core idea behind this design is to combine the complementary strengths of dif ferent

expert perspectives, allowing one agent’s deep knowledge to inform another agent’s precise

calculations, thereby overcoming individual agent limitations and achieving better results

on complex reasoning tasks. The principal evidence supporting this method’s ef fectiveness

comes from the College Physics benchmark [23], where CoM M achieved 64.71% accuracy

in the few-shot setting, signif icantly outperforming the standard prompting baseline [26]

at 48.04% and the Chain-of-Thought at 56.86% .

Control led N atu ral Language for P rom pts (CN L-P ) [80] is a way of writing

prompt instructions for language models that combines the ease of everyday language
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with the clarity of a computer program. I t uses simple labels, like ‘[DEFINE PERSONA:]‘

to set the AI’s role, making it easy for anyone to write organized instructions while giving

the AI clear markers to follow exactly. For example, instead of just saying “act like a

travel guide,” a CNL-P prompt would structure it as:

Per son a Sett i n gs in C N L -P

[ DEFI NE PERSONA: ]

ROLE : You are a knowledgeable local tour guide specializing in hidden gems and cultural experiences.

Expertise: H istorical sites, local cuisine recommendations, of f-the-beaten-path attractions

Communication Style: Friendly, enthusiastic, and concise with practical tips

[ END PERSONA]

This structured approach has proven highly ef fective in practice. W hen evaluated

across 93 prompts from the “Awesome ChatGPT Prompts” repository, CNL-P scored

signif icantly higher than other template methods like RISEN [86] and RODES [87] in key

areas like modularity and ease of modif ication. Testing across f ive dif ferent AI models

as GPT-4o [25], Gemini-1.5-Pro-002 [88], GPT-4o-M ini [89], Llama3-70B-8192 [90], and

Claude-3-Haiku [91], on six diverse classif ication tasks from the Natural Instructions

dataset (including tasks on probability, mathematical reasoning, and title appropriateness)

showed that CNL-P prompts were understood and executed just as well as regular natural

language, with no loss in performance. M ost notably, a specialized checking tool built for

CNL-P successfully identif ied 100% of errors planted in a test dataset of 47 task instances,

while standard GPT-4o [25] verif ication achieved only 76.60% accuracy, demonstrating

that this structured format makes AI instructions not only clearer but also far more

reliable and easier to debug.

C hatE val [81] is a manually-crafted, zero-shot text prompting framework that functions

by orchestrating a structured debate among multiple large language model agents to

evaluate text quality. Unlike a single model providing an immediate score, ChatEval f irst

assigns each agent a unique persona, such as a “Critic” or a “Psychologist”, through

specif ic instructions in their initial prompt. This design is intended to force the agents to

analyze the text from dif ferent angles, mirroring how a diverse group of human evaluators

might assess something. The agents then engage in a discussion over several rounds,

using one of several predef ined “communication strategies” that dictate how they share

and respond to each other’s arguments. For example, in the “One-By-One” strategy,

agents speak in a f ixed order, building on the previous comments. The goal of this entire

debate process is for the agents to reach a consensus or provide a f inal judgment that

is more nuanced, balanced, and reliable than a single, isolated opinion. The paper’s

experiments provide principled evidence for this claim, showing that on the FairEval

[92] benchmark, the ChatEval multi-agent variation with GPT-4 [25] achieved a 63.8%

accuracy in aligning with human preferences. This was a notable improvement over

72



the 61.3% accuracy achieved by a single GPT-4 [25] agent using a standard, uniform

prompt. Furthermore, the paper explicitly demonstrates the necessity of its core principle

by showing that when all agents were given the same generic role prompt, the multi-agent

system’s performance dropped to the level of a single agent (53.8% ), conf irming that

diverse role-playing instructions are essential for the framework’s success.

Persona-A ware P rom p t Var iat ion E valuation [82] is a systematic investigation

into the specif ic prompt engineering technique known as “persona prompting,” which

involves adding a sentence to a prompt that assigns a particular role or identity to a

large language model, such as “You are an expert in mathematics.” The study rigorously

examines how these seemingly simple additions to the prompt’s wording inf luence the

accuracy of the model’s answers across a wide range of 27 dif ferent tasks, including factual

question answering, reasoning, and mathematics. Rather than just observing whether

personas have any ef fect, the researchers establish three specif ic criteria to evaluate the

desirability of these ef fects: whether expert personas improve performance, whether

irrelevant details like names cause any changes, and whether the model’s performance

aligns with logical expectations based on attributes like education level. They then test

nine open source language models of varying sizes and families against these criteria,

controlling for other factors. The principal evidence from this systematic evaluation

reveals that while expert personas often help or at least do not harm performance, the

models are surprisingly and undesirably sensitive to irrelevant details. For instance, the

worst-case performance drop when adding an irrelevant name to the prompt was nearly

30% for some models, demonstrating that the specif ic wording of a prompt, even with

task-irrelevant information, has a signif icant and often negative impact on language model

behavior.
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A l g or i t h m 16 Pseudocode: Persona-A ware Prom pt w ith Role Settings

R eq u i r e: I nput x , Prom pt instructions I , Set of agents A = { A 1 , A 2 , . . . , A K } where A k = (M k , Ck , R k ) , Persona

specif ications Cp er son a ⊆Ck for each agent, Col laboration strategy Scol l a b (optional)

E n su r e: F inal output from persona-aware reasoning

1: P er son a A ssig n m en t

2: A ssign distinct persona Cp er son a to each agent A k according to task requirements:

3: - E xpert roles (e.g. , dom ain specialists)

4: - E valuator personas (e.g. , critic, analyst)

5: - User prof iles (e.g. , d iverse reader perspectives)

6: P er son a-B ased G en er at i on

7: for each agent A k ∈A d o

8: Conf igure A k with assigned persona Cp er son a and instructions I

9: Generate output via A k based on input x

10: en d for

11: M u l t i -P er son a C ol l ab or at ion ( if applicable)

12: i f Scol l a b is def ined th en

13: E nable agents to interact according to Scol l a b :

14: - Sequential d iscussion w ith feedback

15: - Paral lel del iberation and voting

16: - H ierarchical synthesis of perspectives

17: A ggregate outputs across col laboration rounds

18: en d i f

19: O u tp u t Sy n th esi s

20: Synthesize f inal output from agent responses:

21: - M ajority voting across personas

22: - W eighted aggregation based on role relevance

23: - Consensus-based selection

24: r etu r n F inal output

4.2.2 Persona-A ware P rom pt w ith Com p etency Settin gs

Persona I n-Contex t Learn ing (P I CLe) [83] is def ined as a few-shot text prompt

method designed to elicit specif ic personal characteristics from a large language model.

Unlike standard prompting that simply asks a question, PICLe constructs its prompt

by f irst prepending a small set of carefully chosen example demonstrations that are

highly indicative of the target competency, such as “narcissism” or “interest-in-literature.”

The method’s core innovation is its scoring mechanism for selecting these examples. I t

computes a score for each candidate statement by measuring the dif ference between its

likelihood under a model f ine-tuned on the target competency and its likelihood under

the original, unmodif ied language model. This score identif ies statements that are very

characteristic of the target competency but are not already well-predicted by the base

model, deeming them the most “informative” to include. By providing these specif ic

examples in the prompt, PICLe guides the model to infer the desired competency and

align its subsequent answers accordingly. The ef fectiveness of this design is rigorously

evaluated using a metric called action consistency, which measures the percentage of times

the model’s yes/no answers correctly match the ground truth for a given competency.

The principal evidence from the paper shows that this approach yields substantial and

consistent improvements over baseline prompt strategies. For instance, on the Llama-2 [47]

model, PICLe achieves an average action consistency of 88.1% , which is a signif icant jump
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from the base prompt method’s score of 65.5% and also outperforms the best comparable

few-shot baseline, which scored 84.6% .

The M u lt i-A gent D ebate (M A D ) [84] framework is a prompt-based method that

uses manually-crafted, zero-shot text prompts to assign three distinct roles to large

language model instances: af firmative debater, negative debater, and judge. The debater

prompts include explicit “tit for tat” instructions that create a structured argumentation

environment, such as “You are negative side. You disagree with the af firmative side’s

points. Provide your reasons and answer.” This design forces the models to generate

opposing viewpoints and counter-arguments rather than simply ref ining their own initial

responses. The judge role is implemented through two types of prompts: a discriminative

mode where the judge evaluates whether the correct solution has been reached after

each debate round (“You are a moderator.. . At the end of each round, you will evaluate

both sides’ answers and decide which one is correct”), and an extractive mode where

the judge extracts the f inal answer from the complete debate history if no consensus is

reached within the iteration limit. This adaptive mechanism allows the framework to stop

the debate at the optimal moment rather than continuing for a f ixed number of rounds.

The framework directly addresses the Degeneration-of-Thought problem by providing

external feedback to each agent through the opposing debater’s arguments, challenging

rigid thinking patterns, and potentially correcting biased or distorted perceptions through

exposure to alternative perspectives. The principal evidence supporting this framework

comes from the commonsense machine translation task, where GPT-3.5-Turbo [26] with

M AD achieved a human manual evaluation score of 3.78 on lexical ambiguity translations,

signif icantly outperforming the baseline GPT-3.5-Turbo (3.43), Self-Ref lect (3.43) and

GPT-4 [25] (3.41). On the research reformulated Counter-Intuitive Arithmetic Reasoning

task, M AD improved accuracy from 26.0% (baseline) to 37.0% , outperforming CoT [12]

(28.0% ), Self-Consistency [3] (29.5% ), and Self-Ref lect [93], [94] (27.5% ), demonstrating

that the structured debate prompts ef fectively enable models to overcome intuitive but

incorrect responses through divergent thinking.

Solo Perform ance P rom pting (SP P ) [85] is a manually-crafted text prompt

designed to transform a single large language model into a “cognitive synergist.” The

prompt works by instructing the model to follow a specif ic three-step procedure for

any given task. First, in the “Persona Identif ication” phase, the model must generate

a list of relevant expert participants, such as a “Film Expert” or “Sports Enthusiast,”

based on the task input. Second, during the “Brainstorming” phase, these identif ied

personas share their knowledge and suggestions on how to approach the task from their

unique perspectives. Third, in the “M ulti-Persona I terative Collaboration” phase, a leader

persona (the AI Assistant) proposes an initial solution, then consults each of the other

personas for feedback and revision suggestions. This process can repeat multiple times
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until all participants are satisf ied, at which point a f inal answer is produced. SPP is

applied as a few-shot prompt with two demonstration examples that show the expected

collaborative procedure but without solved examples of the specif ic evaluation tasks.

The principal evidence from the paper supporting this def inition comes from the Trivia

Creative W riting task. On the more challenging version requiring ten facts, SPP achieved

an average score of 84.7% , signif icantly outperforming both the standard prompt at

77.0% and the Chain-of-Thought [12] prompt at 68.5% . This demonstrates that the

multi-persona collaboration prompted by SPP ef fectively helps the model produce more

factually correct answers, directly addressing the problem of hallucination without relying

on any external tools or running multiple separate model instances.

A l g or i t h m 17 Pseudocode: Persona-A ware Prom pt w ith Competency Settings

R eq u i r e: I nput x , Prom pt instructions I , Target LLM M a-g en ∈M for generation, Persona conf iguration Cp er son a =

(P r o l e , P com p ) , Competency settings R com p , Col laboration mode Scol l a b (optional)

E n su r e: Output aligned with target persona and competency

1: P er son a I d en t i f icat i on

2: I dentify relevant personas according to Cp er son a :

3: - E xpert roles based on task domain

4: - Com petency characteristics

5: - Behavioral attributes

6: C om p eten cy C on f ig u r at ion

7: Conf igure competency settings R com p :

8: - Select informative demonstrations indicative of target competency

9: - Def ine role-specif ic instructions and constraints

10: - Set behavioral ob jectives for each persona

11: P er son a-D r iven G en er at ion

12: i f Scol l a b = M ulti-Persona th en

13: Generate outputs from multiple personas in parallel or sequential ly

14: Faci litate interaction between personas (e.g. , debate, feedback, ref inem ent)

15: A ggregate and synthesize responses across personas

16: el se

17: Adopt target persona with competency settings

18: Generate output via M a-g en with persona-aware prom pt

19: en d i f

20: O u tp u t V a l i d at ion

21: E valuate output against com petency requirements:

22: - Consistency with target persona

23: - A lignment w ith com petency ob jectives

24: - Quality of generated content

25: r etu r n F inal persona-al igned output

4.3 Persona-A ware R eason ing A ssum ptions

The preceding review of persona-aware prompt methods has shown how researchers assign

dif ferent roles and identities to language models M = { M (a-gen) , M (a-eval) , M (m-eval) , πθ} ,

asking them to act as experts, judges, or specif ic types of roles Ck within agent conf igu-

rations A k = (M k , Ck , R k ) to improve the quality of generated responses. W hile these

approaches have demonstrated promising results across various tasks, they all rest on a

basic assumption that deserves closer examination: the idea that simply telling a model to
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adopt a persona Ck without f ine-grained context, such as “you are an excellent professor,”

will actually make it think and respond like that persona would. This assumption is often

taken for granted in research papers, sometimes stated directly but more often implied

as a given. However, there is no automatic guarantee that adding a persona description

Ck to a prompt p ∈P truly changes how the model processes information or that the

outputs genuinely ref lect the expertise and perspective of the assigned role. Before we

can conf idently rely on these methods, we need to check whether the performance results

reported in studies actually prove that the persona prompts pe-pro ∈P are working as

intended, or whether we are simply assuming they work without solid evidence.

Examining these underlying assumptions serves two clear purposes. First, it helps

us understand what each research paper actually claims about how persona prompts

inf luence model behavior N M ( I , D ) = R I ,D → R I ,D → ρI ,D , whether those claims are

stated openly or just hinted at, and most importantly, whether the authors provide real

evidence to back up those claims. Some studies may carefully test whether their persona

assignments truly change how the model reasons within reasoning subspaces R u ⊂R and

reasoning directions ρ(u ,w ) ∈R u , while others may simply assume the persona is doing

its job. Second, this analysis creates a foundation for designing better, more specif ic

persona prompts p(profs,k ) ⊆Pprofs for particular tasks. The common practice of using

simple, broad persona descriptions Ck l ike “you are an excellent math professor” may

not be the most ef fective approach, and understanding what assumptions have been

proven true versus what remains unverif ied can guide us toward creating more detailed

and task-appropriate persona settings. This matters because if we want to generate

high-quality mathematical def initions g(p)
( i , j ) for terms t( i , j ) ∈Tsi in subjects si ∈S, we

need to know what kind of professor persona Ck actually helps the model M a-gen perform

best, rather than just defaulting to whatever role description happens to be most common

in the research literature.
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Tab le 4.2: Persona-Rank-Aware Prompt: Citations of Persona-Aware Prompt Reasoning Assumptions

A ssu m p t i on C a t-

egor y

E x p l an at ion Su p p or t in g C i ta t ion s an d P r om p t T i t l es

P r om p t st r u c-

tu r e sh ap es

m od el r eason i n g

p athw ay s

T he organization and form at of a prom pt in f lu-

ences how a language m odel processes inform ation

and arrives at responses. W ell-structured prom pts

w ith clear com ponents, logical f low , and expl icit

guidance can steer m odel reasoning m ore ef fec-

tively than unstructured instructions. M odels are

capab le of fol low ing structured form ats that re-

semble systematic task decomposition.

• T wo-Stage R ole-Play Prompting [78]

• Control led N atural L anguage for P rom pt (CN L-

P) [80]

• Cue-Based Chain-of-T houghts (Cue-CoT ) [8]

• Solo Performance Prompting (SPP) [85]

P er son a assi g n -

m en ts i n f lu en ce

h ow m od el s ac-

cess an d ap p l y

k n ow led g e

A ssigning specif ic roles or identities to language

m odels d irects their attention toward particu lar

know ledge dom ains and reason ing perspectives.

D if ferent personas activate d if ferent subsets of the

m odel’s learned inform ation, shaping how it in-

terprets tasks and what know ledge it draws upon.

M ore detai led and contextual ly relevant role de-

scriptions produce stronger ef fects on m odel b e-

havior.

• ChatE val [81]

• CoM M [79]

• T wo-Stage R ole-Play Prompting [78]

• Solo Performance Prompting (SPP) [85]

• Persona In-Context Learning (PICLe) [83]

• Principled Persona Prompt Evaluation [82]

R eason i n g b e-

h av i o r s em er g e

fr om h ow m od el s

n av i g a te t h ei r i n -

ter n a l k n ow led g e

sp ace

Language m odels explore their internal know ledge

along pathways that can be guided by prom pt

design. W ithout gu idance, m odels tend to fol-

low narrow or biased reasoning tra jectories. E f-

fective prom pts can direct m odels toward m ore

thorough exploration of relevant know ledge, struc-

tured think ing steps, and consideration of multip le

angles before arriving at conclusions.

• Cue-Based Chain-of-T houghts (Cue-CoT ) [8]

• T wo-Stage R ole-Play Prompting [78]

• Principled Persona Prompt Evaluation [82]

• M ulti-A gent Debate (M A D ) [84]

• M ultiagent D ebate [59]

M u l t i -ag en t

col l ab or at ion en -

ab l es co l l ect i v e

r eason i n g b e-

yon d i n d i v i d u a l

cap ab i l i t i es

D eploying multip le m odel instances w ith diverse

perspectives al lows for exp loration of com p lem en-

tary reasoning paths. T hrough structured inter-

action involv ing critique, debate, and consensus-

bui ld ing, these agents can identify and correct each

other’s errors, overcom e ind ividual bl ind spots, and

converge on outcom es that surpass what any single

agent could produce. T he col lective process lever-

ages diversity of thought to achieve m ore robust

reasoning.

• ChatE val [81]

• D iverse R ole-Player for Text G eneration E valua-

tion (D RPE ) [77]

• CoM M [79]

• M ulti-A gent Debate (M A D ) [84]

• M ultiagent D ebate [59]

• Solo Performance Prompting (SPP) [85]

The ChatE val [81] framework is predicated on a set of interconnected reasoning

assumptions about how large language models navigate their internal reasoning space,

which together form the theoretical foundation for employing multi-agent debate in text

evaluation tasks. These assumptions range from identifying the inherent limitations of

single-agent reasoning to proposing mechanisms by which multiple agents can synergisti-

cally overcome those limitations to achieve superior outcomes. The f irst assumption, that

an LLM , despite its vast parametric knowledge, tends to explore a limited and potentially

biased region of its overall reasoning space when activated by a simple, single-perspective

prompt, is implicitly proposed in the paper’s critique of existing single-agent evaluation

methods. The authors explicitly identify a performance gap between such methods and
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human-level evaluation, and reference the “Degeneration-of-Thought” problem, thereby

validating the necessity of moving beyond a singular, constrained reasoning pathway.

The second assumption, that an LLM can adopt and maintain dif ferent roles when

assigned specif ically designed persona-aware prompts across multiple instances of the

same underlying model, is both explicitly proposed and empirically verif ied. The paper

details its “Diverse Role Specif ication” methodology, where each agent receives a unique

‘role description‘such as “You are now Educator, one of the referees in this task. You will

assess how well the responses explain concepts and whether they would be understandable

to someone learning the material for the f irst time” or “You are now Domain Expert, one

of the referees in this task. You possess specialized knowledge in the relevant f ield and

will evaluate the technical accuracy, depth, and correctness of the information presented”.

The assumption is crucially verif ied through experimentation showing that using identical

role prompts for all agents leads to a signif icant drop in accuracy from 60.0% to 53.8% and

K appa from 0.33 to 0.25 (Table 3), proving that the models are indeed capable of internal-

izing and sustaining distinct personas that are essential for performance gains. Building

upon this, the third assumption, that a persona-assigned LLM instance can ef fectively

explore a unique reasoning subspace and direction that dif fers from those explored by

other persona-assigned instances, is implicitly proposed as the mechanism through which

diversity enriches the collective evaluation process. This is qualitatively demonstrated in

the paper’s debate example, where agents focus on dif ferent evaluative dimensions such as

detail, conciseness, and contextual applicability, thereby navigating distinct subspaces of

the overall reasoning space. Finally, the fourth assumption, that collaboration among these

diversely-oriented LLM instances can steer the collective reasoning toward a more optimal

and human-aligned solution direction, is explicitly proposed as the core hypothesis of

“Collective Intelligence” and “Cognitive Synergy.” This assumption is rigorously verif ied

through quantitative results, with the multi-agent ChatEval achieving an accuracy of

60.0% (K ap. 0.33) compared to the single-agent ChatGPT baseline of 53.8% (K ap. 0.27)

on the FairEval [92] benchmark, and for GPT-4, improving accuracy from 61.3% to 63.8%

(Table 1). On the Topical-Chat [95] benchmark, the multi-agent approach improved

GPT-4’s average Spearman correlation from 0.658 to 0.684 and K endall-Tau correlation

from 0.611 to 0.632 (Table 2), conf irming that structured debate guides the system toward

f inal judgments that better align with human preferences.

The D iverse R ole-P layer for Tex t G enerat ion E valu at ion (D R P E ) [77] frame-

work is def ined as a comparison-based metric that leverages Large Language Models

(LLMs) to evaluate generated text by having them adopt multiple, distinct roles, both

static ob jective judges (e.g., for f luency, coherence) and dynamically generated sub jective

personas (e.g., specif ic types of readers), to vote on which of two summaries is superior,

with the results then aggregated into a f inal score. This framework operates on the premise

that an LLM ’s parametric knowledge inherently contains diverse human perspectives
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and evaluative competencies, which can be reliably accessed through carefully structured

prompts. By designing persona-aware prompts, the framework guides the LLM into

specif ic reasoning subspaces focused on particular quality dimensions relevant to each

role, while the prompt structure itself steers the model’s reasoning direction toward a

comparative judgment rather than an absolute score. The ef fectiveness of these underlying

principles is strongly supported by empirical evidence: the DRPEScore achieved a Pear-

son correlation with human annotations of 0.90 on CNN/DailyM ail and 0.87 on XSum,

substantially outperforming both traditional metrics like BERTScore (0.55, 0.57) and

single-perspective LLMScore (0.58, 0.62). This numerical validation demonstrates that

accessing diverse perspectives through structured role-playing and aggregating multiple

comparative judgments produces an evaluation that closely mirrors the complexity and

nuance of human assessment.

Solo Perform ance P rom pting (SP P ) [85] are built upon how large language models

store and access knowledge and how their reasoning processes can be guided through

prompt structure. F irst, the research assumes that a suf ficiently capable model like GPT-4

possesses vast parametric knowledge but that a standard, single-perspective prompt fails

to reliably access this knowledge, leading to factual hallucinations as observed in tasks

requiring the integration of information from diverse domains (p. 5, Table 2). Second, it

assumes that by instructing the model to adopt multiple f ine-grained expert personas,

such as “Film Expert,” “Sports Enthusiast,” or “M usic Enthusiast”, the prompt ef fectively

partitions the model’s reasoning process into distinct perspectives, each specialized for

a particular domain of knowledge (p. 9, Figure 13). This structure allows the model

to navigate to the correct factual information more reliably, a mechanism implicitly

verif ied by the qualitative observation that dynamic, f ine-grained personas outperform

f ixed, general personas like “Expert” (p. 8, Figure 8). Third, the iterative collaboration

mechanism assumes that a reasoning path involving critique and revision from multiple

perspectives, formalized through brainstorming, initial solution generation, and multi-turn

feedback loops, leads to a more accurate f inal output than a single, l inear reasoning path

such as that generated by Chain-of-Thought prompting. This also assumes that a model

can ef fectively simulate multiple agents through a structured, multi-turn dialogue process

wherein the initial reasoning is implemented by a lead “AI Assistant” persona, critique is

generated by dif ferent dynamically identif ied expert personas (e.g. , “Computer Scientist,”

“Ten year old child”), and the lead persona then revises its own work based on that

feedback, meaning feedback and revision are performed by dif ferent simulated roles with

distinct perspectives, as operationalized in the SPP prompt’s three-phase procedure of

Persona Identif ication, Brainstorming, and M ulti-Persona I terative Collaboration (p. 3-4).

This role dif ferentiation is empirically verif ied by comparing SPP against Self-Ref ine, a

single-agent iterative ref inement method where the same model both proposes and critiques

without distinct personas; SPP’s superior performance (e.g. , 79.9% vs. 73.9% accuracy on
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research proposed Trivia Creative W riting, Table 2) demonstrates that the value derives

not merely from iteration, but from the structured integration of multiple persona-driven

perspectives with clearly dif ferentiated roles, where feedback and revision emerge from

dif ferent simulated perspectives, within a single model. However, it failed to do so on less

capable models like GPT-3.5-Turbo [26] and Llama2-13B-Chat [47], where performance

either showed no improvement or degraded due to issues like early-termination (p. 7,

Figure 6; p. 14, Table 4). This suggests that the underlying assumptions about accessing

parametric knowledge and simulating multi-perspective collaboration with dif ferentiated

roles are valid primarily when a language model reaches a certain threshold of capability,

drawing an analogy to human cognitive development where complex role-playing emerges

only at a certain stage.

The principal assumption underlying Persona I n-Contex t Learn ing (P I CLe) [83]

is that a large language model’s behavior can be understood as drawing from a mixture

of dif ferent “persona subspaces” within its overall reasoning space. The paper explicitly

assumes that the model’s output probability for any given prompt is the result of a

weighted combination of these latent personas. Based on this, the core mechanism

assumes that by carefully designing the prompt, one can steer the model’s “reasoning

direction” toward a specif ic target persona. This is achieved by selecting demonstrations

that maximize the posterior probability of that target persona, ef fectively guiding the

model’s “reasoning path search” toward a particular subspace. This selection process relies

on a comparison between the model’s existing “parametric knowledge” (represented by

the original model’s likelihood of a statement) and the knowledge signature of the target

persona (represented by a f ine-tuned model’s likelihood). Therefore, the key assumptions

are that persona-specif ic subspaces exist within the model, that prompts can shift the

model’s inference toward a desired subspace, and that the most ef fective prompts for

this shift are those containing examples where the target persona’s inf luence represents a

signif icant change from the model’s default behavior. The conclusive evidence supporting

these assumptions is the method’s consistent success across three dif ferent language models,

Llama-2 [47], V icuna, and GPT-J, with PICLe achieving the highest action consistency

scores on all of them, including a signif icant improvement from 65.5% to 88.1% on Llama-2

[47], demonstrating that the prompt design based on these assumptions ef fectively alters

model behavior in the intended direction.

The CoM M [79] framework is built on several principal assumptions about language

model behaviors and prompt design. First, it assumes that a single instance of a language

model has a limited reasoning subspace, meaning its thinking is conf ined to a single

path and is prone to specif ic types of errors, such as mistakes in domain knowledge or in

calculation. Second, it assumes that dif ferent expert roles can elicit dif ferent subspaces

of the model’s parametric knowledge; prompting a model to act as a physicist draws
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out its knowledge of physical laws, while prompting it as a mathematician activates its

computational abilities. Third, it assumes that these dif ferent reasoning paths can be

combined through collaboration, where the output of one agent inf luences the reasoning

direction of another, allowing the team to search for a correct solution more ef fectively

than an individual agent. A further critical assumption is that providing few-shot

demonstrations with distinct reasoning paths for each role is essential to guide the

agents toward their specialized ways of thinking. The paper implicitly assumes that

this structured, multi-agent prompt design can overcome the self-consistency bias of a

single model, which tends to stay on its initial reasoning path even if it is wrong. These

assumptions are proved by the conclusive evidence that CoM M signif icantly outperforms

single-agent methods. As shown in Table 2, on the College Physics [23] benchmark, a

single agent approach scored only 42.16% in zero-shot and 56.86% in few-shot settings,

while the multi-agent CoMM achieved 54.90% and 64.71% respectively, demonstrating

that multiple independent agents collaborating are necessary to access complementary

reasoning subspaces and correct individual errors.

The T wo-Stage R ole-P lay P rom p tin g [78] technique operates on several principal

assumptions about how language models behave and how prompts can inf luence them.

First, it assumes that language model behaviors can be deliberately shaped through prompt

design and prompt structure, specif ically that assigning a character creates a mental

framework or “subspace” within the model’s reasoning space that guides its response

generation. The authors assume that a more deeply immersed role leads the model to

access and utilize its parametric knowledge, the information stored during training, in

a way that is more aligned with the task, ef fectively steering the reasoning direction

toward a more productive path. Second, it assumes that this role-playing ef fect can be

amplif ied by the structure of the interaction; a two-stage dialogue, where the model f irst

acknowledges and elaborates on its role, provides a stronger contextual anchor than a

single-turn prompt. This deeper immersion is believed to make the subsequent reasoning

path search more deliberate and structured, often resulting in a clearer step-by-step

explanation, even though the prompt does not explicitly command the model to “think

step by step.” The principal evidence for these assumptions is found in the ablation study

on prompt structure. W hen the model was cast as a math teacher using a single-round

prompt (just the role assignment), it achieved 57.1% accuracy on AQuA. Adding more

descriptive details to the single-round prompt increased accuracy to 60.2% . However,

when the two-stage structure with a role-feedback prompt was introduced to deepen

immersion, accuracy further rose to 63.8% . This progressive improvement, directly tied

to the increasing depth of role immersion through prompt design, validates the core

assumption that carefully crafted character assignments and multi-turn prompt structures

can steer the model’s reasoning capabilities more ef fectively.
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The principal assumption underlying the C ontrol led N atu ral L anguage for P rom pt

(C N L -P ) [80] research is that the inherent ambiguity of natural language is the primary

obstacle to reliable and predictable behavior from large language models, and that this

can be overcome by applying software engineering principles to prompt design and prompt

structure. The researchers assumed that by imposing a precise, modular structure on a

prompt, with clear sections for persona, constraints, variables, and a def ined workf low, they

could guide the model’s reasoning path more ef fectively, essentially creating a constrained

reasoning subspace that leads to more consistent outputs. They further assumed that this

structured format would not hinder, but rather be intuitively understood by, the models’

underlying parametric knowledge and learned language model behaviors, allowing them

to execute complex tasks in a zero-shot setting without needing to be retrained or given

examples. This is fundamentally an assumption about how LLMs process instructions:

that they can benef it from a clear, almost programmatic, decomposition of a task. The

conclusive evidence supporting this assumption is provided in the experiment for Research

Question 2, where across f ive dif ferent language models (GPT-4o [25], Gemini-1.5-Pro,

GPT-4o-M ini [25], Llama3-70B, and Claude-3-Haiku) and six varied tasks, CNL-P prompts

achieved performance comparable to or better than standard natural language prompts.

This demonstrates that the structured design ef fectively communicates the user’s intent

within the model’s existing reasoning capabilities.

The P r incip led Persona P rom pt E valuation [82] explicitly proposes three nor-

mative reasoning assumptions, termed “desiderata”, about how personas should guide a

language model’s traversal of its holistic reasoning space. The f irst explicit assumption,

“Expertise Advantage,” posits that a persona with task-aligned expertise should direct

the model into a reasoning subspace that yields a reasoning direction with performance

at least on par with the non-persona baseline. This is supported by numerical evidence

in Figure 2, where expert personas lead to non-negative performance changes in 78% to

100% of tasks across models. The second explicit assumption, “Robustness,” holds that

task-irrelevant attributes (like names or colors) should not inf luence the model’s chosen

reasoning direction; the model should remain within the appropriate reasoning subspace

regardless of such superf icial variations. However, Figure 3 shows this assumption is

violated, with irrelevant personas causing signif icant performance drops in up to 59% of

tasks. The third explicit assumption, “Fidelity,” asserts that personas specifying relevant

attributes (e.g., education level) should shape the reasoning direction in ways consis-

tent with those attributes, ef fectively ordering performance along an expected hierarchy

within that reasoning subspace. This is partially conf irmed by the mixed-ef fects model in

Section 5.4, which shows signif icant positive correlations (0.2 to 0.8 percentage points)

between attribute levels and task accuracy, though Figure 4 reveals that such f idelity is

not consistently observed across all tasks or model families.
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The Cue-B ased Chain-of-T houghts (Cue-CoT ) [8] method is built upon three

foundational reasoning assumptions about how large language models process dialogue

for response generation. The f irst assumption posits that LLMs inherently possess

suf ficient comprehension of human behavioral patterns to accurately infer implicit or

explicit user states, such as personality traits, emotional conditions, and psychological

characteristics, directly from conversational text. This is evidenced by the model’s

ability to generate meaningful intermediate status descriptions across diverse linguistic

contexts. The second assumption holds that carefully crafted prompts can steer the

model’s cognitive processing toward more productive analytical pathways, ef fectively

constraining its generative focus to relevant user attributes rather than producing generic

responses. The third assumption suggests that decomposing the reasoning process into

sequential steps enables clearer cognitive focus, allowing the model to dedicate attention

to each component task individually and consequently produce more nuanced intermediate

outputs that enhance f inal response quality. Supporting numerical evidence from the

study demonstrates that O-Cue CoT achieves above 50% win rates across most datasets

and models compared to standard prompting, validating the prompt design assumption.

Furthermore, M -Cue CoT consistently outperforms both standard prompting and O-Cue

CoT across all six datasets and f ive LLM s under both zero-shot and one-shot settings, with

win rates frequently exceeding 80% on datasets like Zhihu and ED, thereby conf irming

the ef fectiveness of multi-step reasoning. However, non-supporting evidence emerges in

specif ic cases where certain models struggle with complex instructions, such as ChatGPT

showing poorer performance with O-Cue CoT on Chinese datasets due to instruction-

following limitations, and Alpaca exhibiting ambiguous outputs under O-Cue CoT in

English datasets, indicating that the ef fectiveness of these assumptions is partially model-

dependent and sensitive to instruction complexity.

The M u lt i-A gent D ebate (M A D ) [84] framework operates on several principal

assumptions about language model behaviors and how prompt design can inf luence

them. First, it assumes that a single language model, when operating alone, has a

l imited reasoning subspace it can explore due to its parametric knowledge being f iltered

through initial biases, making it prone to getting stuck in a local, incorrect reasoning

path (the Degeneration-of-Thought problem). Second, it assumes that by using a specif ic

prompt structure that assigns adversarial roles (“tit for tat”), multiple instances of the

same model can be forced into dif ferent reasoning directions, ef fectively expanding the

collective reasoning subspace. Third, it assumes that the model’s parametric knowledge

is suf ficient to generate correct answers, but the challenge lies in the reasoning path

search to access that knowledge correctly; external debate provides the necessary search

mechanism. Fourth, it assumes that a judge model, guided by an adaptive prompt, can

reliably evaluate the divergent paths and select the correct one. The conclusive evidence

supporting these assumptions is that on the Counter-Intuitive Arithmetic Reasoning
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dataset, GPT-3.5-Turbo’s [26] accuracy improved from 26.0% with a standard prompt

to 37.0% with the MAD framework, proving that the multi-agent prompt structure

successfully guided the models to search a broader and more accurate reasoning path than

they could f ind on their own, despite using the same underlying parametric knowledge.

The M u lt iagent D ebate [59] framework operates on several principal assumptions

about language models and their interaction with prompt structures. First, it assumes

that language model behaviors are such that individual instances of the same model, when

given the same prompt, will generate a diverse range of answers, ef fectively exploring

dif ferent parts of the reasoning space. The paper observes that “given an initial query.. .

individual model instances propose a diverse range of answers despite being the same

model class.” This diversity is crucial, as it creates multiple reasoning paths for the debate

to consider. Second, the method assumes that a model’s learned parametric knowledge

can be more reliably accessed and validated through a process of social consensus. The

framework is built on the premise that when a model is uncertain, it is more easily

persuaded by other agents, leading to a convergence on a more accurate answer. This

is linked to the idea of reasoning direction, where the debate prompts guide the models

away from incorrect paths and toward a consistent, correct one. Third, the prompt design

itself is based on the assumption that a prompt structure which asks a model to consider

the responses of others will activate its internal capabilities for critique and verif ication, a

behavior not naturally triggered by a standard, single-instance prompt. This is evident in

the use of the consensus prompt: “Using the solutions from other agents as additional

advice, can you provide an updated answer?” which is designed to steer the model’s

reasoning path search toward a more collaborative and self-correcting process. Finally,

an implicit but principal assumption is that the language models themselves possess the

inherent ability to act as reliable critics of their own and others’outputs, a capability

that is harnessed through the multi-turn debate structure. The core assumption that

debate leads to more accurate convergence is strongly supported by the quantitative

results in Table 1, where the M ulti-Agent (Debate) method with 3 instances in two rounds

of debating achieves an accuracy of 85.0 ±3.5% on GSM8K Grade School Math split

[22], signif icantly outperforming single-agent methods. Furthermore, the paper directly

tests the assumption about model uncertainty and persuasion in Section 3.2, f inding that

“on facts that the language model was conf ident in.. . it was very dif ficult to convince an

agent to change their opinion,” while uncertain facts lead to consensus on a more accurate

answer, as illustrated in Figure 9. This conf irms that the debate mechanism ef fectively

leverages model behavior to navigate the reasoning space toward greater factual validity.
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4.4 Case Study : Persona-A ware P rom pt D oes not A lways M ake

Sense

4.4.1 P rob lem D ef in i tion

The preceding literature review has documented the diverse ways researchers have proposed

and applied persona-aware prompt methods Pprofs ⊆P across various tasks, while the

reasoning assumptions analysis has revealed the underlying beliefs about language model

M = { M (a-gen) , M (a-eval) , M (m -eval) , πθ} behaviors and prompt instructional functions I =

{ i 1 , i 2 , . . . , i L } that these methods depend upon. A recurring pattern across both the

methodological innovations and their foundational assumptions is the reliance on relatively

simple, coarse-grained persona descriptions, most commonly phrases such as “you are

an expert” or “you are an excellent professor”, with the implicit expectation that such

assignments will reliably enhance model performance. However, the reasoning assumptions

review demonstrated that many of these beliefs about how personas shape model reasoning

N M ( I , D ) = R I ,D → R I ,D → ρI ,D remain unverif ied or only partially supported by

empirical evidence. This gap between widespread practice and empirical validation

motivates the present case study: a systematic investigation into whether f ine-grained

distinctions in persona specif ication produce measurable dif ferences in generation quality.

Specif ically, this research examines how variations in professor titles, represented as distinct

prompt methods p(profs,k ) ∈Pprofs where each p(profs,k ) corresponds to a specif ic academic

rank, af fect the quality of mathematical def inition generation across a comprehensive

dataset of 439 math terms Tsi = { t( i ,1) , t( i ,2) , . . . , t( i ,n i ) } spanning 18 subject areas S =

{ s1 , s2, . . . , s18} . By holding all other prompt instructions I nearly identical while varying

only the professor title, this study isolates the ef fect of persona specif icity on model output,

testing whether the common baseline of “you are an excellent professor” pe-pro ∈Pbase

represents an optimal choice or whether more nuanced role specif ications p(profs,k ) ∈Pprofs

yield systematically dif ferent performance outcomes as measured by evaluation metrics

E = { e1 , e2, . . . , e11} .

4.4.2 D ataset

The dataset employed in the Professor-Rank-Aware Prompt research is identical to

the extended dataset developed and utilized in the AUDIT prompt study, maintaining

the same structure and content across all mathematical subjects and terminologies.

This dataset comprises 18 mathematical subjects S = { s1 , s2, . . . , s18} with a total

of 921 mathematical terms Tsi = { t( i ,1) , t( i ,2) , . . . , t( i ,n i ) } , yielding 8,289 term-specif ic

generation tasks when applied across eight proposed Professor-Rank-Aware Prompt

variations Pprofs = { p(profs,1) , p(profs,2) , . . . , p(profs,8) } and the baseline excellent-professor-

aware prompt pe-pro ∈Pbase. This wide coverage across diverse mathematical domains

enables a robust evaluation of how dif ferent prompt methods under various professor-rank
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settings, each serving as an indication of optimal or suboptimal mathematical generation

capabilities, can be elicited through f ine-grained rank specif ications embedded within

the prompt instructions I . The scale and breadth of the dataset ensure that observed

performance patterns can be reliably attributed to the nuanced variations in persona

context rather than subject-specif ic idiosyncrasies.

Alg eb ra
50 te rm s
(5 . 4% )

Geom etry
50 te rm s
(5 . 4% )

Trig onom etry
50 te rm s
(5 . 4% )

Ca lcu lu s
51 te rm s
(5 . 5% )

Linea r Alg eb ra
51 te rm s
(5 . 5% )

Num erica l Linea r Alg eb ra
50  te rm s
(5 .4% )

Probab il ity
50  te rm s
(5 .4% )

D iscrete Ma them a tics
53  te rm s
(5 .8% )

Log ic
52  te rm s
(5 . 6% )

Sta tistics
53  te rm s
(5 .8% )

Op tim iza tion
52  te rm s
(5 .6% )

In form ation  Theory
50  te rm s
(5 .4% )

Graph  Theory
54  te rm s
(5 .9% )

D ifferentia l Geom etry
50  te rm s
(5 .4% )

Topolog y
51  term s
(5 . 5% )

Abstract Alg eb ra
52  te rm s
(5 .6% )

Dynam ica l System s
52  term s
(5 .6% )

Measure Theory
50  te rm s
(5 .4% )

Pr o fe s s o r -R a n k -A w a r e  Pr o m p t s :  D a ta s e t  D i s t r i b u t i o n  b y  Su b je ct

Figure 4.1: Professor-Rank-Aware Prompt: Dataset D istribution by Sub ject

4.4.3 M ethods

P rop osed P rom pt M ethods

Building upon the persona-aware prompt methods reviewed in the literature, eight

distinct professor-aware prompt variations were designed to ref lect the hierarchy and

specialization present within academic mathematics departments. These variations capture

f ine-grained distinctions in academic rank, D istinguished Professor, Emeritus Professor,

Full Professor, Associate Professor, Assistant Professor, and Lecturer, as well as distinctions

in professional focus between Research Professor and Teaching Professor. Critically, each

prompt maintains identical structural components and instructional content: all include

the directive to generate a def inition with detailed mathematical explanations in a single

paragraph using LaTeX formatting, with the explicit instruction to avoid truncation. Only

the professor title itself varies across prompts, ensuring that any observed performance

dif ferences can be attributed solely to the persona specif ication rather than to other

prompt elements. This controlled manipulation represents a direct empirical test of

whether f ine-grained title dif ferences inf luence generation quality, a question raised but

not systematically addressed in the prior literature.
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P rofessor -R an k -A w are P rom p t M eth od s

D ist i n g u ish ed P r ofessor :

you are a distinguished professor teaching col lege level m athem atics, generate the def in ition of [term ] in [sub ject]

with detai led m athem atical exp lanations in one paragraph w ith used m ath symbols in LaTeX form at, m ake sure to

ful ly and com pletely generate the def in ition, as truncated def inition is not acceptable.

E m er i tu s P r ofessor :

you are an em eritus professor teaching col lege level m athem atics, generate the def in ition of [term ] in [sub ject] w ith

detai led m athem atical explanations in one paragraph w ith used m ath symbols in LaTeX form at, m ake sure to fu l ly

and completely generate the def in ition, as truncated def in ition is not acceptable.

Fu l l P r ofessor

you are a ful l professor teaching college level m athem atics, generate the def in ition of [term ] in [sub ject] w ith detai led

m athem atical explanations in one paragraph w ith used m ath symbols in LaTeX form at, m ake sure to ful ly and

completely generate the def in ition, as truncated def in ition is not acceptable.

R esear ch P r ofessor

you are a research professor teaching col lege level m athem atics, generate the def in ition of [term ] in [sub ject] with

detai led m athem atical explanations in one paragraph w ith used m ath symbols in LaTeX form at, m ake sure to fu l ly

and completely generate the def in ition, as truncated def in ition is not acceptable.

T each in g P r ofessor

you are a teaching professor teaching col lege level mathematics, generate the def in ition of [term ] in [sub ject] w ith

detai led m athem atical explanations in one paragraph w ith used m ath symbols in LaTeX form at, m ake sure to fu l ly

and completely generate the def in ition, as truncated def in ition is not acceptable.

A ssocia te P r ofessor

you are an associate professor teaching col lege level m athem atics, generate the def inition of [term ] in [sub ject] w ith

detai led m athem atical explanations in one paragraph w ith used m ath symbols in LaTeX form at, m ake sure to fu l ly

and completely generate the def in ition, as truncated def in ition is not acceptable.

A ssistan t P r ofessor

you are an assistant professor teaching college level m athem atics, generate the def in ition of [term ] in [sub ject] w ith

detai led m athem atical explanations in one paragraph w ith used m ath symbols in LaTeX form at, m ake sure to fu l ly

and completely generate the def in ition, as truncated def in ition is not acceptable.

L ectu r er

you are a lecturer teaching col lege level m athem atics, generate the def in ition of [term ] in [sub ject] w ith detai led

m athem atical explanations in one paragraph w ith used m ath symbols in LaTeX form at, m ake sure to ful ly and

completely generate the def in ition, as truncated def in ition is not acceptable.

A l g or i t h m 18 Pseudocode: Professor-R ank-A ware Prom pts (8 Variations)

R eq u i r e: M ath sub jects S = { s1 , s2 , . . . , sm } , M ath term s Ts i = { t( i , 1 ) , t( i , 2 ) , . . . , t( i , n i ) } for each sub ject, Professor-rank-

aware prom pt set P p rofs = { p( p r ofs, 1 ) , p( p r o fs, 2 ) , . . . , p( p r ofs, n ) } w ith n professor rank settings, G eneration LLM M a-g en ∈

M accessed via API , E valuation LLM M a-eva l ∈M accessed via A PI , E leven evaluation metrics E = { e1 , e2 , . . . , e11 }

E n su r e: E valuation results R

1: for each sub ject si ∈S d o

2: for each term t( i , j ) ∈Ts i d o

3: for each Professor-R ank-A ware Prompt p( p ro fs, k ) ∈P p rofs d o

4: A dopt professor rank persona via p( p r ofs, k )

5: Generate f inal def inition g
( p ( p r o fs, k ) )

( i , j )
via M a-g en

6: for each evaluation m etric ek ∈E d o

7: E valuate generated f inal def inition g
( p ( p r o f s, k ) )

( i , j )
using metric ek via M a -eva l

8: Store evaluation score r ( i , j , p ( p r o fs, k ) , k )

9: en d for

10: en d for

11: en d for

12: en d for

13: Compute aggregate scores for each Professor-Rank-A ware Prom pt

14: r etu r n E valuation results R for professor-rank-aware m ethods
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B asel ine P rom pt M ethod

The baseline prompt method employs the “Excellent Professor” persona, representing

the most common approach to persona-aware prompting found throughout the literature

reviewed earlier. This generic positive descriptor appears frequently across persona-aware

prompt research and broader LLM applications, where phrases such as “you are an

excellent professor,” “you are an expert,” or “you are a knowledgeable assistant” are

routinely employed under the assumption that such positive characterizations will elicit

high-quality responses. The reasoning assumptions review revealed that this practice rests

on unverif ied beliefs about how such coarse-grained personas inf luence model behavior.

By comparing the eight proposed f ine-grained title variations against this commonly used

baseline across 921 mathematical terms, this study provides the f irst systematic evaluation

of whether the generic “excellent professor” persona is empirically justif ied, or whether

the specif ic academic rank encoded in the persona systematically af fects def inition quality.

B asel in e P rom p t M eth od

E x cel len t-P r ofessor -A w ar e P r om p t :

you are an excellent professor teaching col lege level m athem atics, generate the def in ition of [term ] in [sub ject] w ith

detai led m athem atical explanations in one paragraph w ith used m ath symbols in LaTeX form at, m ake sure to fu l ly

and completely generate the def in ition, as truncated def in ition is not acceptable.

The corresponding psdudocode implementation is presented in algorithm 10.

4.4.4 E xp er im ent Setup

H yp erparam eters

The hyperparameters employed in this study are identical to those util ized in the Cumula-

tive Thinking Prompt and AUDIT Prompt, ensuring methodological consistency across the

three prompt-relevant investigations presented in this dissertation. This consistency guar-

antees that the performance analytics and comparative evaluations among the eight pro-

posed Professor-Rank-Aware Prompt variations Pprofs = { p(profs,1) , p(profs,2) , . . . , p(profs,8) }

and the baseline excellent-professor-aware prompt pe-pro ∈Pbase are conducted under iden-

tical experimental conditions, thereby supporting reproducibil ity and enabling meaningful

cross-study comparisons. The hyperparameter conf igurations are detailed in Table 2.4.

4.4.5 E valuation M etr ics

To evaluate how the prompt methods with professor-rank settings inf luence both absolute

and relative performance in mathematical def inition generation, this study employs a com-

prehensive evaluation framework proposed and proved in the Cumulative Thinking Prompt

(in table 2.5), that comprises eleven distinct metrics. These metrics collectively assess

multiple dimensions of def inition quality, ranging from formal precision and conceptual

completeness to structural coherence and adherence to academic conventions. By applying
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this consistent evaluation framework across all Professor-Rank-Aware Prompt variations

Pprofs = { p(profs,1) , p(profs,2) , . . . , p(profs,8) } and the baseline excellent-professor-aware prompt

pe-pro, the study enables systematic comparison of how f ine-grained persona specif ications

af fect generation outcomes across eighteen mathematical sub jects S = { s1 , s2 , . . . , s18} .

4.5 R esu lts and A naly tics

4.5.1 H ol ist ic Per form ance A nalyt ics

This section presents the evaluation results of eight proposed Professor-Rank-Aware

Prompt variations Pprofs = { p(profs,1) , p(profs,2) , . . . , p(profs,8) } compared against the excellent-

professor-aware prompt pe-pro ∈Pbase as baseline. All nine prompt methods were evaluated

using the same dataset of 921 math terms Tsi = { t( i ,1) , t( i ,2) , . . . , t( i ,n i ) } distributed across

18 mathematical sub jects S = { s1, s2 , . . . , s18} , which represents an extension from the 439

terms used in the Cumulative Thinking Prompt study to 921 terms in the AUDIT prompt

research. The same evaluation framework E = { e1 , e2 , . . . , e11} was applied consistently

across all three studies, enabling systematic comparison of how f ine-grained variations in

professor-rank specif ication inf luence mathematical def inition generation quality.
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Figure 4.2: Professor-Rank-Aware Prompt: Holistic Relative and Absolute Performance (A ll Variations)

The holistic relative performance analysis, with the excellent-professor-aware prompt

pe-pro normalized to 100% , reveals a clear pattern wherein higher academic ranks gener-

ally correspond to superior performance, yet the relationship is not strictly monotonic.

The distinguished-professor-aware prompt achieves the highest relative performance at

106.3% , followed by emeritus-professor-aware prompt at 103.8% , full-professor-aware

prompt at 103.1% , and research-professor-aware prompt at 101.2% . Notably, the baseline

excellent-professor-aware prompt (100.0% ) is surpassed by four higher-ranked varia-

tions but outperforms the remaining four lower-ranked variations: associate-professor-

aware prompt (99.4% ), teaching-professor-aware prompt (99.0% ), assistant-professor-aware

prompt (97.4% ), and lecturer-aware prompt (97.2% ). These results indicate that the

coarse-grained, overly general “excellent professor” persona setting, which lacks specif icity
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regarding rank, role emphasis, or academic seniority, cannot guarantee optimal generation

quality, at least for college STEM students’mathematical learning tasks. The substantial

performance gap of 9.1 percentage points between the highest-performing distinguished-

professor-aware prompt and the lowest-performing lecturer-aware prompt underscores the

importance of precise persona specif ication.

Tab le 4.3: Professor-Rank-Aware Prompt: Holistic Relative Performance (A ll Variations)

P r om p t V ar i a t ion H ol i st ic R ela t i ve P er form an ce ( % ) P er for m an ce D i f fer en ce ( % )

D istinguished-Professor-Aware Prompt 106.3% 6.3%

Emeritus-Professor-Aware Prompt 103.8% 3.8%

Full-Professor-Aware Prompt 103.1% 3.1%

Research-Professor-A ware Prompt 101.2% 1.2%

E xcel lent-Professor-A ware Prompt 100.0% 0.0%

Associate-Professor-A ware Prom pt 99.4% -0.6%

Teaching-Professor-Aware Prompt 99.0% -1.0%

Assistant-Professor-A ware Prompt 97.4% -2.6%

Lecturer-A ware Prom pt 97.2% -2.8%

N otes: relative perform ances of eight proposed Professor-R ank-A ware Prom pt variations vs excel lent-professor-aware
prom pt as baseline, across eighteen m ath sub jects. Positive d if ference values ind icate higher relative perform ances, negative
dif ferece values indicate lower relative perform ances.

The holistic absolute performance comparison further substantiates the inf luence of

professor-rank specif ication on generation quality, with four variations achieving higher

absolute scores than the baseline excellent-professor-aware prompt (9.023) while four

variations obtained lower scores. The distinguished-professor-aware prompt demonstrates

the most substantial improvement with a performance dif ference of + 0.571, followed by

emeritus-professor-aware prompt (+ 0.344), full-professor-aware prompt (+ 0.280), and

research-professor-aware prompt (+ 0.111). Conversely, the lecturer-aware prompt exhibits

the largest decline (−0.257), with assistant-professor-aware prompt (−0.231), teaching-

professor-aware prompt (−0.089), and associate-professor-aware prompt (−0.051) showing

progressively smaller decrements. Given that the only dif ferences across these nine prompt

methods P = { pe-pro} ∪Pprofs are the settings of the professor rank, while the remainder

of the prompt instructions I = { i 1 , i 2 , . . . , i L } and output expectations remain consistent,

this performance divergence strongly suggests that when no specif ic attention has been

paid to identifying optimal professor-relevant settings, the optimal generation quality is

dif ficult to achieve. The results imply that the reasoning navigation N M ( I , D ) executed

by the language model M a-gen ∈M is sensitive to the granularity and specif icity of persona

cues, which shape the model’s traversal of the reasoning space R toward dif ferent reasoning

subspaces R I ,D ⊆R and reasoning directions ρI ,D .

Detailed summary statistics reveal the consistency and variability of performance across

the nine prompt variations. The distinguished-professor-aware prompt achieves the highest

holistic absolute performance (9.594) with the lowest standard deviation (0.096), indicating
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both superior quality and remarkable stability across all 18 mathematical sub jects. The

emeritus-professor-aware prompt (9.367, std = 0.104) and full-professor-aware prompt

(9.303, std = 0.105) similarly exhibit high performance with low variability. In contrast,

the lecturer-aware prompt yields the lowest holistic absolute performance (8.766) with

the highest standard deviation (0.141), suggesting that lower academic rank specif ications

not only reduce average quality but also introduce greater inconsistency across subject

domains. The performance range between the maximum (9.706 for distinguished-professor-

aware prompt) and minimum (8.486 for lecturer-aware prompt) scores further illustrates

the substantial impact of professor-rank specif ication on def inition generation quality.

These f indings collectively demonstrate that persona-aware prompting Pprofs with precise,

senior-rank specif ications consistently guides the language model toward optimal reason-

ing subspaces and directions, whereas coarse-grained or junior-rank specif ications yield

suboptimal navigation outcomes for college STEM mathematical learning tasks.

Tab le 4. 4: Professor-Rank-Aware Prompt: Absolute Performance D if ference (Proposed vs. Baseline)

P r om p t V ar i a t ion B asel i n e H ol i st ic

P er for -

m an ce

P er for m an ce

D i f fer en ce

Std M in M ax

D istinguished-Professor-Aware Prompt 9.023 9.594 0.571 0.096 9.356 9.706

Emeritus-Professor-Aware Prompt 9.023 9.367 0.344 0.104 9.185 9.509

Full-Professor-Aware Prompt 9.023 9.303 0.280 0.105 9.135 9.495

Research-Professor-A ware Prompt 9.023 9.134 0.111 0.126 8.934 9.345

E xcel lent-Professor-A ware Prompt 9.023 9.023 0.000 0.135 8.798 9.240

Associate-Professor-A ware Prom pt 9.023 8.973 -0.051 0.129 8.709 9.214

Teaching-Professor-Aware Prompt 9.023 8.934 -0.089 0.139 8.748 9.179

Assistant-Professor-A ware Prompt 9.023 8.792 -0.231 0.132 8.545 9.028

Lecturer-A ware Prom pt 9.023 8.766 -0.257 0.141 8.486 9.040

N otes: holistic absolu te p erform ance of eight p rop osed Professor-R ank-A ware Prom pt variations w ith excel lent-professor-
aware prom pt as baseline, across eighteen m ath sub jects, positive dif ference values indicate higher absolute perform ance,
negative dif ference values indicate lower absolute perform ance.

4.5.2 Sub ject-Level A bsolu te Perform ance A naly tics

The subject-level absolute performance analysis reveals distinct patterns across the nine

prompt variations, with the distinguished-professor-aware prompt consistently achieving

the highest scores across all 18 mathematical sub jects, ranging from 9.356 in Trigonometry

to 9.706 in Optimization, demonstrating superior stability and ef fectiveness regardless of

sub ject domain. The emeritus-professor-aware and full-professor-aware prompts follow as

the second and third strongest performers respectively, with emeritus-professor showing

particularly strong results in Abstract Algebra (9.481), Linear Algebra (9.478), and

Dif ferential Geometry (9.441), while full-professor achieves its highest scores in Abstract

Algebra (9.495) and Information Theory (9.394). Notably, the baseline excellent-professor-

aware prompt pe-pro occupies a middle position, outperforming the associate-professor,

teaching-professor, assistant-professor, and lecturer variations but consistently falling
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behind the four highest-ranked professor variations across all subjects. The research-

professor-aware prompt demonstrates performance closely aligned with the baseline, with

marginal advantages in subjects such as Topology (9.345 vs. 9.190) and Linear A lgebra

(9.295 vs. 9.117), suggesting that the research-focused persona yields modest improvements

over the generic excellent professor specif ication.
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Figure 4.3: Professor-Rank-Aware Prompt: Sub ject-Level Absolute Performance (A ll Variations)

Tab le 4.5: Professor-Rank-Aware Prompt: Sub ject-Level Absolute Performance (A ll Variations)

Su b j ect D -P E -P F -P R -P E x -P A o-P T -P A i-P L ect

Abstract A lgebra 9.697 9.481 9.495 9.320 9.240 9.214 9.179 9.028 9.020

A lgebra 9.434 9.244 9.275 9.006 8.867 8.907 8.757 8.687 8.739

Calculus 9.470 9.185 9.152 9.044 8.892 8.856 8.807 8.698 8.766

D if ferential Geometry 9.655 9.441 9.294 9.178 9.180 9.055 9.033 8.885 8.793

D iscrete M athematics 9.596 9.365 9.255 9.196 9.069 9.096 8.977 8.896 8.856

Dynam ical Systems 9.601 9.450 9.341 9.072 8.965 8.925 8.988 8.705 8.702

Geom etry 9.521 9.278 9.135 8.990 8.897 8.813 8.767 8.649 8.695

G raph T heory 9.637 9.449 9.367 9.208 9.164 9.057 9.033 8.901 8.786

Information T heory 9.700 9.407 9.394 9.045 9.018 8.925 8.936 8.654 8.662

L inear A lgebra 9.624 9.478 9.355 9.295 9.117 9.053 9.007 8.933 8.831

Logic 9.597 9.332 9.329 9.083 8.912 8.891 8.807 8.754 8.691

M easure T heory 9.646 9.466 9.366 9.250 9.143 9.093 9.151 8.935 8.921

Numerical L inear A lgebra 9.607 9.312 9.185 8.994 8.798 8.709 8.783 8.545 8.486

Optim ization 9.706 9.380 9.340 9.190 9.012 8.928 8.919 8.740 8.712

Probabi l ity 9.663 9.509 9.453 9.261 9.148 9.089 9.080 8.962 9.040

Statistics 9.512 9.202 9.174 8.934 8.988 8.832 8.783 8.749 8.563

Topology 9.677 9.426 9.403 9.345 9.190 9.138 9.059 8.872 8.890

Trigonom etry 9.356 9.201 9.150 9.008 8.820 8.925 8.748 8.667 8.635

A b b r ev i a t i on s: D -P = D istinguished-Professor-A ware Prom pt, E -P = E m eritus-Professor-A ware Prom pt, F -P = Ful l-
Professor-A ware Prom pt, R -P = R esearch-Professor-A ware Prom pt, T -P = Teach ing-Professor-A ware Prom pt, A o-P =
A ssociate-Professor-A ware Prompt, A i-P = A ssistant-Professor-A ware Prom pt, Lect = Lecturer-A ware Prom pt, E x-P =
E xcel lent-Professor-A ware Prompt

For the lower-ranked prompt variations, a clear descending performance gradient

emerges that mirrors the academic hierarchy. The associate-professor-aware prompt
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maintains competitive performance in subjects such as Abstract Algebra (9.214) and

Topology (9.138), while the teaching-professor-aware prompt shows relative strength in

Measure Theory (9.151) and Probability (9.080), indicating that the teaching-focused

persona may of fer advantages in conceptually dense sub jects requiring pedagogical clarity.

The assistant-professor-aware and lecturer-aware prompts consistently occupy the lowest

positions across all subjects, with the lecturer-aware prompt exhibiting particular dif ficulty

in Numerical Linear Algebra (8.486), Optimization (8.712), and Statistics (8.563), where

the absolute performance gaps relative to the distinguished-professor-aware prompt reach

as high as 1.220 points. The sub ject-specif ic patterns further reveal that certain domains

amplify the performance dif ferentials between high-ranked and low-ranked professor

variations. Numerical Linear Algebra shows the widest spread, with the distinguished-

professor-aware prompt (9.607) outperforming the lecturer-aware prompt (8.486) by 1.121

points, while Trigonometry exhibits the narrowest range, with distinguished-professor

(9.356) leading lecturer (8.635) by 0.721 points. These sub ject-level f indings substantiate

that the precision and seniority of professor-rank specif ication Pprofs fundamentally shape

the language model’s reasoning navigation N M (I , D ) toward optimal reasoning subspaces

R I ,D ⊆R and reasoning directions ρI ,D , with the ef fects being particularly pronounced in

mathematically rigorous domains requiring high formal precision and conceptual depth.
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Figure 4.4: Professor-Rank-Aware Prompt: Sub ject-Level Absolute Performance (Selected Variations)

Now we will try to interpret the sub ject-level absolute performance patterns across f ive

selected Professor-Rank-Aware Prompt variations, the two best performing (distinguished-

professor and emeritus-professor) , the two least performing (assistant-professor and lec-

turer), and the baseline excellent-professor, revealing a consistent and interpretable

performance hierarchy across all 18 mathematical sub jects. The distinguished-professor-

aware prompt demonstrates superior performance across every sub ject, with scores ranging

from 9.356 in Trigonometry to 9.706 in Optimization, exhibiting remarkable stability with
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a standard deviation of only 0.096. The emeritus-professor-aware prompt consistently

ranks second, achieving its highest scores in Probability (9.509), Linear A lgebra (9.478),

and Abstract Algebra (9.481), while maintaining strong performance even in subjects

where the distinguished-professor shows relative moderation, such as Trigonometry (9.201).

The baseline excellent-professor-aware prompt occupies a middle position, outperforming

the assistant-professor and lecturer variations across all sub jects but consistently falling

behind both distinguished-professor and emeritus-professor variations. Notably, the per-

formance gap between distinguished-professor and excellent-professor is most pronounced

in sub jects requiring precise formal structure and conceptual rigor, including Numerical

Linear Algebra (9.607 vs. 8.798, gap of 0.809), A lgebra (9.434 vs. 8.867, gap of 0.567),

and Calculus (9.470 vs. 8.892, gap of 0.578). Conversely, the assistant-professor and

lecturer prompts consistently occupy the lowest positions, with lecturer showing particular

dif ficulty in Numerical Linear Algebra (8.486), Statistics (8.563), and Information Theory

(8.662), while assistant-professor achieves its lowest scores in Algebra (8.687), Geometry

(8.649), and Trigonometry (8.667). These patterns indicate that the precision and seniority

of professor-rank specif ication directly inf luence the quality of mathematical def inition

generation, with the distinguished-professor and emeritus-professor personas guiding the

language model M a-gen toward more accurate and formally precise reasoning directions

ρI ,D within the reasoning space R .

Tab le 4.6: Professor-Rank-Aware Prompt: Sub ject-Level Absolute Performance (Selected Variations)

Su b j ect D i st in g u i sh ed

P r ofessor

E m er i tu s

P r ofessor

A ssi stan t

P r ofessor

L ectu r er E x cel l en t

P r ofessor

Abstract A lgebra 9.697 9.481 9.028 9.020 9.240

A lgebra 9.434 9.244 8.687 8.739 8.867

Calculus 9.470 9.185 8.698 8.766 8.892

D if ferential Geometry 9.655 9.441 8.885 8.793 9.180

D iscrete M athematics 9.596 9.365 8.896 8.856 9.069

Dynam ical Systems 9.601 9.450 8.705 8.702 8.965

Geom etry 9.521 9.278 8.649 8.695 8.897

G raph T heory 9.637 9.449 8.901 8.786 9.164

Information T heory 9.700 9.407 8.654 8.662 9.018

L inear A lgebra 9.624 9.478 8.933 8.831 9.117

Logic 9.597 9.332 8.754 8.691 8.912

M easure T heory 9.646 9.466 8.935 8.921 9.143

Numerical L inear A lgebra 9.607 9.312 8.545 8.486 8.798

Optim ization 9.706 9.380 8.740 8.712 9.012

Probabi l ity 9.663 9.509 8.962 9.040 9.148

Statistics 9.512 9.202 8.749 8.563 8.988

Topology 9.677 9.426 8.872 8.890 9.190

Trigonom etry 9.356 9.201 8.667 8.635 8.820

The performance dif ferentials across these f ive selected prompt variations provide

compelling evidence for the value of f ine-grained, trial-and-error enhanced professor-rank

context settings in facilitating more reasoned def inition generation and more informed

mathematical def inition reasoning explorations and selections. The distinguished-professor-
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aware prompt, with its explicit connotations of academic seniority, research excellence, and

comprehensive subject mastery, consistently achieves the highest performance across all

subjects, suggesting that this persona context setting ef fectively primes the language model

to access optimal reasoning subspaces R I ,D ⊆R characterized by high formal precision,

conceptual completeness, and structural coherence. Similarly, the emeritus-professor-aware

prompt, which conveys accumulated wisdom, pedagogical depth, and sustained scholarly

contribution, enables the model to achieve performance levels that substantially exceed the

baseline, particularly in subjects requiring integrated understanding across multiple con-

ceptual layers such as Probability and Linear A lgebra. In contrast, the assistant-professor

and lecturer prompts, which connote earlier career stages, developing expertise, and poten-

tially narrower instructional scope, consistently underperform relative to the baseline, with

the lecturer-aware prompt exhibiting the greatest dif ficulty in sub jects demanding rigorous

formal notation and precise mathematical reasoning. This performance gradient strongly

suggests that the explicit meaning embedded within professor-rank settings, specif ically,

the implied capabilities, knowledge depth, and reasoning sophistication associated with

each rank, directly shapes how the language model navigates the holistic reasoning space

R toward optimal reasoning subspaces and directions.

The stark contrast between the f ine-grained professor-rank specif ications and the coarse-

grained excellent-professor baseline further underscores the importance of precise persona

context settings for achieving optimal generation quality. The baseline excellent-professor

prompt, despite its ostensibly positive connotations of teaching excellence, lacks the

specif ic rank-based cues that convey relative academic seniority, research emphasis, or

pedagogical specialization. This coarse-grained specif ication leaves the language model to

infer or approximate the intended reasoning posture, resulting in performance that, while

respectable, is consistently surpassed by the more precisely specif ied distinguished-professor

and emeritus-professor prompts across all 18 subjects. The inferior performance of the

assistant-professor and lecturer prompts relative to the baseline further demonstrates

that not all f ine-grained specif ications yield improvements; rather, it is the alignment

between the rank-based connotations, seniority, expertise depth, and authority, and the

cognitive demands of the def inition generation task that determines ef fectiveness. In

this specif ic analytics and interpretations, the selection of two best performing, two least

performing, and the excellent-professor-aware prompt serves to isolate and illuminate

the values embedded within reasoning context settings, in this research, the settings of

professor ranks with explicit meaning that includes capabilities in generating higher or

lower quality mathematical term def initions. The f indings demonstrate that when the

persona context conveys appropriate levels of academic seniority and subject mastery,

the language model M a-gen is guided toward more reasoned def inition generation and

more informed navigation of the reasoning space R , whereas coarse-grained, imprecise

persona specif ications, or those implying insuf ficient expertise, fail to unlock the model’s
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full generative potential for college STEM mathematical learning tasks.

4.5.3 Sub ject-Level R elat ive Per form ance A naly t ics

The subject-level relative performance analysis across all eight proposed Professor-Rank-

Aware Prompt variations, benchmarked against the excellent-professor-aware prompt

normalized to 100% , reveals distinct clustering patterns that correspond to the academic

seniority and role specialization embedded within each persona specif ication. The highest-

performing cluster, comprising distinguished-professor (range: 104.9% –109.2% ), emeritus-

professor (102.4% –105.8% ), full-professor (101.2% –104.7% ), and research-professor vari-

ations (99.4% –102.2% ), demonstrates consistent performance gains across virtually all

subjects, with distinguished-professor achieving its most substantial advantages in Nu-

merical Linear A lgebra (109.2% ), Logic (107.7% ), and Optimization (107.7% ), where the

demands for formal precision and conceptual rigor are highest. The research-professor

variation, while still outperforming the baseline in most subjects, shows marginal gains

and even slight underperformance in Statistics (99.4% ), suggesting that a research-oriented

persona may not uniformly translate to pedagogical ef fectiveness across all mathematical

domains. The middle-performing baseline excellent-professor (100.0% ) is closely trailed

by associate-professor (range: 98.3% –101.2% ) and teaching-professor (97.7% –100.3% ),

with these variations showing mixed patterns, associate-professor modestly exceeds the

baseline in A lgebra (100.5% ), D iscrete M athematics (100.3% ), and Trigonometry (101.2% ),

while teaching-professor achieves parity or slight gains in Dynamical Systems (100.3% )

and M easure Theory (100.1% ), indicating that certain mid-tier academic roles may of fer

contextual advantages in specif ic sub ject areas. The lowest-performing cluster, compris-

ing assistant-professor (96.0% –98.3% ) and lecturer (95.3% –98.8% ), exhibits consistent

underperformance across all sub jects, with lecturer showing its most pronounced def icits

in Statistics (95.3% ), Graph Theory (95.9% ), and Information Theory (96.0% ), where

the implicit connotations of limited seniority and developing expertise appear insuf ficient

to guide the language model M a-gen toward optimal reasoning subspaces R I ,D ⊆R and

reasoning directions ρI ,D . This clustered performance pattern underscores that the preci-

sion of professor-rank context settings directly correlates with generation quality, with

senior, research-intensive personas consistently enabling superior reasoning navigation,

while mid-tier and junior personas yield marginal or negative performance relative to the

baseline, demonstrating that coarse-grained or insuf ficiently authoritative persona specif i-

cations fail to unlock the model’s full generative potential for college STEM mathematical

learning tasks.
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Figure 4.5: Professor-Rank-Aware Prompt: Sub ject-Level Performance (A ll Variations)

By examining the sub ject-level relative performances of the two best performing prompt

variations (distinguished-professor and emeritus-professor), the two least performing vari-

ations (assistant-professor and lecturer), and the baseline excellent-professor prompt, we

can observe that specif ic professor-rank settings indeed elicit markedly higher relative

performance gains while also causing signif icant performance declines, attributable solely

to variations in the professor rank context embedded within the prompts to instruct the

language model M a-gen to produce outputs under dif ferent rank-based reasoning postures.

The distinguished-professor prompt consistently achieves the highest relative performance

across all 18 sub jects, with gains ranging from 104.9% in Abstract A lgebra to an excep-

tional 109.2% in Numerical Linear Algebra, while the emeritus-professor prompt follows

with substantial improvements between 102.4% in Statistics and 105.8% in Numerical

Linear Algebra, demonstrating that senior-rank personas ef fectively guide the model

toward optimal reasoning subspaces R I ,D ⊆R and reasoning directions ρI ,D . In stark

contrast, the assistant-professor and lecturer prompts consistently underperform relative

to the baseline, with the assistant-professor showing def icits from 96.0% in Information

Theory to 98.3% in Trigonometry, and the lecturer prompt exhibiting even more pro-

nounced declines from 95.3% in Statistics to 98.8% in Probability, with particularly severe

underperformance in Numerical Linear Algebra (96.5% ), Dif ferential Geometry (95.8% ),

and Graph Theory (95.9% ). This striking performance divergence, a spread of up to

13.9 percentage points between distinguished-professor (109.2% ) and lecturer (95.3% )

in Numerical Linear A lgebra, emerges exclusively from dif ferences in the professor-rank

context specif ications, as all other prompt instructions I = { i 1 , i 2, . . . , i L } remain identical

across these variations. These f indings conclusively demonstrate that the explicit mean-

ing embedded within professor-rank settings, encompassing implied academic seniority,

expertise depth, and reasoning sophistication, directly shapes how the language model

navigates the holistic reasoning space R toward either optimal or suboptimal reasoning
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subspaces and directions, with senior-rank personas eliciting substantially higher quality

mathematical def inition generation while junior-rank personas consistently constrain the

model’s generative potential for college STEM mathematical learning tasks.
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Figure 4.6: Professor-Rank-Aware Prompt: Sub ject-Level Performance (Selected Variations)

Tab le 4. 7: Professor-Rank-Aware Prompt: Sub ject-Level Relative Performance (Selected Variations)

Su b j ect D i st in g u i sh ed

P r ofessor

E m er i tu s

P r ofessor

E x cel l en t

P r ofessor

A ssi stan t

P r ofessor

L ectu r er

Abstract A lgebra 104.9% 102.6% 100.0% 97.7% 97.6%

A lgebra 106.4% 104.2% 100.0% 98.0% 98.6%

Calculus 106.5% 103.3% 100.0% 97.8% 98.6%

D if ferential Geometry 105.2% 102.8% 100.0% 96.8% 95.8%

D iscrete M athematics 105.8% 103.3% 100.0% 98.1% 97.7%

Dynam ical Systems 107.1% 105.4% 100.0% 97.1% 97.1%

Geom etry 107.0% 104.3% 100.0% 97.2% 97.7%

G raph T heory 105.2% 103.1% 100.0% 97.1% 95.9%

Information T heory 107.6% 104.3% 100.0% 96.0% 96.0%

L inear A lgebra 105.6% 104.0% 100.0% 98.0% 96.9%

Logic 107.7% 104.7% 100.0% 98.2% 97.5%

M easure T heory 105.5% 103.5% 100.0% 97.7% 97.6%

Numerical L inear A lgebra 109.2% 105.8% 100.0% 97.1% 96.5%

Optim ization 107.7% 104.1% 100.0% 97.0% 96.7%

Probabi l ity 105.6% 103.9% 100.0% 98.0% 98.8%

Statistics 105.8% 102.4% 100.0% 97.3% 95.3%

Topology 105.3% 102.6% 100.0% 96.5% 96.7%

Trigonom etry 106.1% 104.3% 100.0% 98.3% 97.9%

4.5.4 Per form ance Stab i l i ty A nalyt ics

The performance stability analysis reveals that the distinguished-professor-aware prompt

achieves absolute rank stability, securing the 1st position across all 18 mathematical

subjects with a mean rank of 1.00 and a rank stability of 100.00% , indicating that
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this persona specif ication consistently guides the language model M a-gen toward optimal

reasoning subspaces R I ,D ⊆R and reasoning directions ρI ,D regardless of sub ject domain

characteristics. The emeritus-professor and full-professor prompts demonstrate near-

perfect stability with mean ranks of 2.11 and 2.89 respectively, each achieving 99.83%

stability, where emeritus-professor secures 2nd place in 16 subjects and 3rd place in 2

subjects, while full-professor claims 2nd in 2 subjects and 3rd in 16 subjects, revealing

a controlled rank exchange that preserves their collective dominance as the second and

third strongest performers. The research-professor prompt maintains consistent 4th-place

positioning in 16 sub jects with only two deviations to 5th place, yielding a mean rank of 4.11

and stability of 99.83% , suggesting that the research-focused persona, while outperforming

the baseline, exhibits slightly greater susceptibil ity to subject-specif ic contextual factors. In

the middle tier, the excellent-professor baseline shows notable rank variability with a mean

rank of 5.17 and stability of 99.39% , occupying 4th place in 2 sub jects, 5th in 11 sub jects,

and 6th in 5 sub jects, indicating that the coarse-grained “excellent professor” specif ication

without explicit rank-based cues leads to inconsistent positioning across subjects. The

associate-professor and teaching-professor prompts demonstrate progressively declining

stability, with associate-professor achieving a mean rank of 6.06 and securing 5th, 6th,

and 7th positions across sub jects, while teaching-professor exhibits the lowest stability at

99.13% with a mean rank of 6.67, suggesting that mid-tier academic roles introduce greater

rank volatility. The assistant-professor and lecturer prompts, while maintaining relatively

high stability percentages (99.48% each) due to their consistent placement at the bottom

of the ranking hierarchy, show a controlled rank exchange where assistant-professor secures

8th in 12 sub jects and 9th in 6 sub jects, while lecturer claims 8th in 6 sub jects and 9th in

12 subjects, with mean ranks of 8.33 and 8.67 respectively. This rank stability evolution

demonstrates that the precision and seniority of professor-rank settings directly determine

both the absolute performance levels and the consistency of subject-aware performance

ranking, where senior, explicitly def ined personas yield superior rank stability and holistic

positioning, while coarse-grained or junior specif ications result in greater rank volatility

and suboptimal holistic outcomes.
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Tab le 4.8: Professor-Rank-Aware Prompt: Sub ject-Level Ranking Stability (A ll Variations)

P r om p t T i t l e H ol i st i c R an k M ean R an k R an k Stab i l i ty O b ta i n ed R an k s

D istinguished Professor 1 1.00 100.00% R ank 1st: 18

Emeritus Professor 2 2.11 99.83% R ank 2nd: 16, R ank 3th: 2

Full Professor 3 2.89 99.83% R ank 2nd: 2, Rank 3th: 16

Research Professor 4 4.11 99.83% R ank 4th: 16, R ank 5th: 2

E xcel lent Professor 5 5.17 99.39% R ank 4th : 2, R ank 5th : 11, R ank 6th: 5

Associate Professor 6 6.06 99.39% R ank 5th : 3, R ank 6th : 11, R ank 7th: 4

Teaching Professor 7 6.67 99.13% R ank 5th : 2, R ank 6th : 2, R ank 7th : 14

Assistant Professor 8 8.33 99.48% R ank 8th: 12, R ank 9th: 6

Lecturer 9 8.67 99.48% R ank 8th: 6, R ank 9th: 12

A b b r ev i a t i on s: D -P = D istinguished-Professor-A ware Prom pt, E -P = E m eritus-Professor-A ware Prom pt, F -P = Ful l-
Professor-A ware Prom pt, R -P = R esearch-Professor-A ware Prom pt, T -P = Teach ing-Professor-A ware Prom pt, A o-P =
A ssociate-Professor-A ware Prompt, A i-P = A ssistant-Professor-A ware Prom pt, Lect = Lecturer-A ware Prom pt, E x-P =
E xcel lent-Professor-A ware Prompt

4.5.5 C oncrete E xam p les

D ist in gu ished-P rofessor-A ware P rom p t for M ath Term D ef in i t ion G enerat ion

¥

Y ou are a d ist in gu ish ed p rofessor teach in g col l ege level m athem at ics, generate the def in i t i on of sm ooth

m an i fol d i n d i f ferential geom etry w ith detai led m athem atica l exp lanations in one paragraph w i th used

m ath sym b ol s i n L aTeX form at, m ake su re to fu l ly and com p letel y generate the def in i t i on , as trun-

cated def in i t i on is not accep tab le.

Æ

A sm ooth m an i fol d of d im ension n i s a top olog ical sp ace M equ ipp ed w ith a sm ooth structu re, w h ich consists of

the fol l ow in g data: F i rst , M m ust b e a second-countab le H ausdorf ftop olog ical sp ace. Second , i t m ust p ossess a

sm ooth at las A = { (U α, ϕ α) } α∈I , w here { U α} i s an op en cover of M and each ϕ α : U α → ϕ α(U α) ⊂ Rn i s a

hom eom orph i sm onto an op en subset of Rn , cal l ed a coord in ate chart . T he pai r (U α, ϕ α) i s cal l ed a chart . T he

cruci al sm oothness cond i t ion i s that for any two charts (U α, ϕ α) and ( U β, ϕ β) w i th U α ∩U β ̸= ∅ , th e transi t ion

m ap ϕ β ◦ ϕ − 1
α : ϕ α(U α ∩U β) → ϕ β(U α ∩U β) i s a C ∞ d i f feom orph ism b etween op en subsets of Rn ; th at i s, i t i s

i n f in i tely d i f ferent iab le and h as an in f in i tely d i f ferent i ab le inverse. T h is cond i t i on ensu res that ca lcu lu s can b e done

consi stent ly on the m an i fold by work i n g in local coord in ates. T he m ax im al at l as contai n i n g A , w h ich i ncl udes al l

charts com pat ib le w i th these transi t i on m aps, i s ca l l ed th e sm ooth stru ctu re on M . A function f : M → R is sa id to

b e sm ooth i f for every chart (U α, ϕ α) , th e com p osit ion f ◦ ϕ − 1
α : ϕ α(U α) → R is a sm ooth (C ∞ ) fu nction in the usual

E ucl i d ean sense.

¥

Y ou are a d ist i ngu i shed p rofessor teach in g col lege level m athem atics, generate the def in i t ion of inter-

p retat ion in l og i c w ith detai led m athem ati cal ex p lanations in one paragraph w i th used m ath sym b ol s

in L aT eX form at , m ake su re to fu l ly and com p letely generate the def in i t ion , as truncated def in i t i on is

not accep tab le.
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Æ

I n m athem atical l og ic, an interp retation I i s a p recise m athem atical structu re that assi gns m ean in g to the sym b ols

of a form al language, thereby determ in i n g the truth values of i ts wel l -form ed form u las. Form al ly, for a f irst-order

language L , an interp retati on consists of a non-em p ty set D cal l ed the dom ain ( or un i verse) of d i scou rse, together

w ith : ( 1) for each constant sym b ol c i n L , an el em ent cI ∈D ; ( 2) for each n -ary function sym b ol f i n L , an n -ary

functi on f I : D n → D ; and ( 3) for each n -ary p red icate sym b ol P i n L , an n -ary relat ion P I ⊆ D n . G iven an

i nterp retat ion I , a var i ab le assignm ent σm aps each var iab le to an el em ent of D . T h e in terp retat ion then in duces a

va lu at ion fu nct ion [[· ]]I , σ th at recu rsively m ap s each term t to an elem ent [[t]]I , σ ∈D an d each form u la ϕ to a tru th

value in { T , F } . For an atom ic form u la P ( t1 , . . . , tn ) , w e have [[P ( t1 , . . . , tn ) ]]I , σ = T i f f( [[t1 ]]I , σ, . . . , [[tn ]]I , σ) ∈

P I . T he tru th va lues for com p ound form u las are def in ed induct ively u sin g the standard ru les for log ica l conn ect ives

( e. g . , [[ϕ ∧ψ]]I , σ = T i f fb oth [[ϕ ]]I , σ = T and [[ψ]]I , σ = T ) and quanti f iers: [[∀x ϕ ]]I , σ = T i f ffor every d ∈ D ,

[[ϕ ]]I , σ[x / d ] = T , w here σ[x /d ] is the assi gnm ent that m aps x to d and agrees w i th σon al l other var i ab les. A

form u la ϕ i s true in the interp retati on I (w r i tten I |= ϕ ) i f [[ϕ ]]I , σ = T for every var iab l e assi gnm ent σ. T hus, an

interp retation prov i d es the sem antic fram ework that connects syntacti c ex pressions to thei r m ean in g in a sp eci f ic

m athem at ica l structu re.

E m er i tus-P rofessor-A ware P rom p t for M ath Term D ef in i t ion G eneration

¥

Y ou are an em eri tus p rofessor teach in g col l ege level m athem atics, generate the def in i t i on of subset

in d iscrete m athem at ics w ith deta i led m athem atical ex p l anati ons i n one paragraph w ith used m ath

sym b ols in L aTeX form at, m ake su re to fu l ly and com p letel y generate the def in i t ion , as truncated

def in i t i on is not accep tab le.

Æ

I n d iscrete m athem at ics, g i ven two sets A and B , w e say that A i s a su b set of B , d enoted A ⊆ B , i f and on l y i f

every elem ent of A i s also an elem ent of B . Form al ly, th is is ex pressed usin g the un iversal quanti f ier and im p l ica-

tion : A ⊆ B ⇐ ⇒ ∀x ( x ∈ A → x ∈B ) . T h i s def in i t ion incl udes the p ossib i l i ty that A and B are equal , m ean in g

A = B = ⇒ A ⊆ B ∧B ⊆ A . I f w e w ish to sp eci fy that A i s a subset of B bu t A ≠ B , we use the term p r o p er

su b set , d enoted A ⊂ B or A ⊊ B , d ef in ed as A ⊆ B ∧∃y (y ∈ B ∧y /∈ A ) . T he em p ty set , ∅ , i s a subset of

every set , i . e. , ∀B , ∅ ⊆ B , w h ich fol low s vacuously from the def in i t ion since there i s no x for w h ich x ∈ ∅ i s true,

m ak in g the im p l icat ion x ∈∅ → x ∈B tru e for a l l x . T he concep t of subset estab l i shes a parti a l ord er on the p ower

set P (S ) of any set S , w i th ref lex i v i ty (A ⊆ A ) , anti sym m etry (A ⊆ B ∧B ⊆ A = ⇒ A = B ) , and transi t iv i ty

( A ⊆ B ∧B ⊆ C = ⇒ A ⊆ C ) .

¥

Y ou are an em eri tus p rofessor teach in g col l ege level m athem ati cs, generate the def in i t i on of i nter ior

in top ology w ith detai led m athem at ical ex p lanations in one paragraph w i th used m ath sym b ol s in

L aT eX form at , m ake su re to fu l l y an d com p letely generate the d ef in i t i on , as trun cated def in i t i on is n ot

accep tab le.

Æ

I n top ology, g iven a top olog ical sp ace (X , τ) and a subset A ⊆ X , th e inter ior of A , d enoted i nt (A ) or A ◦ , i s d e-

f in ed as the un ion of al l op en sets conta ined in A . Form al l y, i nt (A ) =
S

{ U ∈ τ| U ⊆ A } . E qu ival ent ly, i t i s the

l a rgest op en sub set of X conta i ned w i th in A , m ean in g that i f V is any op en set w i th V ⊆ A , th en V ⊆ int( A ) . T h e

inter ior can a lso b e character i zed as th e set of a l l i n ter ior p oin ts of A , w h ere a p oi nt x ∈X is an in ter ior p oin t of A

i f th ere ex ists an op en neighb orh ood U of x ( i . e. , U ∈τand x ∈U ) such that U ⊆ A . T h is d ef in i t i on d i rect ly y ield s

key p rop ert ies: i nt (A ) i s op en , i n t( A ) ⊆ A , and A i s op en i f and on ly i f A = i nt (A ) . T he inter ior op erator sati sf ies

i nt ( X ) = X , int ( A ) ∩int( B ) = int ( A ∩B ) , and in t( i n t( A ) ) = in t( A ) .

Fu l l-P rofessor-A ware P rom p t for M ath Term D ef in i t ion G eneration

¥

Y ou are a fu l l p rofessor teach in g col lege level m athem at ics, generate the def in i t ion of integ rab le sys-

tem in dynam ical system s w ith detai led m athem at ical ex p l anations i n one paragraph w ith used m ath

sym b ols in L aTeX form at , m ake su re to fu l l y an d com p letely gen erate the def in i t i on , as tru ncated def i-

n i t ion is not accep tab le.
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Æ

I n d ynam ical sy stem s theory, an integ rab le system is a H am i l ton ian system w ith n degrees of freedom that p os-

sesses n i nd ep endent, Poi sson-com m ut in g f irst i ntegral s F i : M → R , i = 1 , . . . , n , d ef in ed on a 2n -d im ensional

sym p lect ic m an i fold (M , ω) , such that { F i , F j } = 0 for a l l i , j , w here { · , · } denotes the Poi sson b racket, and the

d i f ferenti als dF 1 , . . . , dF n are l in ear l y in dep endent alm ost everyw here on M . A ccord in g to the L iouv i l le–A rnold

theorem , the j oint level set M c = { x ∈ M : F i ( x ) = ci , i = 1 , . . . , n } i s an n -d im ensional L agrang ian sub-

m an i fold invar i ant under the H am i l ton ian f low . W hen com pact and connected , M c i s d i f feom orph ic to an n -torus

Tn = (R/2πZ) n , and there ex ist act ion-ang le coord in ates ( I , θ) ∈U ×Tn , w i th U ⊂ Rn op en , such that the sym p lectic

form b ecom es ω =
P n

i = 1 dI i ∧dθi and the H am i l ton i an H dep ends on l y on the acti on var iab l es I , i . e. , H = H ( I ) .

C on sequent l y, H am i l ton’s equat ion s sim p l i fy to İ = − ∂H
∂θ = 0 and θ̇= ∂H

∂I = ω( I ) , y ield in g l i n ear f low on th e toru s:

θ( t) = θ0 + ω( I ) t m od 2π, w h ich i s quasi-p er iod ic w i th frequencies ω = (ω1 , . . . , ωn ) . T h is com p lete i ntegrab i l i ty

im p l i es the dynam ics are regu lar and sol vab le by quad ratu res, contrasti ng w ith non-integ rab le system s that typ i-

ca l l y ex h ib i t chaot ic b ehav ior .

¥

Y ou are a fu l l p rofessor teach ing col lege level m athem atics, generate the def in i t ion of exp er im ent in

p robab i l i ty w i th deta i led m athem at ical ex p l anati ons i n one paragraph w ith used m ath sym b ols in

L aT eX form at , m ake su re to fu l l y an d com p letely generate the d ef in i t i on , as trun cated def in i t i on is n ot

accep tab le.

Æ

I n p robab i l i ty theory, an ex p er i m en t ( or r a n d om ex p er i m en t ) i s a wel l-def in ed p rocedure or p rocess w hose ou t-

com e cannot b e p red icted w i th certai nty b efore i t is p er form ed , b u t for w h ich the set of a l l p ossib le in d iv i dual

ou tcom es is know n . Form al l y, an exp er im ent i s character i zed by a tr ip le ( Ω , F , P ) , w here:

-Ω is the sa m p l e sp a ce, the non-em p ty set of al l p ossib le elem entary ou tcom es ω.

- F i s a σ-a lgeb ra on Ω , rep resentin g the col lection of al l events ( subsets of Ω ) to w h ich probab i l i t i es can b e as-

signed . I t sat i sf ies: ( i ) Ω ∈F , ( i i ) i f A ∈F then A c ∈F , and ( i i i ) i f A 1 , A 2 , · · · ∈F then
S ∞

i = 1 A i ∈F .

- P : F → [0, 1] i s a p r o b a b i l i t y m ea su r e sati sfy in g the ax iom s: ( i ) P ( Ω ) = 1, ( i i ) P (A ) ≥ 0 for a l l A ∈F , and ( i i i )

countab le add i t i v i ty : for any sequence of p a i rw ise d isj oint events { A i } ∞
i = 1 i n F , P

S ∞
i = 1 A i =

P ∞
i = 1 P (A i ) .

E ach p erform ance of the exp erim ent is a t r i a l , y iel d i ng a sin g le outcom e ω ∈ Ω . A n ev en t A ∈ F occu rs i f the

ou tcom e ωb elongs to A , and i ts l i kel i h ood is quanti f ied by P (A ) .

R esearch-P rofessor-A ware P rom p t for M ath Term D ef in i tion G eneration

¥

Y ou are a research p rofessor teach in g col l ege level m athem ati cs, generate the def in i t i on of i som etry

in d i f ferent ial geom etry w ith deta i led m athem atical ex p l anati ons i n one paragraph w ith used m ath

sym b ols in L aTeX form at, m ake su re to fu l ly and com p letel y generate the def in i t ion , as truncated

def in i t i on is not accep tab le.

Æ

I n d i f ferent ial geom etry, an isom etry is a sm ooth m ap ϕ : ( M , g ) → (N , h ) b etween two R iem ann i an m an i fold s

that p reserves the R iem ann ian m etr ic. Form al ly, ϕ i s an i som etry i f i t i s a d i f feom orph ism and i ts pu l lb ack satis-

f ies ϕ ∗ h = g . T h i s m eans that for any p oint p ∈ M and any tangent vectors X p , Yp ∈ Tp M , th e inner p roduct i s

p reserved : gp ( X p , Yp ) = h ϕ ( p ) ( dϕ p ( X p ) , dϕ p (Yp ) ) , w here dϕ p : Tp M → T ϕ ( p ) N i s the d i f ferenti al of ϕ at p . C onse-

quent ly, an i som etry p reserves al l geom etr ic quanti t ies der ived from the m etr i c, in clud in g l engths of cu rves, ang les

b etween cu rves, and intr i nsi c cu rvatu res. I f such a m ap ex i sts, the m an i fol d s M and N are sai d to b e isom etr ic,

m ean in g they are geom etr ica l l y in d ist in gu ishab le from the p ersp ect ive of thei r R iem ann ian structu res.

¥

Y ou are a research p rofessor teach in g col l ege level m athem ati cs, generate the def in i t ion of hyp othesis

test in g in stat i st ics w i th detai l ed m athem at ica l ex p lanat ions in one parag raph w i th used m ath sym b ols

i n L aT eX form at , m ake su re to fu l ly and com p letely generate the def in i t ion , as truncated def in i t i on is

not accep tab le.
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Æ

I n stat ist ics, hyp othesi s testin g is a form al in ferential p rocedu re used to decide b etween two com p eti ng con j ectu res

ab ou t a p op u lat ion param eter θb ased on sam p l e data . T h e p rocess b eg in s by stat in g a nu l l hy p othesis H 0 : θ∈Θ0

( often rep resent in g a defau l t or no-ef fect state) and an al ternati ve hyp othesi s H 1 : θ∈Θ1 (w here Θ0 ∩Θ1 = ∅) . A

test stati st ic T = T (X 1 , . . . , X n ) , w h ich i s a functi on of the random sam p le, i s cal cu l ated . U nder the assum p tion

that H 0 i s true, the sam p l i ng d istr i bu ti on of T i s d eterm ined . A sign i f icance level α ( com m on ly 0.05) i s chosen ,

def in in g the p robab i l i ty of a T yp e I error : α= P ( rej ect H 0 | H 0 i s t rue) . T he cri t i cal reg ion or rej ect ion reg ion C i s

then constructed such that P (T ∈C | H 0 ) ≤ α. I f the observed va lue of the test stat ist ic to b s fal l s w i th in C , H 0 i s

rej ected i n favor of H 1 ; otherw ise, H 0 i s not rej ected . T he con clu sion is often su pp l em ented w i th a p-va l ue, d ef in ed

as p = P (T is at least as ex trem e as to b s | H 0 ) , w here a sm al l p -value prov i d es ev id ence again st H 0 . T he p ower of

the test, 1 − β, w here β= P ( fai l to rej ect H 0 | H 1 i s t rue) is the T yp e I I error p robab i l i ty, m easu res the test’s ab i l i ty

to correct ly rej ect a fa l se nu l l hyp othesis.

4.6 Conclusion

4.6.1 R esearch Contr ibu tions

This study establishes that f ine-grained professor-rank settings serve as explicit and ef fective

mechanisms for eliciting language models’exploration of optimal reasoning subspaces

R I ,D ⊆R and reasoning directions ρI ,D where more valuable mathematical information

for def inition generation resides. The distinguished-professor, emeritus-professor, and

full-professor specif ications, with their explicit connotations of academic seniority, research

excellence, and comprehensive subject mastery, consistently guide the language model

M a-gen toward reasoning subspaces characterized by high formal precision, conceptual

completeness, and structural coherence. In contrast, the assistant-professor and lecturer

specif ications, which imply developing expertise and narrower instructional scope, lead the

model toward less optimal reasoning subspaces, resulting in lower generation quality. This

f inding demonstrates that the precision of persona context settings directly inf luences the

model’s ability to navigate the holistic reasoning space R ef fectively, enabling generation

tasks to be implemented with higher quality and reduced computational struggle, as the

model requires fewer iterative ref inements when primed with appropriately authoritative

persona specif ications.

The ranking of professor titles established in this research, from distinguished professor

at the highest performance tier to lecturer at the lowest, can be regarded as a reliable

signal for predicting whether specif ic downstream tasks can be performed with certain

quality expectations. The consistent performance hierarchy observed across all 18 math-

ematical subjects, with distinguished-professor achieving 106.3% relative performance,

emeritus-professor achieving 103.8% , full-professor achieving 103.1% , and lecturer at

97.2% , demonstrates that professor-rank specif ications provide a valid proxy for expected

generation quality. This f inding of fers compelling evidence that the commonly employed

“excellent professor” persona setting, which lacks the specif icity and rank-based cues that

convey relative academic seniority and expertise depth, is not an optimal choice for tasks

requiring high-quality mathematical def inition generation. The baseline excellent-professor
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prompt, despite its ostensibly positive connotations, was surpassed by four higher-ranked

specif ications and outperformed the four lower-ranked variations, conf irming that coarse-

grained, untested persona settings cannot guarantee optimal outcomes.

This study provides a new avenue for exploring how dif ferent context settings can

constrain and guide language models to generate more controlled outputs with higher

performance and lower cost. The professor-rank specif ications investigated in this research

represent a training-free intervention that requires no model f ine-tuning, no additional com-

putational resources beyond standard inference, and no specialized technical expertise to

implement. This accessibil ity makes such context-based optimization strategies applicable

across a wide range of f ields beyond mathematical def inition generation, including techni-

cal documentation, educational content creation, scientif ic writing, and domain-specif ic

knowledge synthesis. The f inding that simple modif ications to persona specif ications,

changing a few words in the prompt instructions I , can yield performance improvements

of up to 6.3% relative to a strong baseline demonstrates that signif icant gains can be

achieved without the computational expense and expertise demands of f ine-tuning or

reinforcement learning approaches, democratizing access to enhanced language model

performance for practitioners across diverse domains.

In summary, this research contributes three key advancements to the understanding

and application of persona-aware prompting Pprofs. F irst, it demonstrates that f ine-grained

professor-rank specif ications serve as explicit navigation signals that guide language models

toward optimal reasoning subspaces R I ,D ⊆R and reasoning directions ρI ,D , enabling

higher quality generation with reduced computational struggle. Second, it establishes that

the ranking of professor titles functions as a reliable quality signal, providing empirical

evidence that the coarse-grained “excellent professor” baseline is suboptimal for tasks

requiring precise mathematical def inition generation. Third, it introduces a training-free,

computationally accessible approach to performance optimization that can be readily

adopted across diverse f ields and applications, demonstrating that careful attention to

context specif ication can unlock signif icant language model capabilities without the barriers

of specialized technical expertise or extensive computational resources. Together, these

contributions advance both the theoretical understanding of how persona context shapes

reasoning navigation N M ( I , D ) and the practical methodology for optimizing language

model outputs in educational and technical domains.

4.6.2 Futu re D irections

Building upon the f indings of this Professor-Rank-Aware Prompt research, several promis-

ing future directions emerge for extending this work. The f irst new research direction is to

expand the multiple professor-rank settings developed in this study to more challenging

mathematical problems with dif ferent context conf igurations. Rather than focusing solely
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on def inition generation, future research could apply this f ine-grained approach to explore

possible, unique, and reasonable reasoning directions for dif ficult or unsolved mathematical

problems. This could be implemented either with a single large language model instance

that switches between dif ferent persona settings to examine a problem from multiple

angles, or with multiple LLM instances collaborating together, where each instance adopts

a distinct reasoning style. Some instances could follow conventional reasoning behaviors,

while others might employ innovative or unconventional approaches, collectively navigating

toward less explored or never explored reasoning subspaces R I ,D ⊆ R and reasoning

directions ρI ,D . This collaborative, multi-perspective approach could help researchers

discover novel solution pathways that might remain hidden when relying on a single

reasoning approach.

The second new research direction involves expanding the target audience beyond col-

lege STEM students to encompass diverse learner populations with varying mathematical

backgrounds and learning needs. The f ine-grained persona settings demonstrated in this

study could be adapted and extended for social science and liberal arts students who may

require more accessible explanations, middle school students encountering mathematical

concepts for the f irst time, and workplace professionals who need practical understanding

of mathematics and artif icial intelligence fundamentals to remain competitive in an in-

creasingly AI-driven economy. This expansion would require developing and evaluating a

richer set of f ine-grained context settings beyond academic ranks, including specif ications

for the language model instance’s persona (e.g., “patient tutor,” “practical practitioner,”

“conceptual bridge-builder”), background (e.g., “explaining to non-technical audiences,”

“connecting to social science applications”), expression style (e.g. , “using analogies,” “em-

phasizing intuition,” “minimizing formal notation”), and generation dif ficulty settings

(e.g., “introductory,” “intermediate,” “advanced”). By systematically varying these dimen-

sions, future research could identify optimal conf igurations for dif ferent learner prof iles,

making language model applications for target tasks more customizable and accessible to

populations traditionally underserved by mathematically intensive educational materials.

The third new research direction is to adopt the design methodology of this research

into the broader design, optimization, and application of LLM agent systems for end users.

The systematic approach developed in this study, proposing multiple context settings,

evaluating their performance, and verifying which conf igurations consistently yield better

results, can serve as a template for building agent systems that maintain a queue of

verif ied and validated context settings. These settings could be dynamically initialized

by the system on-the-f ly based on the task characteristics, user preferences, or historical

performance data, or they could be manually selected by users when they interact with the

LLM agent to reason toward optimal solutions. This approach would allow users to choose,

for example, whether they want a distinguished professor persona for rigorous formal
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explanations, a teaching professor persona for clear instructional guidance, or a research

professor persona for exploring cutting-edge connections. By making such customizable,

training-free optimization strategies accessible to end users, this research contributes to

the broader goal of making advanced language model capabilities practical and usable for

a wide range of real-world applications without requiring specialized technical expertise.
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Chapter 5

H ol istic Conclusion and D iscussions

5.1 W hat we H ave A ch ieved

The three sequential prompt-relevant studies presented in this dissertation collectively

establish a progressive understanding of how dif ferent reasoning structures and context

specif ications inf luence large language model performance on mathematical def inition

generation tasks. The f irst study introduced the Cumulative Thinking Prompt pct , a

linear reasoning method L = { ℓ1 −→ ℓ2 −→ · · · −→ ℓR } that operationalized structured

knowledge accumulation prior to generation. By instructing the language model M a-gen

to perform f ive sequential recalling steps { r1, r2 , . . . , r5} progressing from essential to

abstract understanding, this method demonstrated that explicit preparatory reasoning

could signif icantly enhance def inition quality compared to conventional baselines. The

Cumulative Thinking Prompt achieved a holistic absolute performance of 8.447 across 439

mathematical terms, achieving higher average scores than the direct prompt, step-by-step

prompt, and excellent-professor-aware prompt, and suggesting that deliberate knowledge

scaf folding before generation is associated with improved def inition quality. This study

laid the foundation for understanding how linear reasoning navigation N M (I , D ) can be

structured to guide models toward optimal reasoning subspaces R I ,D ⊆R and reasoning

directions ρI ,D .

The second study advanced this understanding by introducing the AUDIT prompt,

an iterative reasoning framework I = { ι1(
⟳
−→ ι2)

δ1 (
⟳
−→ ι3)

δ2 } that incorporated recursive

quality audits and ref inement cycles into the generation process. Unlike linear reasoning,

which produces a single output without intermediate feedback, the AUDIT prompt enabled

the language model to generate an initial def inition, receive structured audit feedback,

ref ine its output, and repeat this cycle to progressively enhance quality. The evaluation

demonstrated that AUDIT V3, which underwent two full audit-ref inement cycles, achieved

a holistic relative performance of 114.42% against the baseline and outperformed the

Cumulative Thinking Prompt by 11.61 percentage points, with exceptionally low variability

(std = 0.058) across 921 mathematical terms spanning 18 sub jects. This study established
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that iterative reasoning, with its capacity for dynamic adjustment of reasoning directions

based on self-assessed quality, is associated with higher and more consistent output quality

relative to linear reasoning approaches under the evaluated conditions. The f inding that

AUDIT V1 performed nearly identically to the Cumulative Thinking Prompt suggested

that the performance dif ference was associated specif ically with the iterative ref inement

mechanism rather than with structural complexity alone.

The third study extended the investigation beyond reasoning structure to exam-

ine the role of persona specif icity in guiding language model behavior. The Professor-

Rank-Aware Prompt Framework proposed eight distinct professor-rank specif ications

Pprofs = { p(profs,1) , p(profs,2) , . . . , p(profs,8) } , each carrying explicit connotations of academic

seniority, research emphasis, teaching focus, or career stage. The evaluation revealed a

clear performance hierarchy aligned with rank, with distinguished-professor achieving

106.3% relative performance, emeritus-professor achieving 103.8% , full-professor achieving

103.1% , and lecturer at 97.2% . This demonstrated that f ine-grained persona specif ications

serve as ef fective navigation signals, guiding the language model toward reasoning sub-

spaces containing more valuable mathematical information. Critically, the coarse-grained

excellent-professor baseline, which lacked specif ic rank-based cues, was outperformed by

four higher-ranked variations and outperformed four lower-ranked variations, indicating

that the coarse-grained ‘excellent professor’ specif ication yielded lower relative perfor-

mance than four f ine-grained alternatives for tasks requiring precise def inition generation.

Together, these three studies establish that both the structure of reasoning (linear vs.

iterative) and the precision of context specif ications (coarse-grained vs. f ine-grained)

fundamentally shape language model navigation of the reasoning space R , with iterative

reasoning and precise persona settings yielding superior and more stable performance

across diverse mathematical domains.

5.2 W hat we Shou ld I m prove

The f irst area for improvement concerns the transition from static to adaptive prompt

conf igurations. Currently, the three proposed methodologies rely on f ixed structural

parameters: the Cumulative Thinking Prompt employed a predetermined sequence of

f ive recall ing steps with f ixed directional constraints (e.g. , “from essential to abstract”);

the AUDIT Prompt utilized a rigid two-cycle audit-ref inement loop; and the Professor-

Rank-Aware Prompt was limited to eight specif ic academic persona variations. These

static hyperparameters constrain the applicability of the methods to diverse user prof iles

and task complexities. Future research should aim to generalize these structures into

dynamic, customizable frameworks where parameters such as the depth of knowledge

accumulation, the number of ref inement cycles, and the granularity of persona specif ications

can be adaptively adjusted. By enabling users to conf igure these elements based on
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specif ic generation needs and cognitive loads, the proposed methods could achieve broader

generalizability across varied educational and professional contexts.

The second area for improvement involves expanding the adaptability of the evaluation

framework. The current set of eleven metrics was rigorously designed to assess def inition

quality against the standards of college-level STEM mathematics, emphasizing formal

precision, conceptual completeness, and theoretical correctness. However, this focus may

not adequately capture the pedagogical needs of diverse learner populations, such as social

science students requiring intuitive, entry-level explanations or workplace professionals

seeking practice-oriented applications. Future work should develop a modular evaluation

architecture where metrics are dynamically selectable and def inable based on target

audience characteristics. This would allow for the customization of evaluation criteria,

shifting emphasis from formal rigor to pedagogical clarity or practical relevance, thereby

ensuring that generated def initions are assessed against quality standards that are aligned

with specif ic learning objectives and user backgrounds.

The third area for improvement pertains to the holistic integration of reasoning strate-

gies, persona specif ications, and evaluation mechanisms into a unif ied, modular framework.

W hile this dissertation has validated each component individually, a comprehensive system

that allows for the on-demand assembly and decomposition of these modules remains to

be developed. Such a framework would enable the dynamic selection of linear or iterative

reasoning paths, f ine-grained persona contexts, and tailored evaluation metrics, creating

unique, task-specif ic prompt-engineering pipelines. Realizing this vision requires extensive

empirical validation across a wider range of domains and signif icant computational re-

sources. Therefore, this limitation ref lects not a methodological def icit, but a pragmatic

trade-of fimposed by the temporal and funding constraints of doctoral research, pointing

toward a substantial avenue for future large-scale investigation.
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Chapter 6

H ol istic Futu re R esearch D irections

6.1 W hat W e Can E xp ect

The three prompt methodologies developed and validated in this dissertation -namely,

the Cumulative Thinking Prompt pct for linear reasoning with progressive knowledge

accumulation, the AUDIT Prompt paudi t for iterative reasoning with recursive content

ref inement, and the Professor-Rank-Aware Prompt Ppr of s for f ine-grained persona specif i-

cation -have collectively established a robust foundation for enhancing large language

model performance on math def inition generation tasks. However, the principles under-

lying these methodologies are not conf ined to mathematics education; rather, they of fer

broader implications for how language models M can be guided by these prompt strategies

to navigate complex reasoning spaces R across diverse domains, user populations, and

application contexts. This chapter explores several promising future research directions

that extend beyond the current scope of this research, encompassing disciplinary expansion

to natural and social sciences, dynamical customization for f lexible conf igurations Pcon f i g ,

and professional applications in workplace environments. Each direction builds upon

the empirical f indings and methodological innovations presented in the preceding studies,

of fering a roadmap for future investigations that can further unlock the potential of

prompt-guided reasoning navigation N M (I , D ) for more real-world applications.

Fu tu re D i rection 1: E x tend from M ath to N atu ral Science and Social Science

Natural sciences such as physics, chemistry, and computer science share a key characteristic

with mathematics: they rely on precise terminology where complex concepts are built

upon simpler, foundational def initions. For example, understanding quantum states

requires f irst mastering force and energy, just as neural network architectures depend on

basic algorithms. Because of this shared structural dependency, the proposed prompt

methods can be directly applied to these f ields. The Cumulative Thinking Prompt

pct can guide learners through structured recalling of progressively abstract scientif ic

understandings within extended term sets T ex t
sk

. The AUDIT Prompt’s iterative ref inement
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can help identify and correct misconceptions through discipline-specif ic quality audits using

adapted metrics Esci ⊆E. Furthermore, the Professor-Rank-Aware Prompt framework

can incorporate adapted academic hierarchies, such as distinguished physicist or research

computer scientist, to provide contextualized pedagogical personas Ck ∈A .

The adaptation to social sciences, including economics, business, and related disciplines,

presents equally promising opportunities, as these f ields maintain rigorous methodological

standards, formal theoretical frameworks, and precisely def ined terminologies that demand

systematic mastery. Economics requires learners to progress from foundational concepts

such as supply, demand, and elasticity to advanced constructs including game theory,

econometric identif ication, and general equilibrium, where def initions are grounded in

formal mathematical structures and empirical validation. Business education encompasses

strictly def ined vocabularies across f inance, accounting, and strategic management, where

terms such as discounted cash f low, capital asset pricing, and competitive advantage

carry precise technical meanings essential for professional practice and scholarly discourse.

The Cumulative Thinking Prompt pct could guide learners through progressively abstract

theoretical understandings while maintaining disciplinary rigor; the AUDIT Prompt’s

iterative ref inement could support recursive engagement with formal models and empirical

evidence; and the Professor-Rank-Aware Prompt framework could incorporate personas

such as distinguished economist or research strategist that ref lect the distinct theoretical

orientations and methodological commitments within social science academia, ef fectively

expanding the persona set to P soc
pr of s ⊂P .

Fu tu re D irection 2: E x tend from Static Sett ings to F lex ib le Con f igu rat ions

Beyond disciplinary extension, the three proposed prompt methods of fer substantial

f lexibil ity for practical customization to accommodate diverse learner prof iles and peda-

gogical ob jectives through a conf igurable parameter set Pcon f i g . The Cumulative Thinking

Prompt’s f ixed f ive-step recalling structure N = 5 could be dynamically adjusted based on

learner prof iciency levels, where novice learners in early stages of conceptual acquisition

might benef it from fewer recalling steps N r ecal l < 5 to reduce cognitive overload and

information absorption burden, while advanced learners could engage with extended

sequential reasoning N r ecal l > 5 to deepen abstract integration. Similarly, the textual

constraints embedded within prompt instructions I , such as the directional cues “essential”

and “abstract,” could be substituted with domain-specif ic terminology to ref lect precise

information generation requirements, including “foundational to applied” for engineering

contexts, “micro to macro” for economics, and “empirical to theoretical” for social science

research methodologies. The AUDIT Prompt’s ref inement cycle count R could be made

conf igurable based on task complexity or user-def ined quality thresholds Ei ter , enabling

learners to determine how many iterative audit-ref inement rounds are appropriate for

their specif ic learning goals. The Professor-Rank-Aware Prompt framework could further
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accommodate customizable persona granularity, allowing learners or educators to select not

only academic ranks but also specialized subf ields, such as “distinguished macroeconomist”

or “research computer scientist specializing in machine learning,” thereby providing highly

targeted contextual guidance that aligns with learners’specif ic areas of interest and study,

ef fectively ref ining the agent conf iguration A k = (M k , Ck , R k ).

Fu tu re D irection 3: E x tend from Learn ing to W orkp lace

I f we generalize the mathematical def inition generation task to reasoning-based content

generation, the three proposed prompt methods can be naturally and logically extended to

professional workplace contexts, where information seeking and systematic understanding

are equally common and essential practices. Professionals across industries regularly

encounter specialized terminologies, evolving concepts, and complex technical frameworks

that demand precise comprehension and ef fective communication, from f inancial analysts

mastering new regulatory def initions to healthcare professionals interpreting updated med-

ical protocols. The Cumulative Thinking Prompt pct could assist workplace professionals

in systematically building foundational understanding of unfamiliar domains through

structured knowledge accumulation, enabling them to progressively grasp essential con-

cepts before engaging with advanced, context-specif ic applications. The AUDIT Prompt’s

iterative ref inement mechanism could support professionals in critically evaluating their

understanding of new policies, technologies, or market dynamics through recursive quality

audits and ref inement cycles, thereby reducing the risk of misinterpretation that could

lead to costly errors. The Professor-Rank-Aware Prompt framework could be adapted to

incorporate workplace-relevant personas A wor k , such as “distinguished industry expert,”

“senior consultant,” or “research director,” providing contextualized guidance that aligns

with professional hierarchies and expertise expectations. This extension would not only

validate the generalizability of the proposed methodologies beyond academic settings but

also contribute to lifelong learning and professional development, empowering workers to

ef ficiently acquire and ref ine knowledge in rapidly changing industries without requiring

formal educational programs, leveraging the reasoning space navigation N M ( I , D ) for

practical decision-support tasks.

In conclusion, the future directions outlined in this chapter envision a transition from

static, domain-specif ic prompt engineering to dynamic, context-aware reasoning systems.

By expanding the application scope to natural and social sciences, adapting conf igurations

to individual learner needs through Pcon f i g , and extending util ity to professional workplace

environments, the proposed methodologies promise to transform large language models into

versatile cognitive partners. These advancements will not only enhance the precision and

reliability of knowledge generation but also democratize access to high-quality educational

and professional resources, ensuring that prompt-guided navigation N M (I , D ) remains a

robust and scalable solution for complex reasoning tasks across diverse real-world contexts.
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A pp end ix A

A pp end ix

A .1 Statist ical Ver i f ication R esu lts

A .1.1 Pairw ise C om par ison B etween C um u lat ive T h ink ing P rom pt and B ase-

l in es

P r op osed v s. B asel i n e M ean D i f f p -va lu e Sig n i f ican t C oh en ’s d

Cumulative T hinking Prompt w i n s D irect Prompt 0.3436 < 0.001 Yes 2.52

Cumulative T hinking Prompt w i n s Excel lent Professor 0.3692 < 0.001 Yes 2.19

Cumulative T hinking Prompt w i n s Step-by-Step 0.2765 < 0.001 Yes 2.49

Cumulative Thinking Prompt signif icantly outperforms all three baseline prompt methods.

A .1.2 Pai rw ise C om par ison b etween A U D I T P rom pt and B asel ines

P r op osed v s. B asel i n e M ean D i f f p -va lu e Si g n i f ican t C oh en ’s d

AU D IT V1 w i n s D irect Prompt 0.2077 < 0.001 Yes 1.57

AU D IT V1 w i n s Persona-Aware Prompt 0.2303 < 0.001 Yes 1.29

AU D IT V1 w i n s Step-by-Step Prompt 0.0938 0.00663 Yes 0.73

AU D IT V1 ≈ Cumulative T hink ing Prompt -0.0008 0.97827 No -0.01

AU D IT V2 w i n s D irect Prompt 1.0059 < 0.001 Yes 4.45

AU D IT V2 w i n s Persona-Aware Prompt 1.0285 < 0.001 Yes 4.20

AU D IT V2 w i n s Step-by-Step Prompt 0.8920 < 0.001 Yes 4.29

AU D IT V2 w i n s Cumulative T hink ing Prompt 0.7974 < 0.001 Yes 4.13

AU D IT V3 w i n s D irect Prompt 1.1618 < 0.001 Yes 4.55

AU D IT V3 w i n s Persona-Aware Prompt 1.1843 < 0.001 Yes 4.27

AU D IT V3 w i n s Step-by-Step Prompt 1.0478 < 0.001 Yes 4.41

AU D IT V3 w i n s Cumulative T hink ing Prompt 0.9532 < 0.001 Yes 4.28

I terative AUDIT V3 and V2 variations signif icantly outperform all baseline methods,

while non-iterative AUDIT V1 performs nearly identical to the Cumulative Thinking

Prompt of study 1.
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A .1.3 Pairw ise Com par ison b etween P rofessor-R ank-A ware P rom pt and

B asel ine

P r op osed v s. B asel i n e M ean D i f f p -va l u e Sig n i f ican t C oh en ’s d

D istinguished Professor w i n s Excel lent Professor 0.5711 < 0.001 Yes 5.89

Emeritus Professor w i n s Excellent Professor 0.3437 < 0.001 Yes 4.16

Full Professor w i n s Excel lent Professor 0.2800 < 0.001 Yes 3.16

Research Professor w i n s Excel lent Professor 0.1110 < 0.001 Yes 1.59

Assistant Professor d efea ted b y Excel lent Professor -0.2311 < 0.001 Yes -3.95

Associate Professor d efea ted b y Excel lent Professor -0.0507 0.00305 Yes -0.81

Lecturer d efea ted b y Excel lent Professor -0.2574 < 0.001 Yes -2.77

Teaching Professor d efea ted by Excellent Professor -0.0893 < 0.001 Yes -1.61

Higher ranking professor prompt variations performed better than the baseline, junior

ranking professor variations performed worse than the baseline, validating that f ine-grained

persona settings systematically inf luence the generation quality in alignment with academic

hierarchy.

A .2 G eneration D em onstrations for T hree P rop osed P rom pt

M ethods

The following LLM variation was applied in each of three proposed prompt method

experiments.

L L M s V ar ia t ion s

D eep Seek V 3.2

A .2.1 D ef in i t ion D em onstrat ion s for Study 1: C um u lat ive T h in k in g P rom p t

C ateg or y M ath T erm M ath Su b j ect

C on ten t R ank L inear A lgebra

D ef in i tion Var iation - C um u lat ive T h ink in g P rom p t - R anked 1st

¥

recal l you r understand in g ab ou t rank in l in ear algeb ra from essential to abstract i n sequential 5 t im es,

then to generate def in i t i on of rank in l in ear algeb ra w ith detai led m athem at ical ex p l anati ons i n one

paragraph of app rox im atel y 200 words w ith used m ath sym b ols i n L aTeX form at , based on al l 5 p rev i-

ou s sequent ia l th in k in g b efore generatin g the m athem at ica l d ef in i t i on .
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Æ

I n l i n ear al gebra, the rank of a m atr i x A ∈ Rm ×n i s a fundam ental i nvar iant that cap tu res i ts inherent d im en-

sional i ty and the p otency of the l in ear transform at ion i t rep resents. Form al l y, i t i s def in ed as the d im ension of

the colum n space ( or , equ i val ently, the row space) of A , d enoted rank ( A ) = d im (C ol (A ) ) = d im (R ow (A ) ) .

T h is equal s the m ax im um num b er of l i n ear ly i ndep endent colum n vectors { a 1 , . . . , a n } i n A , or equ i val ently, the

num b er of p ivot p osi t i ons i n i ts row echelon form . T he rank determ ines the structu re of solu t ions to A x = b

v i a the R ouch é–C ap el l i th eorem and is intr in si cal l y l in ked to the d im ension of the im age of the associ ated m ap

TA : Rn → Rm , TA ( x ) = A x , w here rank (A ) = d im ( I m (TA ) ) . T h e R ank -N u l l i ty T heorem , rank ( A ) + nu l l i ty ( A ) = n ,

w here nu l l i ty ( A ) = d im ( ker (TA ) ) , p rov id es a com p lete d im ensional decom p osi t i on of the dom ain . A m atr i x has fu l l

rank i f rank (A ) = m in (m , n ) ; i f square and of fu l l ran k , i t i s invertib le.

D ef in i tion Var iation - Step-by-Step P rom pt - R anked 2nd

¥
l et’s th i n k step by step , d ef in i t i on of rank in l i n ear a lgeb ra w i th deta i l ed m athem at ica l ex p l anat ions in

on e parag raph of app rox im ately 200 word s w i th used m ath sym b ols in L aTeX form at .

Æ

I n l i n ear al gebra, the rank of a m atr i x A ∈Rm ×n i s a fundam enta l m easu re of i ts l in ear in dep endence and d im en-

sion al i ty. Form al l y, i t i s d ef in ed as the d im en sion of th e vector sp ace generated ( or spann ed ) by i ts colum ns, k n ow n

as the colum n space C ol ( A ) . E qu ivalentl y, i t i s the d im ension of the row space R ow (A ) , a resu l t encapsu l ated by

the theorem rank (A ) = rank (A T ) . M athem atical l y, i f A = [a 1 · · · a n ], th en rank (A ) = d im ( span { a 1 , . . . , a n } ) . T h is

i nteger va lue, r = rank (A ) , sat isf ies 0 ≤ r ≤ m in (m , n ) . T he rank can b e determ ined v ia G aussian el im ination as

the num b er of p ivot p osi t i ons i n the m atr i x ’s row echelon form , or as the num b er of non-zero sin gu lar va lues i n i ts

si n gu lar val ue decom p osi t i on S V D , A = U ΣV T . C rucial ly, the rank character i zes the solu t i ons to A x = b v ia the

R ank-N u l l i ty T heorem : rank (A ) + nu l l i ty (A ) = n , w here nu l l i ty ( A ) = d im (N u l (A ) ) i s the d im ension of the nu l l sp ace

( kernel ) . A m atr i x i s fu l l ran k i f rank ( A ) = m in (m , n ) , i n d icat in g i ts row s and colum ns are l i n ear ly in dep endent .

D ef in i tion Var iation - D irect P rom pt - R anked 3rd

¥
def in i t i on of rank in l i near al gebra w i th deta i led m athem atical ex p lanati ons in one parag raph of ap-

p rox im ately 200 word s w i th used m ath sym b ols in L aTeX form at .

Æ

I n l i n ear al gebra, the rank of a m atr i x A ∈ Rm ×n i s a fundam enta l m easu re of i ts l i near in dep endence and d i-

m ensional i ty. Form al ly, i t i s d ef ined as the m ax im um num b er of l in ear ly in dep endent colum n vectors ( colum n

rank ) or row vectors ( row rank ) , w i th these two values a lw ays b eing equa l . M athem atical ly, the colum n rank

is the d im ension of the colum n space C ol (A ) , w h ich is the subspace of Rm spanned by the colum ns of A , i . e. ,

rank (A ) = d im (C ol (A ) ) . E qu ivalentl y, i t i s the d im ension of the row space R ow (A ) . T he rank can a lso b e char-

acter i zed as the num b er of p ivot p osi t i ons in the row echelon form (or reduced row echelon form ) of A , or as the

num b er of nonzero singu lar values in i ts sin gu lar val ue decom p osi t ion S V D . A key theorem is the rank-nu l l i ty the-

orem : rank (A ) + nu l l i ty (A ) = n , w here nu l l i ty (A ) = d im ( N u l (A ) ) i s the d im ension of the nu l l sp ace ( kernel ) . T he

rank determ ines the solvab i l i ty of A x = b ; a system is consistent i f and on ly i f rank ( A ) = rank ( [A b ]) . Fu rtherm ore,

a m atr i x i s fu l l ran k i f rank ( A ) = m in (m , n ) ; otherw ise, i t i s rank-def icient .

D ef in i tion Var iation - E xcel lent-P rofessor-A ware P rom pt - R anked 4th

¥
you are an excel lent m ath p rofessor w ho are good at m ath teach in g , generate def in i t i on of rank in

l i near algeb ra w ith deta i led m athem atical ex p l anati ons i n one paragraph of app rox im ately 200 words

w i th used m ath sym b ols in L aTeX form at .
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Æ

I n l i n ear al gebra, the rank of a m atr i x A ∈ Rm ×n i s a fundam ental invar i ant that m easu res the d im ension of the

vector spaces generated by i ts row s and colum ns. Form al ly, the **colum n rank** i s the d im ension of the colum n

space C ol (A ) , w h ich is the subspace of Rm span ned by the colum ns of A , i . e. , ran k (A ) = d im (C ol ( A ) ) . E qu ivalent ly,

the **row rank** i s the d im ension of the row space R ow (A ) ⊆ R n . A key theorem states that colum n rank equal s

row rank , so we sim p ly refer to the rank of A . T he rank can b e determ ined v ia G aussian el im inati on : i t is the

num b er of p ivots ( or nonzero row s) in any row -echelon form of A . I f rank (A ) = r , th en A has exactl y r l i near ly

in dep endent colum ns and row s. Furtherm ore, rank character izes solu t ions to A x = b : the system is consistent i f

and on ly i f rank (A ) = ran k ( [A |b ]) , and the solu t ion set has d im ension n − r w hen consistent. R ank al so satisf ies

rank (A ) ≤ m in (m , n ) , w i th equal i ty def in in g a fu l l -rank m atr i x .

Term -Sp ecif ic D ef in i t ion Strengths and W eaknesses

Study 1: C um u lat ive T h ink in g P rom pt

P r om p t V a r i a t i on

w i t h R an k i n g

D ef in i t i on St r en g th s D ef in i t i on W eak n esses

C u m u l a t i v e T h i n k -

i n g P r om p t

( R an k ed 1st )

H ighest abstraction and integration w ith l inear

transform ation theory. E legant, precise, and the-

oretical ly rich w ith perfect structural coherence.

N one sign i f icant; i t is the benchm ark def in it ion .

Step -b y -Step

P r om p t

( R an k ed 2n d )

E xcel lent logical f low from def in ition to prop-

erties. Balanced and pedagogical ly sound with

clear notation.

Sl ightly less integrated w ith l inear transform a-

tion viewpoint compared to the top def inition.

D i r ect P r om p t

( R an k ed 3r d )

Com prehensive, covers multip le characterizations

(colum n/row rank, p ivots, SV D , rank-nul l ity,

solvabi l ity) . E xcel lent theoretical correctness.

Slightly less structured f low than others; inform a-

tion is comprehensive but presented in a denser

paragraph.

E x cel l en t-

P r ofessor -A w ar e

P r om p t

( R an k ed 4th )

C lear, concise, and well-structured. E f fectively

l inks rank to system solvab i l ity and solution set

dim ension.

Sl ightly less com plete than others (om its SV D ,

explici t rank-null ity statem ent) . M inor notation

inconsistency.

N otes: Strength and weakness interpretations were created by chosen large language m odel against p redef ined m ath term
def in ition qual ity m etrics. D if ferent metrics wil l change the evaluation interpretations w ith corresponding ranking, which
can be reconf igured to meet dif ferent downstream task requirem ents.

Term -Sp ecif ic Qual i ty M etr ic Scores and R ank ings

Study 1: C um u lat ive T h ink in g P rom pt

Q u a l i ty M etr i cs C T P SSP D P E P

Term -Sp eci f ic A ver ag e Scor e 9 .45 9 . 05 9 . 00 8 .55

Term -Sp eci f ic R an k i n g 1 2 3 4

A b b r ev i a t i on s: CT P = Cumulative T hink ing Prom pt, D P = D irect Prom pt, SSP = Step-by-Step Prom pt, E P - E xcellent-
Professor-Aware Prompt
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A .2.2 D ef in it ion D em onstrat ions for Study 2: A U D I T P rom p t

C ateg or y M ath T erm M ath Su b j ect

C on ten t Slope F ields Calculus

D ef in i tion Var iation - A U D I T P rom pt V 3 - R anked 1st

¥

def in i t i on of slop e f iel d s i n calcu l us w i th detai l ed m athem ati ca l ex p lanat ions in one paragraph of

app rox im atel y 200 words w ith used m ath sym b ols in L aTeX form at i n the f irst paragraph as “def-

in i t ion 1”, then suggest m ath def in i t i on ref inem ent suggesti ons i n the second paragraph as “qual-

i ty aud i t 1”, then generate the f irst ref in ed def in i t i on w i th deta i led m athem atical ex p lanat ions in

one parag raph of app rox im ately 200 words w ith used m ath sym b ols i n L aTeX form at in the th i rd

parag raph as “def in i t ion 2”, then suggest m ath def in i t ion ref in em ent suggest ions to fu rther ref in e the

“def in i t ion 2” in the fou rth paragraph as “qual i ty aud i t 2”, then generate the second ref in ed def in i t ion

w i th deta i l ed m athem at ica l ex p lanat ions in one p arag raph of app rox im ately 200 word s w i th used m ath

sym b ols in L aTeX form at in the f ifth paragraph as “def in i t ion 3:”. M ake su re each of the sequent ial

d ef in i t i ons shou ld b e op tim i zed to b e m ore str ict l y al igned w ith the standard m ath def in i t ions of col-

l ege level m athem atics lectu re n otes and tex tb ook s.

Æ

A slop e f iel d , al so ca l led a d i recti on f iel d , i s the graph ica l rep resentati on associ ated w ith a f irst-order d i f ferential

equat ion y ′= f ( x , y ) . Form al l y, g i ven a fu nct ion f : D → R w here D is a con nected dom ain in R2 , th e slop e f iel d i s

the assi gnm ent of a slop e m = f ( x , y ) to each p oin t ( x , y ) ∈D , ty p ica l l y v i sua l i zed by d raw in g a short l i n e segm ent

w i th that slop e centered at th e p oint . T h is f ield i s a d iscrete app rox im at ion of th e continuous d i rect ion f ield d ef in ed

by the vector functi on v ( x , y ) = ⟨ 1 , f ( x , y ) ⟩ , w hose vectors are tangent to the graph of any solu t i on . A solu t ion to

the O D E is a d i f ferentiab l e functi on y = ϕ ( x ) on an interval I such that ϕ ′( x ) = f ( x , ϕ ( x ) ) for al l x ∈I ; i ts graph

is an integ ral cu rve everyw here tangent to the slop e f iel d . U nder the cond i t ions of the Fundam ental E x istence and

U n iqueness T heorem for O D E s ( i f f and ∂f /∂y are cont inuou s on D ) , th rough each p oin t in D there passes ex act ly

one integral cu rve, m ak ing the slop e f ield a com p lete qua l i tat i ve p ortra i t of al l solu t i ons. Slop e f iel ds faci l i tate

the analysis of equ i l ib r i um solu t ions, stab i l i ty, and long-term b ehav ior , and underp in the geom etr i c i ntu i t ion for

num er ica l solu t ion techn iques l i ke E u ler’s m ethod , w h ich fol l ow s the loca l l i n ear d i rect ions def in ed by the f ield .

D ef in i tion Var iation - A U D I T P rom pt V 2 - R anked 2nd

¥

def in i t i on of slop e f iel d s i n calcu l us w i th detai l ed m athem ati ca l ex p lanat ions in one paragraph of

app rox im atel y 200 words w ith used m ath sym b ols in L aTeX form at i n the f irst paragraph as “def-

in i t ion 1”, then suggest m ath def in i t i on ref inem ent suggesti ons i n the second paragraph as “qual-

i ty aud i t 1”, then generate the f irst ref in ed def in i t i on w i th deta i led m athem atical ex p lanat ions in

one parag raph of app rox im ately 200 words w ith used m ath sym b ols i n L aTeX form at in the th i rd

parag raph as “def in i t ion 2”, then suggest m ath def in i t ion ref in em ent suggest ions to fu rther ref in e the

“def in i t ion 2” in the fou rth paragraph as “qual i ty aud i t 2”, then generate the second ref in ed def in i t ion

w i th deta i l ed m athem at ica l ex p lanat ions in one p arag raph of app rox im ately 200 word s w i th used m ath

sym b ols in L aTeX form at in the f ifth paragraph as “def in i t ion 3:”. M ake su re each of the sequent ial

d ef in i t i ons shou ld b e op tim i zed to b e m ore str ict l y al igned w ith the standard m ath def in i t ions of col-

l ege level m athem atics lectu re n otes and tex tb ook s.
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Æ

I n the study of ord i nary d i f ferential equations, a slop e f ield for a f irst-order O D E dy/dx = f ( x , y ) i s constructed

on a rectangu l ar dom ain D ⊂ R2 . A t a f in i te set of sam p le p oints ( x i , y i ) ∈ D , a short l in e segm ent of un i form

l en g th is d raw n centered at the p oint , w i th a slop e p recisely equ al to the num er ica l va lue m i = f ( x i , y i ) . T h is slop e

rep resents the derivat ive, d i ctat in g the d i rect ion a solu t ion cu rve y = ϕ ( x ) m ust have i f i ts graph passes through

( x i , y i ) . A n integral cu rve ( or solu t ion cu rve) of the O D E is a d i f ferenti ab le functi on ϕ ( x ) d ef in ed on an interval I

such that for al l x ∈ I , ( x , ϕ ( x ) ) ∈ D and ϕ ′( x ) = f ( x , ϕ ( x ) ) ; i ts graph is everyw here tangent to the segm ents of

the slop e f ield . T he f iel d v i sual izes the fam i l y of al l such p otent ial solu t ions. For autonom ous equations, w here f

i s in dep endent of x (dy /dx = f (y ) ) , th e slop e f ield i s i nvar iant under hor izonta l t ransl at i on , revea l in g equ i l ib r i um

solu t ions at roots of f (y ) = 0. I socl in es, curves satisfy in g f ( x , y ) = k for constant k , a id in sketch in g the f ield

system at ica l l y.

D ef in i tion Var iation - C um u lat ive T h ink in g P rom p t - R anked 3rd

¥

recal l you r un derstan d in g ab ou t slop e f ield s in cal cu lu s from essenti al to ab stract i n sequ enti al 5 t im es,

then to generate def in i t i on of slop e f iel ds in calcu lu s w i th deta i l ed m athem atical ex p lanati ons in one

paragraph of app rox im atel y 200 words w ith used m ath sym b ols i n L aTeX form at , based on al l 5 p rev i-

ou s sequent ia l th in k in g b efore generatin g the m athem at ica l d ef in i t i on .

Æ

I n calcu lu s, a sl op e f ield ( or d i rection f ield ) i s a graph ica l rep resentati on of a f irst-order ord i nary d i f ferent ial equa-

tion of the form d y
d x = f ( x , y ) . I t i s constructed by selecti n g a gr id of p oin ts ( x i , y j ) in the x y-p lane and , at each

p oint , d raw in g a short l in e segm ent ( a m in i tangent) w hose slop e is p recisel y the va lue m i j = f ( x i , y j ) . T h is f ield

v isua l i zes the d i f ferent ial equat ion by show in g the slop e of p otentia l solu t ion cu rves at every p oint in the dom ain . A

solu t ion cu rve y = ϕ ( x ) to the O D E is a funct ion w hose graph i s tangent to these segm ents at every p oint along i t ;

th at is, ϕ ′( x ) = f ( x , ϕ ( x ) ) for al l x i n i ts i nterval . T hus, the slop e f iel d p rov i des a qual i tat ive p icture of the fam i ly

of al l p ossi b l e solu t ions, a l low in g for the anal ysis of equ i l i b r ium p oints (w here f ( x , y ) = 0) , i socl in es ( curves w here

f ( x , y ) i s constant) , and the long-term b ehav ior of the system w i thou t requ i r i n g an ex p l i ci t ana ly t ic solu t ion .

D ef in i tion Var iation - A U D I T P rom pt V 1 - R anked 4th

¥

def in i t i on of slop e f iel d s i n calcu l us w i th detai l ed m athem ati ca l ex p lanat ions in one paragraph of

app rox im atel y 200 words w ith used m ath sym b ols in L aTeX form at i n the f irst paragraph as “def-

in i t ion 1”, then suggest m ath def in i t i on ref inem ent suggesti ons i n the second paragraph as “qual-

i ty aud i t 1”, then generate the f irst ref in ed def in i t i on w i th deta i led m athem atical ex p lanat ions in

one parag raph of app rox im ately 200 words w ith used m ath sym b ols i n L aTeX form at in the th i rd

parag raph as “def in i t ion 2”, then suggest m ath def in i t ion ref in em ent suggest ions to fu rther ref in e the

“def in i t ion 2” in the fou rth paragraph as “qual i ty aud i t 2”, then generate the second ref in ed def in i t ion

w i th deta i l ed m athem at ica l ex p lanat ions in one p arag raph of app rox im ately 200 word s w i th used m ath

sym b ols in L aTeX form at in the f ifth paragraph as “def in i t ion 3:”. M ake su re each of the sequent ial

d ef in i t i ons shou ld b e op tim i zed to b e m ore str ict l y al igned w ith the standard m ath def in i t ions of col-

l ege level m athem atics lectu re n otes and tex tb ook s.

Æ

I n calcu lu s, a sl op e f ield ( or d i rection f ield ) i s a graph ica l rep resentati on of a f irst-order ord i nary d i f ferent ial equa-

tion (O D E ) of the form d y
d x = f ( x , y ) . A t each p oint ( x 0 , y0 ) in a chosen reg ion of the x y-p lane, a short l i ne seg-

m ent ( or ar row ) i s d raw n w hose slop e i s equal to the value of f ( x 0 , y0 ) . T h i s slop e is the der ivati ve d y
d x evaluated

at that p oint , in d icat in g the in stantaneous rate of change of a p otenti al sol u t ion cu rve passin g th rough ( x 0 , y0 ) .

T he col lection of al l such segm ents p rov id es a v isua l p ortrai t of the fam i ly of al l p ossib le solu t ion cu rves to the

d i f ferenti al equat ion w i thou t solv in g i t analy t ical l y. B y fol low in g the local d i rections i nd i cated by the slop es, one

can sketch approx im ate solu t ion cu rves ( in tegral curves) that are tangent to the f ield at every p oint . Slop e f ield s

are part icu lar ly usefu l for ana lyzin g the qual i tat ive b ehav ior of solu t ions, such as id ent i fy in g equ i l ib r i um solu t ions

( w here f ( x , y ) = 0) , stab i l i ty, and general trends, esp eci al l y w hen an exp l i ci t solu t ion is d i f ficu l t or im p ossib le to

ob ta in .

131



D ef in i tion Var iation - D irect P rom pt - R anked 4th

¥
def in i t i on of slop e f iel d s i n calcu l us w i th detai l ed m athem ati ca l ex p lanat ions in one paragraph of ap-

p rox im ately 200 word s w i th used m ath sym b ols in L aTeX form at .

Æ

I n calcu lu s, a sl op e f ield ( or d i rection f ield ) i s a graph ica l rep resentati on of the solu t ions to a f irst-order ord i nary

d i f ferentia l equation (O D E ) of the form d y
d x = f ( x , y ) . I t i s constructed by evaluatin g the functi on f ( x , y ) at a gr i d

of p oints ( x i , y i ) i n the x y -p l ane and d raw ing a short l in e segm ent at each p oint w i th a slop e equa l to the value

f ( x i , y i ) . T hese segm ents are tangent to the solu t ion cu rve ( or integra l cu rve) passin g through that p oint . Con-

sequently, the slop e f ield v isual i zes the fam i ly of al l p ossib le solu t i ons to the O D E w i thou t sol v in g i t analy t ical l y.

B y fol low ing the d i rection ind icated by the segm ents, one can sketch approx im ate solu t ion curves that start from a

g iven in i t i a l cond i t ion ( x 0 , y0 ) . T h is geom etr ic tool i s p art icu lar l y va lu ab le for ana ly zin g the b ehav ior of d i f ferent ia l

equations that are d i f ficu l t or im p ossib le to solve exp l i ci t ly, al l ow ing for the study of equ i l ib r ium solu t ions (w here

f ( x , y ) = 0) , stab i l i ty, and long-term tren ds. T he pattern of the f ield revea ls how th e rate of ch ange dy/dx d ep end s

on b oth the indep end ent variab le x and the dep endent var iab le y .

D ef in i tion Var iation - Step-by-Step P rom pt - R anked 6th

¥
l et’s th in k step by step , d ef in i t i on of slop e f ield s in ca lcu lu s w i th detai l ed m athem at ical ex p lanat ions in

on e parag raph of app rox im ately 200 word s w i th used m ath sym b ols in L aTeX form at .

Æ

I n cal cu lus, a slop e f ield ( or d i rection f ield ) is a graph ical rep resentati on of the solu t ions to a f irst-order d i f ferentia l

equat ion of the form d y
d x = f ( x , y ) . I t i s con stru cted by sel ect i n g a g r id of p oi nts ( x , y ) i n th e x y -p l ane an d d raw in g

a short l i ne segm ent at each p oint w i th a slop e equal to the value of f ( x , y ) at that p oint . T hese segm ents are tan-

gent to the solu t ion cu rve, or in teg ra l cu rve, th at p asses th rough th at p oin t. C on sequent ly, the slop e f ield v isua l i zes

the fam i ly of a l l p ossib le solu t i ons to the d i f ferent ial equation , as sketch in g a cu rve that fol low s the d i rect ion of

the l in e segm ents at every p oint y i eld s a part i cu lar solu t ion corresp ond ing to a sp eci f ic i n i t i a l cond i t i on ( x 0 , y0 ) .

T he pattern revealed by the f ield i nd icates the b ehav ior of solu t ions, such as equ i l ib r ium p oints w here f ( x , y ) = 0,

and reg ion s of i n creasin g or d ecreasin g slop es. T h i s geom etr ic tool i s p art icu lar l y va lu ab le for ana ly zin g d i f ferent ia l

equations that are d i f ficu l t or im p ossib le to solve ana ly t i ca l ly, p rov i d i ng intu i t ive i nsi ght in to the long-term trends

and stab i l i ty of d ynam ical sy stem s m odeled by the equat ion .

D ef in i tion Var iation - E xcel lent-P rofessor-A ware P rom pt - R anked 7th

¥
you are an excel lent m ath p rofessor w ho are good at m ath teach in g , generate def in i t i on of slop e f iel d s

i n ca lcu lu s w i th detai l ed m athem at ica l ex p lanat ions in one parag raph of app rox im ately 200 word s w i th

used m ath sym b ols in L aTeX form at .

Æ

I n calcu lu s, a sl op e f ield ( or d i rection f ield ) i s a graph ica l rep resentati on of the solu t ions to a f irst-order d i f feren-

tia l equati on of the form d y
d x = f ( x , y ) . I t i s constructed by selecti ng a gr id of p oints ( x , y ) in the x y-p lane and

draw ing a short l in e segm ent at each p oint w i th a slop e equal to the value of f ( x , y ) at that p oint . T hese segm ents

are tangent to the solu t i on curve, or integra l cu rve, that p asses th rough that p oint . T herefore, the slop e f ield v i su-

al ly dep icts the fam i ly of al l p ossib le solu t ion cu rves to the d i f ferential equation w ithou t solv in g i t analy t i cal ly. B y

fol l ow in g the d i recti on ind icated by the segm ents, one can sketch app rox im ate solu t ion cu rves that satisfy a g iven

in i t ia l cond i t i on y ( x 0 ) = y 0 . T h is tool is part i cu lar ly valuab le for understand in g the b ehav ior of solu t ions, id enti fy-

in g equ i l ib r ium solu t ions (w here f ( x , y ) = 0) , and ana lyzin g stab i l i ty in cases w here an exp l i ci t sol u t ion is d i f ficu l t

or im p ossib l e to ob ta in . T he pattern form ed by the segm ents i l l ustrates how the rate of change dy /dx dep ends on

b oth the indep endent var iab le x and the dep endent var iab le y .
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Term -Sp ecif ic D ef in i t ion Strengths and W eaknesses

Study 2: A U D I T P rom pt

P r om p t V a r i a t i on

w i t h R an k i n g

D ef in i t i on St r en g th s D ef in i t i on W eak n esses

A U D I T P r om p t V 3

( R an k ed 1st )

M aximum rigor and com pleteness. Form al def-

inition of function dom ain, l inks to vector f ield

and existence/uniqueness theorem .

E xtrem ely dense and form al ; m ay be overly ad-

vanced for a f irst introduction in som e textbooks.

A U D I T P r om p t V 2

( R an k ed 2n d )

H igh form al precision, exp l icit dom ain specif i-

cation , and covers autonom ous equations and

isocl ines.

Very high level m ay be less im m ediately accessi-

ble to som e learners w ithout context.

C u m u l a t i v e T h i n k -

i n g P r om p t

( R an k ed 3r d )

Concise yet precise. I ntroduces formal elements

l ike m initangents and isocl ines ef fectively.

Slightly less expl icit about dom ain/interval condi-

tions for solutions com pared to AU D IT versions.

A U D I T P r om p t V 1

( R an k ed 4th )

C lear, thorough, and well-balanced between in-

tuition and formal description.

Less form ally rigorous than V 2/V 3 regarding

dom ain and explicit solution function def in ition .

D i r ect P r om p t

( R an k ed 4th )

Clear, balanced, and accessib le. Covers practical

use and qualitative analysis wel l .

Sl ightly less form al than top-tier def in itions.

Could be m ore exp l icit about dom ain and so-

lution function def inition.

Step -b y -Step

P r om p t

( R an k ed 6th )

E xcellent logical f low from construction to inter-

pretation. Strong explanatory hierarchy.

Sim ilar to persona aware; lacks the highest level

of form al mathematical specif ication.

E x cel l en t-

P r ofessor -A w ar e

P r om p t

( R an k ed 7th )

Clear, wel l-structured , and pedagogical ly sound.

Good f low and emphasis on understanding.

Sl ightly less form al and precise than others.

Lacks explicit m ention of dom ain or form al solu-

tion criteria.

N otes: Strength and weakness interpretations were created by chosen large language m odel against p redef ined m ath term
def in ition qual ity m etrics. D if ferent metrics w il l change the evaluation interpretations w ith corresponding ranking, which
can be reconf igured to meet dif ferent downstream task requirem ents.

Term -Sp ecif ic Qual i ty M etr ic Scores and R ank ings

Study 2: A U D I T P rom pt

Q u a l i ty M etr i cs A U D I T

V 3

A U D I T

V 2

C T P A U D I T

V 1

D P SSP E P

Term -Sp eci f ic A ver ag e Scor e 9 .77 9. 23 8 . 27 8 . 05 8 . 05 7 . 86 7 . 82

Term -Sp eci f ic R an k i n g 1 2 3 4 4 6 7

A b b r ev i a t i on s: CT P = Cumulative T hink ing Prom pt, D P = D irect Prom pt, SSP = Step-by-Step Prom pt, E P - E xcellent-
Professor-Aware Prompt

A .2.3 D ef in i t ion D em onstrat ion s for Study 3: P rofessor-R ank-A ware P rom pt

C ateg or y M ath T erm M ath Su b j ect

C on ten t Function A lgebra
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D ef in i tion Var iation - D istin gu ished-P rofessor-A ware P rom pt - R anked 1st

¥

you are a d i st in gu ished p rofessor teach in g col l ege level m athem atics, generate the def in i t i on of [term ]

in [sub j ect] w i th detai l ed m athem ati cal ex p lanations in one paragraph w i th used m ath sym b ol s in

L aT eX form at , m ake su re to fu l l y an d com p letely generate the d ef in i t i on , as trun cated def in i t i on is n ot

accep tab le.

Æ

I n al gebra, a functi on f from a set A to a set B , d enoted f : A → B , i s a sp eci f ic typ e of relat ion that assi gns to

each elem ent x i n the dom ain A exactly one elem ent y i n the codom ain B . T h i s un ique assi gnm ent is w r i tten as

y = f ( x ) , w here x i s the indep endent var iab l e ( or i npu t) and y i s the dep endent var iab le ( or ou tpu t) . Form al ly,

a function i s a set of ordered pai rs ( x , y ) w i th x ∈ A and y ∈ B , such that no two d i st in ct ordered pai rs have

the sam e f irst elem ent; that i s, i f ( x 1 , y1 ) ∈ f and ( x 1 , y2 ) ∈ f , then y1 = y2 . T h is cond i t ion ensures the crucial

p rop erty of wel l-def in edness, m ean in g for every i nput there i s a sin g le, unam b iguous ou tput. T he set of al l p ossi b le

in puts i s the dom ain dom ( f ) = A , th e set of al l actual ou tputs i s the range { f ( x ) | x ∈ A } ⊆ B , and the enti re

set B i s the codom ain . Functions are fundam enta l for m odel in g m athem ati cal rel at i onsh ips w here one quanti ty

determ in ist ica l l y d ep en ds on another .

D ef in i tion Var iation - Fu l l-P rofessor-A ware P rom p t - R anked 2nd

¥
you are a fu l l p rofessor teach in g col l ege level m athem ati cs, generate the def in i t i on of [term ] in [su b j ect]

w ith detai led m athem at ical ex p l anations i n one paragraph w ith used m ath sym b ols in L aTeX form at,

m ake su re to fu l l y and com p letely generate the def in i t i on , as truncated def in i t i on is not accep tab le.

Æ

I n al gebra, a functi on f from a set A to a set B , d enoted f : A → B , i s a relat ion that assigns to each elem ent x

i n the dom ain A exact ly one elem ent y i n the codom ain B . T h is un ique elem ent is cal l ed the im age of x under f

and is w ri t ten as y = f ( x ) . Form al ly, a funct ion is a set of ordered pai rs ( x , y ) w i th x ∈A and y ∈B , such that no

two d ist i nct pa i rs have the sam e f irst el em ent : i f ( x 1 , y1 ) ∈f and ( x 2 , y2 ) ∈f , th en x 1 = x 2 im p l ies y1 = y 2 . T h is

cond i t ion ensu res the unam b iguous assignm ent requ i red for a fun ct iona l rel at ionsh ip . T he set of a l l f irst elem ents is

the dom ain dom ( f ) = A , and the set of al l actual ou tpu ts i s the range ran ( f ) = { f ( x ) | x ∈A } ⊆ B . Funct ions are

fu ndam enta l for m odel in g dep enden cies b etween qu ant i t i es, w here each inpu t from the dom ain d eterm in es a sp eci f ic

ou tpu t in the codom ain .

D ef in i tion Var iation - E m er itus-P rofessor-A ware P rom p t - R anked 3rd

¥

you are an em eri tu s p rofessor teach in g col lege level m athem at ics, generate the def in i t ion of [term ]

in [sub j ect] w i th detai l ed m athem ati cal ex p lanations in one paragraph w i th used m ath sym b ol s in

L aT eX form at , m ake su re to fu l l y an d com p letely generate the d ef in i t i on , as trun cated def in i t i on is n ot

accep tab le.

Æ

I n al gebra, a functi on is form al l y def in ed as a relat ion b etween two sets, typ ical ly cal l ed the dom ain D and the

codom ain C , th at assigns to each elem ent x i n the dom ain exact ly one elem ent y i n the codom ain . T h is is denoted

by f : D → C , w here f i s the function’s nam e. T he un ique elem ent assigned to x i s w ri t ten as f ( x ) , read as ”f of

x ”, and is cal led the im age of x under f or the value of f at x . T he set of al l such im ages, { f ( x ) | x ∈D } , i s cal led

the range or im age of the function , w h ich is a subset of the codom ain ( I m ( f ) ⊆ C ) . T he def in in g p rop erty— that

each input has a sin g le ou tpu t— is expressed m athem ati cal l y as: i f ( x , y1 ) ∈ f and ( x , y2 ) ∈ f , th en y1 = y2 .

Functions are fundam enta l for m odel in g dep endencies b etween quanti t ies, w here the indep endent var iab l e x from

the dom ain determ ines the dep endent var iab le y = f ( x ) in the codom ain accord in g to a sp eci f ic ru le or m app in g .
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D ef in i tion Var iation - R esearch-P rofessor-A ware P rom pt - R anked 4th

¥

you are a research p rofessor teach in g col lege level m athem at ics, generate the def in i t ion of [term ] in

[su b j ect] w i th deta i l ed m ath em at ica l ex p lan at ions in one parag raph w i th u sed m ath sym b ols in L aTeX

form at , m ake su re to fu l l y an d com p letely gen erate the def in i t i on , as truncated def in i t i on is not accep t-

ab le.

Æ

I n al gebra, a functi on f from a set A to a set B , d enoted f : A → B , i s a sp eci f ic typ e of relat ion that assi gns to

each elem ent x i n the dom ain A exactly one elem ent y i n the codom ain B . T h i s un ique assi gnm ent is w r i tten as

y = f ( x ) , w here x i s the indep endent var iab l e ( or i n pu t) and y i s the dep endent var iab le ( or outpu t) . Form al ly, a

functi on is a set of ordered pa i rs ( x , y ) w i th x ∈ A and y ∈ B , such that no two d i st i n ct ordered pai rs have the

sam e f irst elem ent: i f ( x 1 , y 1 ) ∈ f and ( x 1 , y 2 ) ∈ f , th en y1 = y2 . T he set of a l l p ossib le in puts i s the dom ain

dom ( f ) = A , th e set of al l actua l ou tpu ts is the range ran ( f ) = { f ( x ) | x ∈ A } ⊆ B , and the enti re set B i s

the codom ain . Functi ons are fundam ental for m odel i ng m athem at ical relat ionsh ip s w here each inpu t determ ines a

sin g le, unam b iguous ou tput , such as in p ol ynom ia l funct ions f ( x ) = a n x n + · · · + a 1 x + a 0 , rat iona l funct ions, or

exp onent ia l fu nct ions.

D ef in i tion Var iation - E xcel lent-P rofessor-A ware P rom pt - R anked 5th

¥
you are an excel lent m ath p rofessor w ho are good at m ath teach in g , generate def in i t i on of [term ] in

[sub j ect] w i th detai l ed m athem ati ca l ex p lanat ions in one parag raph of app rox im ately 200 words w i th

used m ath sym b ols in L aTeX form at .

Æ

I n al gebra, a functi on is form al l y def in ed as a relat ion b etween two sets, typ ical ly cal l ed the dom ain D and the

codom ain C , th at assigns to each elem ent x i n the dom ain exact ly one elem ent y i n the codom ain . T h is is denoted

by f : D → C , w here f i s the funct ion’s nam e. T he un ique elem ent assi gned to x i s w r i tten as f ( x ) , read as

”f of x ”, and is cal l ed the im age of x under f . T he core def in in g p rop erty is that i f ( x , y1 ) ∈ f and ( x , y2 ) ∈ f ,

th en i t m ust b e that y1 = y2 ; th is i s the cond i t i on of b ein g wel l-def in ed or sin g l e-valued . T he set of al l actual

ou tpu ts, { f ( x ) | x ∈ D } , i s ca l led the range or im age of the function , w h ich i s a subset of the codom ain ( I m ( f ) ⊆

C ) . Funct ions are fundam enta l for m odel in g dep endencies w here one quanti ty ( the indep endent var i ab le from the

dom ain ) d eterm ines a un ique resu l t i n g quanti ty ( the dep endent var iab le in the codom ain ) .

D ef in i tion Var iation - A ssociate-P rofessor-A ware P rom pt - R anked 6th

¥

you are an associate p rofessor teach in g col lege level m athem ati cs, generate the def in i t ion of [term ]

in [sub j ect] w i th detai l ed m athem ati cal ex p lanations in one paragraph w i th used m ath sym b ol s in

L aT eX form at , m ake su re to fu l l y an d com p letely generate the d ef in i t i on , as trun cated def in i t i on is n ot

accep tab le.

Æ

I n algeb ra, a funct ion f from a set A to a set B , d enoted f : A → B , i s a relat i on that assigns to each elem ent x i n

the dom ain A exactl y one elem ent y i n the codom ain B . T h is un ique elem ent is ca l led the im age of x under f and

is w ri tten as y = f ( x ) . Form al l y, a function i s a set of ordered pai rs ( x , y ) w i th x ∈A and y ∈B , such that no two

d ist in ct p ai rs have the sam e f irst elem ent: i f ( x , y1 ) ∈ f and ( x , y2 ) ∈ f , th en y1 = y 2 . T h is ensu res the cr i t ical

p rop erty of wel l -def inedness, m ean in g every inpu t y ields a sin g le, unam b iguous ou tpu t. T he set of al l such outputs,

{ f ( x ) | x ∈ A } , i s cal led the range or im age of the function , w h ich is a subset of the codom ain B . Functions are

fundam ental for m odel i ng dep endencies b etween quanti t ies, w here x i s the indep endent var iab l e and f ( x ) i s the

dep endent var iab le.
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D ef in i tion Var iation - Teach ing-P rofessor-A ware P rom p t - R anked 7th

¥

you are a teach in g p rofessor teach in g col l ege level m athem atics, generate the def in i t i on of [term ] in

[su b j ect] w i th deta i l ed m ath em at ica l ex p lan at ions in one parag raph w i th u sed m ath sym b ols in L aTeX

form at , m ake su re to fu l l y an d com p letely gen erate the def in i t i on , as truncated def in i t i on is not accep t-

ab le.

Æ

I n algeb ra, a funct ion f from a set A to a set B , d enoted f : A → B , i s a relat i on that assigns to each elem ent x i n

the dom ain A exactl y one elem ent y i n the codom ain B . T h is un ique elem ent is ca l led the im age of x under f and

is w ri tten as y = f ( x ) . Form al l y, a function i s a set of ordered pai rs ( x , y ) w i th x ∈A and y ∈B , such that no two

d ist in ct p ai rs have the sam e f irst elem ent: i f ( x 1 , y1 ) ∈f and ( x 1 , y 2 ) ∈f , th en y1 = y2 . T h is ensu res the cr i t i cal

p rop erty of wel l -def in edness, m ean ing every i npu t y i el ds a si ng le, unam b iguous ou tpu t. T he set of al l p ossib le

ou tpu ts, cal l ed the range, is the subset of the codom ain B g iven by { f ( x ) | x ∈ A } . Functi ons are fundam ental

for m odel in g relat i onsh ips b etween quanti t ies, w here the indep endent var iab le x determ ines the dep endent var iab le

f ( x ) accord i ng to a sp eci f ic ru le, such as a p olynom ial f ( x ) = a x 2 + bx + c, an exp onenti al g ( x ) = ex , or a rat iona l

exp ression h ( x ) = 1
x − 1

(w i th dom ain restr ict ions) .

D ef in i tion Var iation - A ssistant-P rofessor-A ware P rom p t - R anked 8th

¥

you are an assistant p rofessor teach ing col lege level m athem atics, generate the def in i t ion of [term ]

in [sub j ect] w i th detai l ed m athem ati cal ex p lanations in one paragraph w i th used m ath sym b ol s in

L aT eX form at , m ake su re to fu l l y an d com p letely generate the d ef in i t i on , as trun cated def in i t i on is n ot

accep tab le.

Æ

I n algebra, a function i s a sp eci f ic typ e of rel at ion b etween two sets, typ ical ly cal led the dom ain and the codom ain ,

th at assi gns to each elem ent i n the dom ain exactl y one elem ent in the codom ain . Form al l y, a function f from a

set A ( the dom ain ) to a set B ( the codom ain ) i s a ru le or corresp ondence such that for every x ∈A , th ere ex i sts a

un ique y ∈ B w i th y = f ( x ) . T h is un iqueness cond i t i on m eans f i s wel l-def in ed : i f x 1 = x 2 , th en f ( x 1 ) = f ( x 2 ) .

T he set of al l p ossib le ou tpu ts is cal l ed the range or im age, d ef in ed as { f ( x ) | x ∈ A } ⊆ B . Funct ions are often

den oted by f : A → B , and can b e rep resented a lgeb rai ca l l y by ex p ressions l i ke f ( x ) = x 2 + 3, g raph ica l l y as cu rves

or p oints in the Cartesi an p lane satisfy i ng the vert ica l l i ne test, or as sets of ordered pai rs { ( x , f ( x ) ) | x ∈ A }

w here no two d ist in ct p ai rs have the sam e f irst elem ent. K ey p rop ert ies include in j ect iv i ty ( one-to-one: f ( x 1 ) =

f ( x 2 ) = ⇒ x 1 = x 2 ) , su r j ecti v i ty ( onto: for every y ∈ B , th ere ex ists x ∈ A such that f ( x ) = y ) , and b i j ecti v i ty

( b oth one-to-one and onto) , w h ich determ ines invertib i l i ty.

D ef in i tion Var iation - Lecture-A ware P rom p t - R anked 9th

¥
you are a l ectu rer teach in g col l ege l evel m ath em at ics, generate th e def in i t i on of [term ] in [sub j ect] w i th

detai l ed m athem atical exp lanations in one paragraph w i th used m ath sym b ols i n L aTeX form at, m ake

su re to fu l l y an d com p letely generate the def in i t i on , as truncated def in i t i on is not accep tab le.

Æ

I n al gebra, a functi on f from a set A to a set B , d enoted f : A → B , i s a sp eci f ic ru le or corresp ondence that

assi gns to each elem ent x i n the dom ain A exactl y one elem ent y i n the codom ain B . T h is assi gned elem ent i s

cal l ed the im age of x under f and i s w ri tten as y = f ( x ) . T he fundam ental d ef in in g p rop erty is that i f ( x , y1 ) ∈f

and ( x , y2 ) ∈ f , th en y1 = y2 , en su r in g the ou tpu t i s un ique for a g i ven inpu t. T he set of a l l such ordered pai rs

( x , f ( x ) ) i s ca l led the graph of the functi on . T he range of f , a subset of the codom ain B , i s the set { f ( x ) | x ∈A }

of al l actual ou tpu t va lues. Functi ons are the p r im ary tools for m odel in g relat ionsh ip s b etween quanti t i es, w here a

change in the indep endent var iab le x determ ines a sp eci f ic change in the dep endent var iab le y .
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Term -Sp ecif ic D ef in i t ion Strengths and W eaknesses

Study 3: P rofessor-R ank-A ware P rom pt

P r om p t V a r i a t i on w i t h

R an k in g

D ef in i t i on Str en g th s D ef in i t i on W eak n esses

D i st in g u i sh ed P r ofessor

( R an k ed 1st )

E xem plary balance of form al precision,

com pleteness, and clarity. E xpl icitly de-

f ines dom ain, codom ain, range, and wel l-

def inedness w ith f law less f low.

M inim al. Sl ightly verbose com pared to the

most concise versions.

Fu l l P r ofessor

( R an k ed 2r d )

H ighly precise and logical ly ordered. E x-

cel lent form al statem ent of the uniqueness

condition and clear distinction of dom ain,

codomain, and range.

Very m inor: the form al condition uses x 1 =

x 2 im pl ication, which is sl ightly less direct

than the x = x version.

E m er i tu s P r ofessor

( R an k ed 3r d )

Clear, correct, and well-structured. Strong

form al def in ition w ith consistent term inol-

ogy and excel lent academ ic tone.

Slightly less precise in variable nam ing (D ,

C vs. A , B ) and the form al condition state-

ment is less direct than the top versions.

R esear ch P r ofessor

( R an k ed 4th )

Solid form al def in ition w ith good precision .

I ncludes helpfu l contextual exam ples (poly-

nom ial, exponential functions) .

E xam ples, while helpful for context, sl ightly

reduce abstraction. Sl ightly less f lu id hier-

archy than top versions.

E x cel l en t P r ofessor

( R an k ed 5th )

C lear, form al ly correct, and wel l-phrased.

G ood em phasis on the core well-def inedness

condition.

G ood but not exceptional in any single m et-

ric. Lacks the distinctive com pleteness or

exem plary f low of the top def in itions.

A ssoci ate P r ofessor

( R an k ed 6th )

Clear, correct, and concise. E f fectively cov-

ers core concepts (dom ain , codom ain , range,

well-def inedness) w ithout extraneous detai l .

Slightly less detai led than top-tier def in i-

tions. D oes not exp licitly separate the con-

cepts of ’rule’and ’set of pairs’ as clearly.

T each er P r ofessor

( R an k ed 7th )

C lear and accessib le, w ith concrete exam -

ples and expl ici t m ention of dom ain restric-

tions, aid ing comprehension.

E xam ples reduce abstraction level . Sl ightly

less form al precision and rigor than h igher-

ranked def initions.

A ssi stan t P r ofessor

( R an k ed 8th )

M ost com prehensive, introducing key prop-

erties ( in jectiv ity, surjectiv i ty) and multip le

representations (algebraic, graphical , set) .

Lower abstraction due to extended dis-

cussion of properties and representations.

Som e term inology inconsistency (sw itches

between ’rule’and formal set def in ition) .

L ectu r e-A w ar e-P r om p t

( R an k ed 9th )

Clear and straightforward, focusing on the

core rule-based idea and the graph. A cces-

sib le for introductory levels.

Lower rigor and precision; rel ies on ’rule’

concept w ithout fu l ly form alizing it as a set

of pairs. Less suitable for advanced notes.

N otes: Strength and weakness interpretations were created by chosen large language m odel against p redef ined m ath term
def in ition qual ity m etrics. D if ferent metrics w il l change the evaluation interpretations w ith corresponding ranking, which
can be reconf igured to meet dif ferent downstream task requirem ents.
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Term -Sp ecif ic Qual i ty M etr ic Scores and R ank ings

Study 3: P rofessor-R ank-A ware P rom pt

Q u a l i ty M etr i cs D -P F -P E -P R -P E x -P A o-P T -P A i-P L ect

Term -Sp eci f ic A ver ag e Scor e 9. 50 9. 36 9 . 09 8 . 91 8 . 64 8 . 55 8 . 50 8 . 27 8 . 09

Term -Sp eci f ic R an k i n g 1 2 3 4 5 6 7 8 9

A b b r ev i a t i on s: D -P = D istinguished-Professor-A ware Prom pt, E -P = E m eritus-Professor-A ware Prom pt, F -P = Ful l-
Professor-A ware Prom pt, R -P = R esearch-Professor-A ware Prom pt, T -P = Teach ing-Professor-A ware Prom pt, A o-P =
A ssociate-Professor-A ware Prompt, A i-P = A ssistant-Professor-A ware Prom pt, Lect = Lecturer-A ware Prom pt, E x-P =
E xcel lent-Professor-A ware Prompt

A .3 P rom pt Construction and E xp er im ent R eproduction

W hen attempting to replicate or extend these baseline and proposed prompt methods,

readers should be aware of several critical factors that inf luence the generation outcomes:

A .3.1 C onsiderat ions for P rom pt E ng ineer ing

To achieve superior generation results, readers are strongly advised to:

• E ng ineer P rom pt M anual ly or w ith LL M s: Construct and optimize the proposed

and baseline prompt manually or with the help of large language models

• I terate on p rom p t word ing : M odify the exact phrasing and structure of prompts

to better align with the target LLM ’s instruction-following patterns

• A d just tem p eratu re sett in gs (W hen app l ied w ith A gent and A P I ) : Lower

temperatures (e.g. , 0.1 - 0.3) produce more deterministic and focused outputs, while

higher temperatures (e.g., 0.7 - 1.0) generate more diverse and creative content

• E xp er im ent w ith p rom p t in struction order in g : The sequence of instructions

within a prompt can signif icantly impact output quality

• Test across d i f ferent m odels: Generate def initions using multiple LLMs (e.g.,

Qwen, DeepSeek, ChatGPT , Gemini) and compare results.

• Val idate m athem atical accuracy : A lways verify generated def initions against

standard textbooks and lecture notes, as LLM s may occasionally produce seemingly

fantastic but mathematically imprecise content

A .3.2 E volv in g LLM Capab i l i t ies

Large language models are continuously being updated with changing capabilities. W hile

most (mathematical) reasoning and instruction-following abilities are enhanced over time,

some specif ic capabilities may be decreased or even eliminated in newer versions. Readers
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should note that the outputs presented in this appendix were generated using specif ic

model versions and may not be reproducible exactly with later versions.

A .3.3 P robab i l i st ic N atu re of LLM G eneration

Due to the inherent probabilistic nature of LLM inference, each run produces dif ferent

outputs. Even with identical prompts and settings, no exact generation can be guaranteed.

The stochastic sampling process introduces variation in:

• The specif ic wording and phrasing of def initions

• The selection and presentation of mathematical examples

• The ordering and emphasis of explanatory details

• The completeness and depth of the generated content

I f readers are not satisf ied with a particular generation, they are encouraged to

regenerate the output multiple times or modify the prompts to achieve better results.

A .3.4 LLM -Sp eci f ic B ehav iors

Dif ferent LLM s exhibit varying behaviors in:

• I n struction understand ing : The ability to correctly parse and follow complex

prompt structures

• M athem atical reason in g : Accuracy and rigor in generating mathematical content

• Form at adherence: Compliance with specif ied formatting requirements (paragraph

length, LaTeX usage, etc.)

• Sequential th in k ing : Ef fectiveness in following multi-step reasoning instructions

• R ole adherence: Ability to adopt and maintain specif ied personas (e.g., “research

professor,” “excellent professor”)

Readers are encouraged to adapt these prompt strategies to their specif ic research

domains and content generation needs, keeping in mind the evolving nature of LLM

capabilities and behaviors and the importance of human verif ication of generated content.
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