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This doctoral dissertation systematically investigates how distinct prompt strategies enhance the
large language model's abilities in generating high-quality mathematical definitions, a
foundational yet cognitively demanding task in college-level math learning for artificial intelligence|
lAcross three sequential studies, the research establishes that both the structure of reasoning
(linear reasoning and iterative reasoning) and the precision of contextual specifications
(fine-grained professor-aware-persona assignments) fundamentally shape how an LLM navigates
its internal reasoning space to produce high quality outputs. By introducing and statistically
validating three novel prompt strategies, the Cumulative Thinking Prompt, the AUDIT Prompt,
and the Professor-Rank-Aware Prompt, the dissertation provides evidence-based, training-free
approaches for enhancing model performance on knowledge-intensive tasks, with direct
applications in educational and technical domains and contribute positive social impacts on STEM
math learning and tutoring. The dissertation includes six component chapters which will be

introduced in the following paragraphs.

Chapter 1 introduces the motivation, objectives, and dissertation outline, framing mathematical
definition generation as a reasoning navigation problem within the vast parametric knowledge
space of LLMs. It identifies a critical gap in existing prompt strategies, which typically treat
definition generation as a one-pass process lacking mechanisms for structured knowledge
accumulation, iterative refinement, or optimized persona specification. The chapter then outlines
three sequential research objectives: (1) developing a linear reasoning method with pre-generation
knowledge accumulation (Cumulative Thinking Prompt), (2) designing an iterative reasoning
framework with recursive quality audits (AUDIT Prompt), and (3) investigating the impact of]
fine-grained versus coarse-grained persona specifications (Professor-Rank-Aware Prompt). Finally,
it describes key challenges addressed, including the construction of a large, balanced dataset
spanning 18 mathematical subjects (439 terms in Study 1, expanded to 921 terms in Studies 2 and|

3) and a validated, multi-metric automatic evaluation framework.

Chapter 2 presents the Cumulative Thinking Prompt study, which introduces a linear reasoning|

method that instructs the LLM to perform five sequential knowledge-recalling steps, progressing
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from essential to abstract understanding, before generating a final mathematical definition.
Evaluated across 439 mathematical terms and compared against three baselines (Direct Prompt,
Excellent-Professor-Aware Prompt, and Step-by-Step Prompt), the Cumulative Thinking Prompt|
achieved superior performance, with an average holistic relative score of 104.11% against the
lowest-performing baseline. The chapter concludes that structured knowledge accumulation prior
to generation serves as an effective cognitive scaffold, guiding the model toward optimal reasoning
subspaces and demonstrating that deliberate preparatory reasoning yields measurable

improvements in definition quality.

Chapter 3 proposes the AUDIT Prompt, an iterative reasoning framework that incorporates
recursive quality audits and refinement cycles into the generation process. Unlike linear reasoning
methods, this approach generates an initial definition, conducts a structured quality audit,
produces a refined definition, performs a second audit, and delivers a final refined definition.
Evaluated on an expanded dataset of 921 mathematical terms, AUDIT V3 achieved a holistic
relative performance of 114.42% against the baseline (Excellent-Professor-Aware Prompt),
outperforming the Cumulative Thinking Prompt by 11.61 percentage points while demonstrating
exceptional stability (standard deviation of 0.058). The chapter establishes that iterative reasoning
with explicit feedback mechanisms enables dynamic adjustment of reasoning paths, producing
substantially higher and more consistent quality than linear reasoning approaches for tasks

requiring formal precision and conceptual completeness.

Chapter 4 investigates the role of persona specificity through the Professor-Rank-Aware Prompt,
framework, examining eight fine-grained academic rank specifications from Distinguished
Professor to Lecturer. The results reveal a clear performance hierarchy aligned with academic
seniority: Distinguished Professor achieved 106.3% relative performance, Emeritus Professor
103.8%, Full Professor 103.1%, Associate Professor 99.4%, Teaching Professor 99.0%, Assistant
Professor 97.4%, and Lecturer 97.2%, benchmarked against a coarse-grained "Excellent Professor"
baseline. Critically, four higher-ranked variations outperformed the baseline, while four
lower-ranked variations underperformed, confirming that general, untested persona settings are
suboptimal. The chapter concludes that precise persona specifications serve as effective navigation
signals, guiding models toward reasoning subspaces containing more valuable mathematical

information.

Chapter 5 synthesizes the findings across all three studies, discussing what has been achieved and
what should be improved. The Cumulative Thinking Prompt established that linear, structured
knowledge accumulation enhances definition quality; the AUDIT Prompt demonstrated that
iterative reasoning with recursive refinement yields superior and more stable performance; and the

Professor-Rank-Aware Prompt revealed that fine-grained persona specifications fundamentally
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shape model navigation of the reasoning space. The chapter acknowledges key limitations,
including the computational cost of iterative refinement cycles, the need for adaptive termination
strategies, the focus on formal mathematical quality metrics that may not fully capture pedagogical
clarity for diverse learner populations, and the Western-centric academic ranks used in the persona

study. These limitations point to specific areas requiring methodological refinement in future work.

Chapter 6 explores future directions, envisioning the synergistic integration and dynamic selection
of the three research methodologies. Expected advances include hybrid frameworks that combine
linear and iterative reasoning with context-aware persona selection, adapting strategies based on|
task complexity and real-time quality assessment. Another direction involves multi-agent
collaboration where distinct personas with specialized reasoning behaviors work together to
navigate the reasoning space. The professor-rank framework could be extended to diverse learner
populations. Finally, the systematic methodology developed across the studies provides a template
for optimizing LLM behavior in other domains requiring precise, structured outputs, such as

scientific writing, code generation, legal drafting, and medical report synthesis.

In summary, this dissertation makes three interconnected social contributions to prompt
engineering for knowledge-intensive tasks. It demonstrates that linear reasoning with structured
pre-generation knowledge accumulation (Cumulative Thinking Prompt), iterative reasoning with
recursive quality audits (AUDIT Prompt), and fine-grained persona specifications
(Professor-Rank-Aware Prompt) each offer distinct, empirically validated advantages for|
mathematical definition generation. Collectively, the findings establish that deliberate prompt
design, specifically, controlling the trajectory of reasoning and the precision of context, provides a
reliable, training-free pathway to elicit high-quality outputs from large language models, with
significant implications for educational technology and automated content generation, thus

introducing positive social impacts
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