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1. Introduction

Let us consider the following Cauchy problem for a dissipative wave equation with a time dependent
coeflicient:

(3,52 - A+ b(t)@t) u(t,x) =0, (t,z) € (0,00) x R",

U(O,CC) = UO(-’ﬂ), 8tu(0,33) = u1<x)7 z € R", (1.1)

where A = Z?=1 c’ﬁj. Then the total energy of the solution of (1.1) at ¢t € Ry := [0, 00) is defined by

1
B(t;u) = 5 (IVult, )I* + |9sutt 2)|I)
where V = %(0,,,...,0;,) and || || denotes the usual L*(R™) norm.
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Multiplying the equation of (1.1) by d:u(t,x) and integrating over R™ gives us the following equality:

d 2

Bt ) = =b(t) [9pu(t, )" (1.2)
The dissipative term b(¢)9;u(t, z) in equation (1.1) represents the resistance force opposite to the direction
of motion, so the coefficient b(¢) is usually assumed to be b(t) > 0. In that case, we see from (1.2) that E(t; u)
decreases monotonically with respect to ¢. Moreover, the following facts are trivial by ||Osu(t, )| < 2E(¢;u)
and Gronwall’s inequality.

o Ifb(t) = 0, that is, equation in (1.1) is free wave equation, then the energy conservation E(t;u) = E(0;u)
holds.

o E(t;u) > exp(—2 fot b(s)ds)E(0;u) is valid, it follows that the decay order of E(t;u) is at most
exp(—2 fot b(s) ds).

o If [P b(s)ds < oo and E(0;u) > 0, then limy_,oc E(t;u) > 0, that is, E(t;u) does not decay to 0 as
t — oo.

Taking them into consideration, the problem we should consider are whether lim;_, ., E(t;u) = 0 holds
under the assumption [ b(s) ds = oo, and further whether the decay order is exp(—2 fot b(s)ds) ast — oo.
For a positive and monotone decreasing function 7(t) satisfying

lim n(t) =0

t—o0

and a positive constant Ey = E(ug,u1), we call the estimate
E(t;u) < n(t)Eo (1.3)

the energy decay estimate, where f < g for positive functions f and g denotes that there exists a positive
constant C such that f < Cg. Moreover, f ~ g denotes that if f < g and g < f hold. Our main interest in
the problem of energy decay estimate for (1.1) is the relation between the dissipative coefficient b(¢) and the
decay order 7n(t). There are many results on this type of problem, and we will introduce some representative
results that are closely related to the research topic of this paper. In the results presented below, Ey in (1.3)
is given by

Eo = E(0;u) + [luo(-)[|*. (1.4)
If b(t) is a positive constant, then (1.4) with n(t) = (1 +¢)~1 is valid ([9]). If b(t) is given by
b(t) = o1+ 1) (1.5)
with a positive constant g, which is called weak dissipation, then (1.4) with
n(t) = (14 1) mint2wuol (1.6)
is valid. For more general b(t) € C*(R) and po € (0,2], if the following conditions hold:
b(t) = po(1+8)~" and (uo — 1)(ko —2) = (ko — 1)(1 +1)b(t) — (1 +)*V'(t) = 0, (1.7)

where (1.7) corresponds to po < 2 in the case (1.5), then (1.3) with n(¢) = (1 +¢)~#° is also valid ([10,14]).
These classical results are proved by so-called energy method and can be generalized to cases where the
coefficient depends on not only time variable but also spatial variables.
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If the dissipative coefficient depends only on ¢, as in our model, more precise considerations have been
done in [5,7,15-17]. According to these, the characteristics of the equation change significantly depending
on the order of b(t) as t — oo. Specifically, when the rate of decrease is slower than (1 +¢)~!, the effect
of the dissipative term becomes larger and the equation becomes parabolic-like, so that the decay order is
given by 1/( fg 1/b(s)ds). A dissipative term with such a strong effect is called effective dissipation, whereas
if b(t) behaves as in (1.5), the dissipation is called non-effective. As we consider a non-effective dissipation
in this paper, this problem will be discussed in more detail below.

The typical dissipative coefficient b(t) we consider is the following function of weak dissipation (1.5) with
an oscillating error term o(t):

b(t) = po(1 +t) "t +o(2). (1.8)

The effect of o(t) has been studied in [15,16], and roughly speaking, the effect can be ignored for the decay
estimate (1.3) with (1.6) if the following conditions hold:

t

sup /J(s)ds < o0, (1.9)
>0 |/

oct)=o0(t"") and |o'(t)| =0 (t72) (t— o0). (1.10)

We call very slow oscillation (=VSO) if (1.10) holds. In general, VSO for the dissipative coefficient is
considered to be essential for the energy estimates. In fact, in [12], an example is presented that the energy
is unbounded with respect to ¢t in the following wave equation with time dependent propagation speed,
which is obtained by transforming (1.1), when the corresponding VSO do not hold:

(07 — a(t)*A) w(t,z) =0, (1.11)

where a(t) € C*(R,), infi{a(t)} > 0 and sup,{a(t)} < oo. However, VSO in (1.11) is not necessarily
necessary if we add the following condition, which is called stabilization condition introduced in [6]:

t
there exists a > 0 such that /|a(s) — ool ds = o(t) (t = o0). (1.12)
0

The following theorem was obtained by introducing conditions corresponding to (1.12) into the problem of
energy decay estimate for (1.1).

Theorem 1.1 (Theorem 5.1 [7]). Let b(t) € C™(Ry.) with m > 1. If there exist real numbers po, o and weo
satisfying 0 < po <1 and 0 < a < 1 such that o(t) defined by (1.8) satisfies (1.9),

t s
/ exp /U(T) dr | —weo| ds S (14+1)° (1.13)
0 0
and
\N)(t)’ <A+~ FD8 (k=0,...,m) (1.14)
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m 1
> = =
6_50 60(a7m) m+1a+m+1a

(1.15)
then (1.3) with n(t) = (1 +t)~#° is valid.

Here we note that (1.13) with a = 1 is trivial by (1.9). If « = 1 or m = 0, then fy = 1, which
is approximately VSO. On the other hand, if @« < 1 and m > 1, then By < 1, which is definitely not
VSO. Moreover, By is monotone decreasing with respect to m. Thus, by adding the assumption of higher
differentiability and decay of higher derivatives for o(t), 5y becomes smaller; that is, if we focus only on the
condition k£ = 0 in (1.14), the restriction on the order of the amplitude of o(t) is weakened. An interesting
aspect of this result is that the order of the oscillating term o(¢) need not necessarily be less than the order
of the principal part po(1+t)~!. It follows that b(t) can be negative, and then (1.2) means that the energy
increases, but the order of 7)(t) is consequently the same as in the case o(t) = 0.

The assertion of the main theorems of this paper, which will be introduced in the next chapter, is that
the energy decay estimate (1.3) can be obtained though the order of the amplitude of o(¢) does not satisfy
the assumption of Theorem 1.1. The new approaches to achieving this is to extend the condition (1.13) and
introduce a new function space for the initial data.

2. Main theorems and examples
2.1. Main theorems

Let us introduce the following three properties for the dissipative coefficient b(t) based on the assumptions
introduced in [7].

(A1) Non-effective damping condition: There exist 7' > 0 and u(t) on Ry satisfying

sup{(1 +t)u(t)} =:po <1, p(t) >0 and p'(t) <0 forany t > T
t>T

such that the [;(b(t) — u(t)) dt converges; we shall call u(t) the principal part of b(t).
(A2) Stabilization condition: The oscillating part of b(t) defined by

satisfies

]O 70(7') dr| ds < oo.

S

(A3) C™-property: b(t) € C™(R).

Here we note that (Al) is a generalization of (1.8) with up < 1 and (A2) is the assumption corresponding
to the case v = 0 in (1.13) with wee = exp( [, o(7) d7).

Theorem 2.1. Let (ug,u;) € H' x L%, and b(t) satisfy (A1), (A2) and (A3). If there exist a positive and
strictly increasing continuous function ©(t) and a positive and monotone continuous function Z(t) such
that
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/ /J(T) dr| ds < O(t)™ (2.1)
t s
d—kb(t) <E@W (k=0,...,m) (2.2)
dtk - 9 ) b
= (t)}
su < 00 2.3
o ) 23
and
t
sup @(2&)77"/5(8)’”+1 ds p < o0, (2.4)
>0
0
(2.5)

then the following energy decay estimate with (1.4) is established:
t

E(t;u) < Epexp —//I,(S) ds
0

The comparison of Theorem 2.1 and Theorem 1.1 will be explained later with specific examples, but

generally speaking, (2.1) is an extension of (1.13) to the case o < 0, (2.2) corresponds to (1.14), (2.3) is the
assumption corresponding to o < Sy, which is clear from (1.15), and (2.4) is the assumption corresponding

to (1.15).

In previous studies on the energy decay for linear dissipative wave equations, the initial data was generally
set to (ug,u1) € H' x L2. In contrast, the second main theorem of this paper asserts that if the initial data
belong to a more restricted function space than H' x L2, it may be possible to obtain some kind of energy

r

decay estimate though the order of the amplitude of o(t) does not satisfy the assumptions of Theorem 2.1.
Let p be a positive and strictly increasing continuous function on R and satisfies that lim, o, p(r) = 0o
(2.6)

and

is strictly increasing; such a function p is referred to as a weight function here. Let us define the Fourier
transform of f with respect to the spatial variables as follows and denote it as f:
e f(x) da.

f&)=(2m)3
Rn

For a positive real number k and a weight function p, we define the space of initial data H(p, k) by

H(p, k) = {(umul) cH'xL?; ([ (w0, wi)ll34(pm) < oo}7

1
2

where
(w0, w13y, ) = /62””('5') (L4 [€1%) lao (O + |a1(&)[?) dg

n

Moreover, we define H(p, c0) by
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H(p,00) := ﬂ H(p, K).

k>0

Here the following lemma is trivial from the definition of H(p, k):

Lemma 2.2. The following properties are valid:

(i) If 0 < k1 < Ko < 00, then H(p, k) C H(p, K1)-
(it) If the weight functions p and p satisfy im, oo p(r)/p(r) = 0, then H(p, k) C H(p,o0) for any £ > 0.
(iii) If p(r) = log(e + 1), then H(p, k) = H"TL x H* where H* is the usual Sobolev space of order k.
(iv) Let v > 1 and p,(r) := (1 + 7). If uy and uy are support compacted Gevrey class of order v, then
there exists k > 0 such that (ug,u1) € H(py, k) (see [15]).

Theorem 2.3. Let (ug, u1) € H(p, 00) for a weight function p, and b(t) satisfy (A1), (A2) and (A3). If there
exist a positive and strictly increasing continuous function ©(t) and a positive and monotone continuous
function 2(t) such that (2.1), (2.2),

=(t)
igg{(‘l (9(15))} = (27)
and
& t =(s)™ 1 s 00

where ¢ is defined by (2.6), then there exists ko > 0 such that the energy decay estimate (2.5) with Ey =
||(U0,U1)||3{(p ro) 8 established.

2.2. Ezxamples

Let us consider the conditions under which Theorem 2.1 and Theorem 2.3 can be applied to specific
examples of O(t), Z(t) and (7).

Example 2.4. Let m be a positive integer. For « < 0, 5 <1, 8 # 1/(m+1) and v > 1, we define O(t), =(t)
and ((r) by

N

Ot) =1+t Z@t)=01+t)"" and {(r)=r(1+7)"", (2.9)
that is, p(r) = p,(r), where p, is defined in Lemma 2.2.
(i) fam — B(m+1)+1 <0, that is,

m n 1
o
m—+1 m-+1’

B> Bo = Pola,m) := (2.10)

then (2.3) and (2.4) are valid, hence Theorem 2.1 is applicable.
(i) fam—B(m+1)+14+alm+1)/(v—1) <0, that is,

- - m 1 1
> = =
6fﬁ0 ﬂO(avmvl/) (m—|—1+l/—l>a+m+1’
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then (2.7) and (2.8) are valid, hence Theorem 2.3 is applicable.

Since (2.10) is the same as (1.15), Theorem 2.1 and Theorem 2.3 can be considered as extensions of Theo-
rem 1.1 for a < 0. Moreover, for a < 0, we note the followings.

« Bo > fho.
e [y and By are monotone decreasing with respect to m and monotone increasing with respect to a.
. 50 is monotone increasing with respect to v and lim, BO = fo.

Next, we will introduce some concrete examples of the dissipative coefficient b(¢) that can be applied to
Theorem 2.1 and Theorem 2.3. For simplicity, we will consider specific examples of o(t) in the case of (1.8)
with 0 < po < 1, and paying particular attention to the order of the amplitude of o(t) described by the
parameter p in the following examples.

Example 2.5. For p > —1, ¢ > 1 and a positive integer m, we define o1(t), ©1(t) and =1(¢) on R4 by

o1(t) == (1+ t)Psin(1 + )7, (2.11)

O1t) =1+, ar=p—q+2,
—p+qg—1

ZW) =014+t and B = —q+1
1(t) =1 +6)"7 and B ¢+1+—"

)

where 81 # 1/(m + 1). Let b(t) be given by (1.8) with o(t) = o1(¢), and suppose that
p<q—2.

Then, for any positive integer m, there exists a positive constant C; such that (2.1) and (2.2) are valid for
O(t) = C164(t) and Z(t) = C1Z1(t) by Lemma 4.1 and Lemma 4.2 in Appendix. Moreover, if

arm —fi(m+1)+1=(p+1)(m+1) <0,
that is,
p<pii=-1, (2.12)
then (2.3) and (2.4) are valid by Example 2.4 (i), and thus Theorem 2.1 can be applicable.

When applying o(t) defined in Example 2.5 to Theorem 2.1, Example 2.4 (i) requires (2.12), it follows
that |o(t)| < (1+¢)~t. Thus o(t) must be almost VSO and the order is the same or less than the principal
part po(1 +¢)~1. In such a case, many results are already known and Theorem 2.1 does not provide any
new advances. For example, [1] and [5] provide more detailed consideration of o(t), which is closer to VSO.
In [1], the relationship between a more general principal part, which can be introduce logarithmic order, an
oscillating part and the decay order of the energy is studied. In [5], the energy decay estimate for the case
that (1+t)|o(t)| < po is investigated in detail.

Example 2.6. Let o(t), ©(t) and =(t) be the same as in Example 2.5, and p(r) = p,(r) with v > 1. Since
C(r) = (L4 m)r= /v, i

alm—ﬁl(m+1)+1—|—a <0

— )

v—1
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that is,
-1
p<-1+1=
v
then (2.7) and (2.8) are valid by Lemma 4.3, and thus Theorem 2.3 can be applicable.
Example 2.6 tells us that if (ug,u1) € H(p,,00), then the dissipative coefficient b(t):
b(t) = po(1+ )"+ (1 + )P sin(1 + ¢)9, (2.13)

where

q—1
v

L 1
p1=pi(qv) =p + qT =—-1+ (2.14)

satisfies the assumptions of Theorem 2.3 even though p; > 0 if ¢ > v + 1, thus the decay estimate (2.5)
holds. Here, we emphasize that, no results of such an energy decay estimate have been known when b(t) is
given by (2.13) to the best of the author’s knowledge.

The following o(t) is an example that the contribution of C™-property (A3) can be confirmed when

Theorem 2.1 and Theorem 2.3 are applied.

Example 2.7. Let m be a positive integer and x(7) € C™([0, 1]) satisfy

1
maxe {[x()]} = 1. [xmydr =0 and WO = KB =0 k=0,....m).
7€|0,

0

Forp>—1,¢>1,r>1and h >0, we define {t,}°°;, {N,}°2; and o2(t) € C™(R) by
th =n", N, = |n"]
and

o X (tN(E—tn)), tE [tn,tn + Naty Y] (n=1,2,...), 2.15)
g2 = .
0, te Ry \Us [tn, tn + Nyt 71,

where it must be satisfied for t,, + N,t,; 91 <, that
h<rq-—1.

Let b(t) be given by (1.8) with o(t) = 02(t). Then, by Lemma 4.4 and Lemma 4.5, there exists a positive
constant C7 such that (2.1) and (2.2) are valid for O(t) = C1603(t) and Z(t) = C1.51(t) with

. h+1 h+1
Os(t) = (1 +1t)7 2, agzal—q+T:p—2q+2+T. (2.16)

Here we note that p and ¢ in (2.15) are parameters describing the amplitude and oscillating speed of o5(t),
respectively, corresponding to those in o (¢) defined in (2.11), because (2.2) is valid for the same Z(t) as in
Example 2.5. The new parameters r and h describe the time when the oscillation speed switches and the
length of the oscillation intervals, respectively. If the following inequality holds:
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agm — fi(m+1)+1<0,

that is,

m h+1
< = h = —1 —_
D =Dp2 pQ(Q7T7 vm) +m+1 (q r )a

then (2.3) and (2.4) are valid by Lemma 4.6, and thus Theorem 2.1 can be applicable. For p(r) = p,(r), if

as(m+1
Olgm*ﬂl(m+1)+1+%§0,
that is,
- - q—1 m 1 h+1
< Py = h =1 —
Y2y ) pQ(q7ra 7m,V) + v + (m+1 +V(m+1)) <q r )

5 m_ 1 _h+1
P m+1 vim+1) e ro )’

L i+l
bz v vim+1) ? r )’

then (2.7) and (2.8) are valid by Lemma 4.7, and thus Theorem 2.3 can be applicable.

The maximum value of p for the amplitude parameter of ¢(¢) in Example 2.5, Example 2.6 and Exam-
ple 2.7 can be summarized as follows:

Theorem 2.1 Theorem 2.3
o1(t) pr=-1 p=-1+21
m ~ —1 m
oat) po=—14 5 (=) =1+ T (G ) (- )

o If 0(t) = 01(t) with p = p1 or o(t) = 02(t) with p = ps or p = pa, then the following hold:

) o(t)
lim sup ———+— = o0.
t—00 /J/O(1 + t)

Thus o(t) is no longer small perturbation in the sense of L°.

e D1, p2 and P are monotone increasing with respect to ¢, that is, faster oscillation allows for larger
amplitudes. The contribution of such fast oscillations for the energy decay estimate is also suggested in
[5] for oy (¢) with p = —1.

e Py and P9 are strictly decreasing with respect to v, and the following hold:

lim p; =p; and lim ps = po.
V—r00 V—r00
o If h <rg—1, then ps and ps are monotone increasing with respect to m. On the other hand,

p2|h:rq—1 =P and ﬁ2|h:rq—1 = p1,

which implies that the contribution of m cannot be expected if o5(t) is oscillating without rest.
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Actually, the space of initial data H(p,,00) was introduced to consider the well-posedness of the initial
value problem for the wave equation (1.11) with coefficient that has a singularity such as degeneracy and
non-Lipschitz continuity ([2,3]). Indeed, such singularity of the coefficients may cause loss of regularity of
the solution as time evolves, so the initial data should be sufficiently smooth functions, such as functions in
the Gevrey class. The L? well-posedness for the Cauchy problem (1.1) is trivial since b(t) € C*(R ), hence
it is not necessary to introduce the initial data in H(p,,o0) for the well-posedness. On the other hand,
Theorem 2.3 is a result showing the contribution of taking initial data in H(p,,00) for the energy decay
estimate, and no such result exists as far as the authors know. Incidentally, the contribution of the initial
data in the Gevrey class for the asymptotic stability of the energy for the Cauchy problem of (1.11) with
non-singular coefficient is studied in [4].

3. Proof of theorems
3.1. Outline of the proof

Before starting the proof of the main theorems, we introduce an outline of the proof and a key proposition.
By partial Fourier transformation with respect to the spatial variables and denoting

v(t,§) = u(t,§), vo(§) =1o(§) and vi(§) = @1(E),

(1.1) is rewritten as the following Cauchy problem:

{(@ + |€]7 + b(t)0y) v(t, &) = 0, (t,€) € (0,00) x R™, 3.1)

U(Oag) = 'U()(g)a 8,51)(0,5) = ,Ul(g)a 5 e R".

By Parseval’s theorem, it is sufficient to consider the problem of having a uniform estimate with respect &
for the following energy density function in the frequency domain:

E(t,€) = E(t,&v) = [€L[o(t, &)1 + |0 (t,E)7, (t,€) € [0,00) x R™.

Since our interest is the asymptotic behavior as ¢ — oo, we may assume the following without loss of
generality:

1(0) = o and ¢1(O/(0)) = 1. (3.2)

Let N be a large constant. We define tp = tp(r) and tg = tg(r) for r € Ry by

tp(r) == p* (%) and ty(r) =671 (( (%)) . (3.3)

Then we divide Ry x R™ = {(t,€) ; t € Ry, £ € R™} into the following four regions by hypersurfaces
t =tp(l¢]) and t = tp(|€]):

Zp =Zp(N) = {(t,§); 0 <t <tp(¢)},
Zp =Zu(N):={(t,§); 0<t <tu(l¢)},
Zn = Zn(N):={(t,€); t = to(l]), [§] < N}

and
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Zr2 = Zia(N) == {(t,€) ; t = tu(€]), €] = N},

where Zp, Zy, and Z; := Zj; U Zjo are called dissipative zone, hyperbolic zone, and intermediate zone
respectively.

Our main concern in this paper is the effect of the oscillating part o(¢) of the dissipative coefficient on
the energy decay estimate. The weighted energy method used, for example, in [11], is a powerful method
that can be applied to cases where initial boundary value problems with exterior domain and the dissipative
coefficients depend on spatial variables, but is currently insufficient for precise analysis in models where the
dissipative coefficients depend only on ¢. On the other hand, it is effective to estimate (¢, &) in each of the
divided regions as above when the dissipative coeflicient has a different effect on the energy at each region
as in our model.

The following proposition is key to the proof of our main theorems.

Proposition 3.1. Let us denote

1 for Theorem 2.1,
o(r) =

p(r)  for Theorem 2.3.

There exist positive constants N and kg such that the following estimates are established:

(i) For (t,€) € Zp(N) we have

E(t.€) Sexp | -2 / u(r)dr | (0@ + s ()2) -
0

(ii) For (t,£) € Zy(N) we have

E(t,€) Sexp | — / u(r)dr | exp (koo (D) £(0,€).
0

(iii) For (t,€) € Z11(N) we have

st sen |~ [ umdr | e o).
to(l€])

(iv) For (t,£) € Z13(N) we have

E(t,§) Sexp | — / p(r) dr [ exp (koo ([€])) E(Er (I€]),€)-
ta ([€])

In the proof of Proposition 3.1 below, we consider the following first order system, which is rewritten
from the second order differential equation of (3.1):

6tv(t7£) = A(t,f)V(t,f), (34)

where
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A(t,€) = (l|%| _Z|b%|t)> and V(t,€) = <ia€|vv(t’“:’5)>.
Then the following equality holds:
IV ()2 = E(t, & v).
3.2. Proof of Proposition 3.1 (i)

We note that the following inequality holds in Zp(N):

N
|§| < %M(t)~

(3.7)

Since |¢] = Npug 'u(tp(|€]) < Npg'u(0) = N in Zp(N) by (A1), (3.2) and (3.3), the effect of the oscillation
of o(t) on high frequency energy need not be considered. On the other hand, a precise analysis using the
representation of the solution of (3.1) as a Volterra integral equation is effective and essential in order to
derive the decay estimate of £(¢,€) in Zp(N). The method for evaluating £(t, &) in Zp(N) follows that used

in [7].
We define n,(t), n,(t) and w(t) on Ry by

and

Then we see that

Moreover, denoting

wo := inf{w(t)} and w; = sup{w(t)},
t>0 >0

we have

wo

mﬂu(t) <mp(t) <

w1

m’?u(U

Lemma 3.2. The following inequalities hold in Zp(N):
‘§|77u(t)71 <N

and

*Ho.

i
€0 [ ns)ds < 2
0

(3.10)
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Proof. By (Al) and (3.7), we have

t
N N
€l ()~ < %u(t) exp !MOG +5) tds | = %u(t)(l + t)Ho

Moreover, we have

¢

for fue
¢

/eXp /,uo +7)” ds
¢

144
1— o’

()™ /tmt(S)

IN

(T+t)Ho [(14s)7Hods <

c\

it follows that

Nut)(1+1) _ N
to(1—po) — 1—po

t

() [ n(s)ds < :
0

We define v, (t,€) (j,k =1,2) by

t
okt €) = b1y + € / oo (7, €) dr
0

and

t
Uzk(tyf) = nb(t) 5k2+i\5|/77b(7)_1v1k(7'7f) dr |,
0

< N.

where 0;, = 1if j = k and 6, = 0 if j # k. Then the following lemmas are established.

Lemma 3.3. The solution of (3.4) is represented in Zp(N) as follows

_ (vn(t,€)  via(t§)
vio - (g ehg)vee.

v1(t, v2a(t,

Moreover, v1x(t,&) is a solution of the following integral equation:

t
v1k(t, §) = O1k + i0k2/€] /ﬁb(ﬁ)dﬁ
0

t t

e / no(r1)~! / no(ra) drs | v1(rs, €) dr

0 T1

for k=1,2.

13

(3.11)

(3.12)

(3.13)
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Proof. By (3.11) and (3.12) we have v1;(0,&) = 01x, v2£(0,§) = dax,

t

Opv1k = 10x2|&|my(t) — ‘§|277b(t)/77b(7')71v1k(7'a §) dr = i[§lvag

0

and

¢
Dyvar = My (1) (5k2 +i|f|/77b(7)_101k(7,§) dT) + i|vir(t, )
0

= —b(t)var + i|&|v1k.

It follows that
U1 V12 Z|§|'021 Z'|§|'022
at <’l)21 (%) ) ( ’U21 + 7 g‘vll _b(t)'UQQ + 7;|£"l)12 V(O’ 5)

~lia o) (a1 22) v

At§)< “12)1/(0,5). O

V22

Lemma 3.4. Let us define w(t,§), wa(t,§), p1(t, ), p2(t, &) and q(t,7,€) b
wi(t,€) = [Elnp(t) " oni (8, €), wa(t, &) = mp(t) M v1a(t, €),

t
pi(t,€) = [€lm(t) ", palt, €) = il (1)~ / () dri
0

and

t

a(t.7,€) = —|¢lPm(t) ! / m(r1) dr.

T

Then wi(t,€) is a solution of the Volterra integral equation (4.5) with p(t,&) = px(t,€) for k=1,2.
Proof. The proof is trivial by (3.13). O
Proposition 3.1 (i) is immediately proved from Lemma 3.2, Lemma 3.3 and the following lemma:
Lemma 3.5. The estimates
lojn (5,61 S T and |vja(t, §)| < nu(t) (3.14)
hold for j =1,2 in Zp(N).

Proof. By (3.8), we have

( w(0)

(661 < 2 €l and |pa(t,€) < el (®) [ malr)dr. (3.15)
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Suppose that the following inequalities hold:

Ti—1

t T
/|q(t77—17§)‘/|Q(Tla7—27€)|"' / |q<7—l71a7—l7£)||pk(7—l75)‘dT["'dT1
0 0 0

0 1 &
O et g (/2 et for k=1

IN

21
*|§‘77u l/ﬁu 1) dTl ( |§|t> for k=2

0

for any [ = 1,2,.... Then, by Lemma 3.4, Lemma 4.8 and [£|t < N, we have

O, o +Z—\fl o (\EN)

“(0) exp( %w) el ()"

Wo

I /\

lwa(t, &)l

IN

Analogously, we have

t
wa(t, )] < 2 exp (ﬁw) Elm(t)™ / (7 dr.

15

(3.16)

(3.17)

Therefore, by (3.8), (3.10), (3.12) and Lemma 3.4 and noting that 7,,(¢) is monotone decreasing, we have

IN

11 (5 €)] < 1€~ (8) [ (1, €)] < w(0) exp( ﬂN> ()

wo wo nu(t)
— exp <1 /2L N) ,
wo

foms (£, €)] < [Elm(t / gy (r,€)| dr

0

< (Z;) exp (\/ )Iflm
(&) oo (/) (‘“)2 ( )

<|—) expl4/—N]|[Et<|{— ) exp|+/—N|N
wo wo wo wWo

IA

W

o\

and

01a(6,)] = my(0)|walt, )] < %j—%@nu<t> exp (\/?N) )" [ (s

0
< Kny(t),
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where

K= wow(é\)fal}l— 1) <\/»N>

Then, by (3.12) we have

s (. ) < m(t) [ 1+1¢] / () ora(r,€)| dr
0

<5ty (1+ ) o

o (1 o) mio

Thus we have (3.14). Let us prove the inequalities (3.16) and (3.17) by induction. By (3.8), (3.1

IN

S

t
altm. ] < L igPna(6) ! / D) dr,

furthermore, since 7, (t) is monotone decreasing, we have

[t 9l (.91 < 25D i) [, [ ) draar
0 0 T1
<260 [ [l dra i
0 T1

— e,y / / drydn
0 7

~ w(0) 41 w1 2
~ g5 (Ziete)

Thus (3.16) is valid for [ = 1. Suppose that (3.16) is valid for [ > 2. Then we have

t

/ tTh |/|q 71,72, & /|q T1, Ti+1, € )||P1(Tl+17 )|de+1 -dTy

/ e, (1) / (i =D, () %( )
0

T1

2(1+1)
SO (2e) o g [
: @

wo 21 '

w(0) w1 20+1) 1 o
O (/20) " o g / e / ) dr | 2

0

77# To) dTo 7'12[ dr

S

IN

5) and
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O(y= |§|)2(l+l) €)' / ( / dm) 2 dm
= Ot ()

Therefore, (3.16) is valid for any [ € N. On the other hand, by the same way as for k = 1, we have

I /\

/ lg(t, 7,€) [pa(m1, €)] dmy

IN

0
< (i—;)zm(t)‘llﬁlg/tm(ﬁ)‘l (/tnu(fz)dm) (]1?7“(72)6172) dn
0 T1 0
< (Z—;)Q|f377u(t)10/t (j dT2) (ZW(D)dh) dm
= (2) et / o (1m - 572) (meda) in
= (&) et (%t ( / m(ﬁ)dﬁ) - / (1~ 57%) m(n)cm)
(

2 1 t
Z—;) € (t) " 517 (/nu(ﬁ)dﬁ)
0
t

1 2
= el 07" [numang (/2 i)
0

Thus (3.17) is valid for [ = 1. Suppose that (3.17) is valid for [ > 2. Then we have

t T1
/|q(t7T17£)|/‘Q(TlaT2a€) /|q Ty Ti+1, )||p2<7—l+1’ )|dTl+1 d 1
0 0

t .
— %;m%(t)*l /nlt(’rl)*l (/nlt(TQ)d7_2> (/ 77;1,(7—2) de) 7_121 dr
0 0
1 or o\ 2
< (/22
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T1

t t 2042
e, [ | [ i /mmmTwy)< @
0 0

71

i T1
9 bt o1 L oy /
_ _ dry | d
|£|77I—L /8 <2l+1 1 2l+2T1 77#(7-2) T2 1
0 0

an (V)

oL B ¢ 1 o 2(1+1)
el [ ) dn s ((22len)

0

I /\

IN

Therefore, (3.17) is also valid for any [ € N. O

Proof of Proposition 3.1 (i). By (3.6), (3.9) and Lemma 3.5, we have

o= (8 med) ()l
= [i[€[v11 (£, )vo (&) + vi2(t, Ov1 (&) + |il€|var (£, §)vo(€) + var(t, va (&)
< 201 (Jona (8, €)% + [v21 (£, €)[?) o (€)
+ 2 (Jor2(t, ) + vz (£, O)I?) 01 (&)
S 1EP 00 (€)1 + () [o1 ()
Sn()? (Jeo (O + (). O

3.8. Proof of Proposition 3.1 (ii)

From now on, ¢ denotes

instead of (2.6). Then (2.3) and (2.4) can be represented by (2.7) and (2.8), respectively. We note that the
following inequality holds in Zy(N):

€] = N¢THO(t)). (3.18)

In high frequency region Zg(N), where the effect of the oscillations of o(t) cannot be neglected, we evaluate
E(t, &) by applying refined diagonalization method, which makes use of the C™-property (A3) introduced
in [4,6,7]. The following lemma is essential for that method.

Lemma 3.6. Let ¢, € C1(I) for I C R, and denote pp = Ro and ¢ = I¢. Fort € I, we define A = A(t)

and M = M(t) b
(13
) and/\/l.—<5 1),

b

|
PR
= oS
RSN

where
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Y ( ((;4))

If |ps| > |r| on I, then following equalities hold:

M AM = (3 %) A= g +ids\/1 — (Ir]/os)? (3.19)

and
MA M—dtlog\/ |5|2(1 0)
_ _ 3.20
1 (m‘ (6s) & ) (3.20)
—"_7 —_— = .

e & i (00)

Proof. Note that det M = 1 — [§|?> > 0, we can verify (3.19) and (3.20) by direct calculations. Clearly, A
and ) are eigenvalues of A, and M is the diagonalizer of A. O

For A = A(t,&) defined by (3.5), we define M, Ay = Ao(t,&) and My = My(t,&) by

M= G _11>7 (3.21)
a1 _ (%P0 10
Ao(t,€) = M~ YAM = (TO %) (3.22)
and
1 &

wo=(2 %),

where
bo = ¢0(t’§) = Z|€‘ - @7 ro = To(t) = 7@

and

-1
2
P ( 1(;3)) |

By (2.7), there exists a positive constant b; such that

=

If N > by/2, then we have

Z(#) b O 1)€
()] < 32 < 11O BEL gy gyt ) (323)
by (2.2) and (3.18). Therefore, by considering £ as a parameter, setting Ag = A and M = My, and applying

Lemma 3.6, we have the following equality:
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My AgMo — Myt Ag (8;Mo) =: Ay (t,6) = (fll %> 7

where
3o =001 =~ e - (A0
0= Aoll, Q) = 9 ? 2‘€| )
i (800;6
¢1 = ¢1(t,§) == Ao — Oy log 1—|50|2_Lt20)
1 — [do|
and
B _ O
7’1—7‘1@,&-)* 1_‘6O|2'

If N > by, then (2.2), (3.18) and (3.23) imply the followings:

<M<E(t>< b
o2l T2k T2

18,60 < b (1) + [b() 2|6’ (1) (

iy

|9

S_

=

—_

1
NCONY
2 T slER (me))
<wwn+wmﬂww<

-2 8I¢1° )

POl (0)?) 8=
= 2l¢ G*(za)> ag

N

3
1

IN

Therefore, we have

1 32()? _ =@#)?
Inl< =139 = g

and

b(t
¢1§R = 7% — 8t10g \/ 1 — |50|

Thus we can again apply Lemma 3.6 as A = A; by taking N large enough. By repeating this procedure,
we expect the following lemma to hold.

Lemma 3.7. Let Ay be defined by (3.22), and My = Mg(t,§), 0 = 0(t,€) and Agy1 = Ag41(L, ) for
k=0,...,m—1 be defined inductively as follows:

-1
— 2
(1 & i TE (Il
Mk.—(ék 1), O := Z(j)kg 14+4/1 <¢k%

and

Gr+1 Tht1 -1 —1
A = =M, A M, — M O My,) .
k+1 <Tk+1 Poir e ArMy v (0cMy,)
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Then, there exists a constant No > 1 such that

sup  {[0k(t, [} <
(t,6)€Zu (N)

DN | =

forany k=0,...,m —1 and N > Ny. Furthermore, the following properties hold:

Pmn(t, ) = —@ - %at log:i:_[o1 (1—16x]?) (3.24)
and
LIS %IZH (3.25)
fork=0,...,m.

We have already confirmed that (3.25) is correct for K = 0 and k = 1 by representing them concretely,
however, it is difficult to do it for general k > 2. Therefore, we shall show (3.25) by introducing the following
symbol classes that can describe the orders of Z(t) and |¢].

Definition 3.8. For N > 1, integers p and ¢, and non-negative integer k, we define the symbol class S(k){p, q}
by the following class of functions:

SEp q} = {f(t,f) € C*(Zg(N)); max sup {M} < oo}.

0<i<k (teyezp(n) | [EIPE(#)aH
As properties of the symbol class S (k){p, q}, we introduce the following lemmas:

Lemma 3.9.

(i) If f € ST {p,q}, then f € SO {p+r,q—r} for any 0< j <k and r > 0.

(ii) If f1, f2 € S(k){p,q}, then for any constants Cy and Cy we have Cyfy + Cofo € S(k){p,q}.
(iii) If f1 € SE) {py,q1} and fo € S*2)/{po, qo}, then fifo € SNtk 4 po g1 + go}.
(iv) If f € S®{p,q} and k > 1, then 8,f € SE=D{p,q+ 1}.

Proof. Let us prove only (i); the others are trivial from the definition of the symbol classes. If f € S®){p, ¢},
then f € SW{p,q} for 0 < j < k is trivial. Since Z(t) < by N~'¢] in Zz(N), we have

oL e.el 5 Iz < () lers

for 0 <1< j, it follows that f € S®{p+r,q—r}. O
Lemma 3.10. There exists a positive constant Ny such that the following properties hold for any N > Ny:

(i) For anye >0, if f € SE{—r 1} withr > 1, then sup(yeyezy () UF (& I} <e.
(ii) If f € S®{0,0} and inf(; ¢)e 2, (n) {1 (£ €)[} > 0, then 1/f(t,€) € S*{0,0}.
(Z”) ]ff € S(k){LO} and 1nf(t,§)€ZH(N){|f(t’§)|/|€|} > 07 then 1/f(ta§) € S(k){—l,()}
(i) If f € S(k){—p,p} with p > 1, then /1 —|f]? € S(k){0,0}.
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Proof. (i) is confirmed by setting p = ¢ = 0 and taking N large enough with respect to € in the proof of
Lemma 3.9 (i). Since (ii) is proved by the same way as the proof of (iii), we shall prove (iii). By applying
Faa di Bruno’s formula:

dJ hy
a =J! ZF(h > H hy! llhz ( t)) (3.26)

h1+2h2+ +nh,=j l=1
hi+ho+--+hj=h

as F(G) = 1/G and G = f(t,¢), and note that |[FM(G)| < |G|, we have

1 J 1 j L
yf(tg)‘ﬁzw > T8 s

h=1 h142hgo+--4+nh,=j I=1
hi+ha+-+hr=h

J

< Ekjlﬁrh—l > IT(g=0

h=1 hi1+2ho+---+nh, =j =1
hi+ho+--+h;=h

for j = 0,...,k. We shall prove (iv) by applying (3.26) as F(G) = v/1—G and G = |f(t,£)|*>. We can
assume that | f(¢,£)|*> < 1/2 by (i). Since

and |f(t,€)? € S®){—2p, 2p} by Lemma 3.9 (iii), we have

Jj J
6{\/1—|f(t,§)|2’522h 3 INEIASHE

h=1 h14+2ho+---4+nh,=j I=1
hit+ha+--+hj=h

J

5i 3 [T tel-22= )2 1™

h=1hi14+2ha+---+nh,=j l=1
hi+ho+-+h; h

: | G\
< ~2qh 54\ ~20h—j < Z(4)~J a
S kE < 2073 (1)
h=1 h=1
for j =0,...,k. Thus (iv) is proved. O

Proof of Lemma 3.7. Let IV be set enough large so that Lemma 3.10 can be applied. First of all, the following
properties are clear:

dox € ST{0,1}, dos € ST™{1,0}, ro e §7{0,1} and 1€ S™{0,0}.

Since b(t)|¢| =" € S(™{~1,1} by Lemma 3.9 (iii), Lemma 3.10 (iv) implies

- (%)2 e $t™{0,0}.
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Therefore, we have
S € SM{-1,1}
by Lemma 3.10 (ii). Moreover, Lemma 3.10 (i) and (ii) imply

1

T e 8Mm1{0,0}.

Consequently, we have

000

—W S S(mil){—l, 2}.

T =
Now we suppose that the following properties are valid:
1
re € SRk k1), drg € SF{1,0} and 5 © Sm=kf_1 0}
kS

for 1 <k <m — 1. Then we have

R3 ta
inf {M} >0, (3.27)
(t)€Zn(N) €]
and
Tk (m—k) |7k
—cS {-k—-1,k+1} and E<<1 (3.28)
kS

by Lemma 3.9 (iii) and Lemma 3.10 (i). Therefore, we can apply Lemma 3.6 as ¢ = ¢y, and r = r. By the
same argument as for k = 0, we have

op € SRk —1,k+1} and e 8Sm=k10, 0},

_ 1
1 — |65 [?
and thus

_ 8t57€ (m—k—1)
Tht1 = 1_|5k|265 {-k—-1,k+2}.

2
/ r _
¢(k+1)\s = ¢k% 1- <(|Z5:i> - (5krk+1) S S(mikil){l, O}

by Lemma 3.6. Furthermore, by (3.27), 61|61 € S(»=F=D{ 2k — 3 2k + 3} and Lemma 3.10 (i), we
have

It follows that

it { | (k+1)5] } >o.
(t.6)€Z (N) [3

Therefore, by Lemma 3.10 (iii) we obtain

— e SsmTkl 1 0
P+1)s
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This procedure of applying Lemma 3.6 can be repeated until & = m. Moreover, (3.24) follows from
Lemma 3.6. O

Proof of Proposition 3.1 (ii). Let Ny be a sufficiently large number such that |§;| <1/2for k=0,...,m—1
by applying Lemma 3.10 (i) as 6, € S~ % {—k — 1,k + 1} and ¢ < 1/2. Then we have

L~

sup  {||Mk(t,&)|c2x2} <1 and sup {HMk(t,f)_lHszz} <
(t,£)€EZu(N) (t,£)€EZu(N)

for k=0,...,m — 1, it follows that

4 2
MY 22 < 4]V ]22 and MY s4(§) V]2 < 6]V

for any Y € C? and M = M, My,...,M,,—;. For the solution V of (3.4), we define V; = V;(t,&) (j =
1,...,m) by

Vi(t,€) i= Mj_1(t,€) 7"+ Mo(t,§) ' M7V (t,€).
Here we note that the following equalities hold:

OV = 0 My ' MV = =Myt (0:Mo) Mg ' M~V + My ' M~ 10,V
= (A1 — My AgMo) My "M~V + My ' M~ AV
=M4Vi— Myt (MTPAM) MV + Mg MTTAY

and

O Vies1 = (O M) Vig + My 0 Vie = — M7 (0. M) M Vi, + M0,V
= (Apg1 — M ARMy) MV + M 0, Vi
= Ap+1Vis1 + Mk_l (8th — Aka)

for k=1,...,m —1, it follows that
OV (t,§) = Am(t, §)Vim(t,8).
Therefore, we have
O\ VinllZz = 2R (8:Vim, Vin) gz = 2R (Am Vin, Vin) o
— 26| Vinl| 22 + 2R ((ri ?) Vm,Vm)CQ
< 26mn + 2lrm]) [ Vnl[E2,

and thus

t t

IV (£, )&= < exp /2¢m%(875)d8 exp /Q\Tm(s’éﬂds Vi (0, €)1

0 0
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for 0 <t <tg(|¢]) by Gronwall’s inequality. By (2.8), (3.3) and (3.25), we have

t to -1 m+1 -1
/mm@@dwq¢W/5@W“%<<§g§£) -
0

(%)

«¥)_ .4
B C) R )

S e([€])-

Moreover, by (3.24) and |§x| < 1/2, we have

< f/b(s)derlong.
0

Summarizing the estimates above and (3.8), there exists a positive constant k¢ such that

t
IV (t,)llE= < 2™ exp —/b(S) ds | exp (koo (I€]) [V (0, )l
0

t
w
< Sten | - [ ur)ar | exo (ron (D) V(0.

0
Finally, by (3.6) and the inequalities

1Vin (8, )82 = [ MLy -+ My M7V (56l < 67 V(1 ©) 2
and
IVt €)1Ee = MMo - Mu—1Vin (8, ) llga < 4™ [Vin (£, €) 122

we conclude the proof of Proposition 3.1 (ii). O

3.4. Proof of Proposition 5.1 (iii) and (iv)

We note that the following inequalities hold in Zj(N):

%u(t) <|(f<N or N<E[<NCH(O().

The properties given in the next lemma are essential in the proof of Proposition 3.1 (iii) and (iv).

25

(3.29)

Lemma 3.11. Let A = A(t,€) be defined by (3.5). For any N > 1, there exist a matriz M = M(t, &) which
is uniformly regular in Z;(N), and a diagonal matriz A = A(t,€) such that the following properties hold:
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(i) A is represented by A = diag(x,i) and A = \(t,€) satisfies

RA(t,€) = - (3.30)
(ii) The matriz R = R(t,€) defined by

R(t,&):= M *AM — A — M~ (0,M) (3.31)

satisfies
|R(s,8)||caxzds S 1 (3.32)

12:1¢13))
and
1 (s,€)llcaxz ds < o (I€]) - (3.33)
tr (1€])

If Lemma 3.11 is valid, then denoting
‘7 = V(t, 5) = M(tv 5)_1V(ta g)a

we have

815‘7 = J\Zf_latV - M_l (815M) M_1V
— N[VANIV — N (0,01) V = (A4 B) V.
Thus, M can be thought of as a matrix that performs diagonalization of the principal part of A in Z;(N),

that is, the effect of o(t) is eliminated from the diagonal components by M. In the proof of Lemma 3.11
below, we construct M by a three-step procedure.

Proof of Lemma 3.11. We define M; = M (t) and A; = A, (t,€) by

=5 wy)

and
Al(t,f) = Ml_lAMl - Ml_l (875]\;[1) .

Then we have
Ay(t,€) = ((1) w(,gl) <Z|Og| —Zbé(lfb)uogt()t» B ((1) w(t(;l) <8 _U(to)w(t)>
=0 wor) (e SHh)
- (ia&w Mﬁg))'
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In the next step, we define Ay = As(t,€) by
Ag(t, &) := M~ YA M,

where M was defined by (3.21). Let us define @5 = $y(t,£), Ry = Ro(t,&) and 7u = 7y (t,€) by

() | - u(t)
SN O
¢2(tv§) = ( 2_& u(t Z|£|>
2

N () GO g - il —w®) (W)t F 1)
Rt = (08 Firg) e ra.9 - 2 |

and note the following equalities:

<

wt) T twlt)—2=1-w®) (wt) " -1)

and

Then we have

< () + ilEfo(t) ™! + ilefu() —ﬂ(t)—?Iflw(t)‘lﬂﬂw(t))
(1) + () — il (t)  —plt) — il€lo(t) ! — il€lul?)

= By(t, &) + Ro(t, £).

The symbol class of 7+ is S(™{1,0} in Zy (N) hence it seems to be crucial for the energy estimate. However,
later considerations will show us that they do not actually affect the estimates of £(¢,€) in Z;(N) by (A2)
and (2.1). The real part of the diagonal components —pu(t)/2 provides the decay order we expect. On the
other hand, —u(t)/2 in the off-diagonal components may cancel out the decay obtained from the diagonal
components.

In the next step, we perform further diagonalization procedure so that the off-diagonal components do
not affect the decay estimate in Z;(N) by similar way as in Zg(NN). An eigenvalue and the corresponding
eigenvector of @, are given by

A=A\t &) = —@ +ilg) )1 - (‘2%)) (3.34)

and (1, 4), respectively, where

S:S(t,g):i% 1+ 1—(%)

-1

Since the other eigenvalue and the corresponding eigenvector are X and t(g, 1), respectively, and

-1
o (@) b

2|5| S - () (3.35)
<

‘:
m

IN

==
2
| =
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in Z;(N) for N > 1, by the diagonalizer My = My (t,£¢) defined by

My(t,€) := ((lg f) :

we have
NI gy — A= (3 g) |
In the final step, we prove the estimates (3.32) and (3.33). Let us define M = M(t,£) by
M := My M M,.
It is clear that M is regular, and furthermore, we see that
IMflloe S 1 and [N gaes S 1
in Z;(N) by noting the following inequalities:

1M flcaxe < wi, Myt lezxe Swg', [|Maflcaxe <1 and || My |eaxe <

Q| >

Let us define R = R(t, &) by
Rim NI Ryl — NI (9000)
Then we can confirm that R satisfies (3.31) as follows:

R=My" (Ay — &y) My + My "M~ M ((0:My) MMy — (8, My MMs,))
=My "M A MM, — A+ M~ (8, M) MM, — M~ (9, M)
= My "M~ (M YAM, — My (9,My)) MMy
+ M (0, M) MM, — A— M~ (9, M)
=M"'AM — A— M~ (8, M),

moreover, (3.30) is valid by (3.34). Finally, we shall prove (3.32) and (3.33). Note that

iy (0uiTy) = — (—5@5 at5:>7

1—102\ 8.5 —566:0

{N_I/Lo in Z[l(N),

(t.€)EZ(N) N='u(0) in Zpp(N),

sup /wwwm <
t

(3.35), (3.36) and the following estimates:

W] O _ )]
9,51 < < ’
R N T

we have

(3.36)

(3.37)



K. Goto, F. Hirosawa / J. Math. Anal. Appl. 548 (2025) 129386

sup {/HMQ (0 E(5,€) || o ds}
(t,£)eZ;
< sup {/m (s |ds}<1

(t,£)eZ;

By mean value theorem, there exists 6 € (0, 1) such that

lw(t) — 1] = exp (9 70’(7’) d7'> 70(7) dr
<uwf 70(7‘) dr| <uwy 70(7) dr

t

Moreover, note that
lw® ™' £1| Swp'+1< 205!
by (2.1) and (3.29) we have

w1 Nwy
su 7 ds » < — / /O’ 7)dr| ds <
tztngél) {/| +{o:) } cdo|§| (") wo©(0)

to(l¢]) Is

and

- PO I
t2f355|>{t/Ti(S’€)dS}SWOK' / /()d = e Bl (D)

ta(l€]) Is

wi  [§] Ny <|§|> Nuwy
woc(%> - wo e N

Therefore, by (3.36) and (3.37), we have (3.32) and (3.33). O

o(l€])-

Proof of Proposition 3.1 (iii) and (iv). Let us define V= V(t,£) b

V(t,€) = M(t,§) V(£ €).
Then the following equalities hold:
OV =M1,V — M~ (0,M) M~V (t,€)
— NIVANIV — N1 (9,81) V(1,6) = (A + R) V.
By the same way as in the proof of Proposition 3.1 (ii) and Lemma 3.11, we have

atHV(t 6 ”(C2 - 2%( t g))cz
—pu(t )HV(t €)||c2 +2R (RV(£,€), V(1,€)) ¢
< (—u( ) + 2| B(t, ) llczx2) [V (£, €)1,

29
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it follows that

exp | - / u(s)ds | 1V (En(I€D, &) 2 in Zn(N),

V(g <

exp | — / u(s)ds | exp (koo (IED) IV (ta (I€]), €)lIE=  in Zr2(N)
ta (1€])

for a positive constant kg. Finally, since M and M~ are uniformly bounded in Z;(N), and thus
V(4,632 = V(L2 = E(1,€)

hold, we conclude the proof of Proposition 3.1 (iii) and (iv). O

3.5. Proof of the main theorems

For t € Ry we define Q;(t) C R™ and I;(t) (j =1,2,3,4) by

D (t):={EeR™; [¢§| < Nug'u(t)},

Do(t) == {€ € R™; Npg 'u(t) < €] < N},
Qs(t) == {£€R™; N<[(| < NCHO1))},
Qu(t) = {¢eR"; [¢| > NCTH(O®1)},

and

Here we note that the following equalities hold
4
E(tu) = /S(t,fg v)de =3 L(1).
Rn Jj=1

Since t < tp(|€]) for £ € Q4(t), by Proposition 3.1 (i) and Parseval’s theorem, we have

L) Sexp [ -2 / u(r) dr / (l00() + [ (6)]?) de
0 Q1 (t)

< exp —2/M(T) dr | (luo(II* + ur ()]?) -

0

Analogously, since t > tp(|€]), t > ty(|€]), and t < tg(|€]) for € € Qa(t), £ € Qs(t), and £ € Qu(t),
respectively, we have the following estimates by Proposition 3.1:
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t

_ / u(r) dr) E(tp, &) de

Qa(t) ( tp

< exp (—/M(T) dT) (o O + [lua ()11%)

0

I(t) < / exp (— / u(r) df> exp (o (IE])) €t €) de
) t

Q3 (t H

< exp (— / () df) Q [ o (260 (1€])) £(0,) de

p(7) dT) (IFuo I + s ()IP)  if e(r) =1,

N
/N

p(7) dT) (0, w1) 34 o) if o(r) = p(r),

and

I4(t) < exp (—/u(T)dT) / exp (koo ([€])) £(0,€) d§
0 Qu(t)

p(7) dT) (VoI + s ()IP) if e(r) =1,

N
/N

o O~

p(7) dT) (0, w1) 34 o) if o(r) = p(r).

The above estimates and Lemma 2.2 (i) conclude the proof of Theorem 2.1 and Theorem 2.3. O
4. Appendix
4.1. Verification of Example 2.5 and Example 2.0
Let the parameters p and ¢ satisfy
p>—1, ¢g>1 and p<q—2,
and the dissipative coefficient b(t) be defined in Example 2.5 as follows:

b(t) = po(1+ )"+ o1(t) and o1(t) = (1+¢)Psin(1 +¢)7.
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Then we have the following lemma:

Lemma 4.1. The following estimate holds:

oo | o0

/ /01(7') dr| ds < (1 +¢)Pat2, (4.1)

t s
Proof. We note that the following well-known estimate holds for any v > 0:

/(1+0)*”sin(1+0)d0 < (149" (4.2)

S

For a proof, see e.g. [8]. By (4.2) with v = (p — ¢ + 1)/q, we have

/(1 + 7)Psin(1 +7)9dr = 1 / (146)° i sin(1 + 0) do
s q(1+t)q—l

< @+ Pt
it follows that (4.1) sincep—g¢+1< —1. O

Lemma 4.2. For any positive integer m, the following estimates hold:

dk
o S aro e ko
Proof. We note that
—p+q—1
P . et SO S AN Y

m-+1

Let 0 < k < m. By Leibniz rule, we have
d¥ "R\ (& L) [ dE
ﬁal(t)‘ = jgo (j) <$(1+t) ) <d - sin(1 +¢)? )

(1 4 typr=ia—k < (1 4 yphla—1)

M-

Il
=]

k
Z +t)P J+(k—=35)(a—1) _
j=0 J

—1

— (1 +t)_(k+1)( q+14— k+1 ) S (1 +t)—(k+1)(—q+1+%)

— (1 + t)*ﬁl(k+1).

Moreover, the following estimates are trivial:

k

ﬁﬂo(l +t)

5 (1 + t)*(k+1) < (1 4 t)*ﬁ1(k+1). 0O

Lemma 4.3. If p < p1(q,v), then (2.7) and (2.8) are valid.
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Proof. If p < p1(q,v) = =1+ (¢ — 1)/v, that is,

—q+2

p+142 <0

v—1

holds, then we have

aj(m+1 —q+2
(nm—ﬁmm+1y+L+J%jTl=<?+1+3;%T—>on+ngo.

It follows that (2.7) and (2.8) are valid by Example 2.4 (ii) with « = a3 and = 5. O
4.2. Verification of Example 2.7
Let the dissipative coefficient b(t) be defined in Example 2.7 as follows:
b(t) == po(1+1)~" + oa(t),
where o4(t) is defined by (2.15), that is,

tx (47t —tn)) s t € [tn,tn + Noty T (n=1,2,...),

oa(t) =
0, t€ R\ [tns tn + Nyt 7).

Here we note that

Npt7 0 = |l |p=70 ) (e Dk o Peainn:

)

and we assumed that

PZ*L q>17 T'ZL hZO’

h+1
h<rqg—1 andpg—l—&—L(q— i )
m+1 r

Then we see that

q— 1a
h+1
p<q—1- < Wt 1 (4.3)
r mef—if
T

We shall show (2.16), that the following lemma holds:
Lemma 4.4. The following estimate holds:

oo | oo

/ /02(7) dr| ds < (14 )P 20+2H57

t s

Proof. Let s € [t,tr+1). Here we note that

t E+1\" :
sty (EELY <oy, (4.4)
tr k
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holds. If s > ¢, + th,:‘ﬁ'l, then f;k“ o9(7)dr = 0. On the other hand, if s < t§ + th,;qﬂ, then there
exists [ € N such that

e+ (=)t < s <ty + 1t 0!

and
thi1 t ity T N t gty Tt
/ oo(T)dr = / oo(T)dr + Z / oo(T)dr
s s j:l+1tk+(j—1)t;q+1
ty ity 9T
= oo(T)dr,
s
it follows that
Lt tp+lt; et tp+lt 1Tt
oo(T)dr| < / loo(T)| dT < / th dr < 7t
s s ti+(1—1)t, T

Hence we have

¥ s e Uy (tut+ Mg ™).
/02(7') dr

<
0, s € Ukoil |:t]€ + th;q+1,tk+1] .

S

For any fixed t € R4, we set n € N satisfying t,, <t < t,,41. Since
h+1
r(p—2q+2)+h=—1—r<—p+2q—2—i) <-1
r

by (4.3), we have

oo| oo o tk+1| oo
/ /02(7') dr|ds < Z / /02(7) dr| ds
t |s k=n tr s

ti+ Nty T

oo o0
S A P
k=n

t k=n
oo
S E k,'r‘(p72q+2)+h 5 nr(p72q+2)+h+1
k=n
_2q+24 htl _ —2q+2+2t1
_ + S(Z rt)P q *

(1 e
Lemma 4.5. The following estimates hold:

dk _ —p+q—1
’ﬁ@(ﬁ)’,i(lﬂ)(k“)( HHEE) k=0, m.
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Proof. Let t € [ty,t,41). By the same way to the proof of Lemma 4.2 and using (4.4), we have

dk

‘ 0—2(t)‘ < tp+k(q D max {‘X(k)(T)‘} <Q +t)p+k(q71) <(1 +t)*,31(k7+1)
T€[0,1] -

fork=0,...,m. O
Lemma 4.6. If p < pa(q,r, h,m), then (2.3) and (2.4) are valid.

Proof. If p < pa(q,r, h,m), that is,

m h+1
1——|¢qg— <0
Pt m+1<q r )_

holds, then we have

aom—pBim+1)+1l=am—-3(m+1)+1— (a1 —az)m

— (p+1)m+1) - (q—h“)m

r

)

It follows that (2.3) and (2.4) are valid by Example 2.4 (i) with « = a3 and = ;. O

Lemma 4.7. If p < pa(q, 7, h,m,v), then (2.7) and (2.8) are valid.

Proof. If p < pa(q,r, h,m,v), that is,

q—1 m 1 h+1
1— _ — <0
P v <m—|—1+u(m+1)> (q r -

holds, then we have

as(m+1
ai(m+1 m+1
_almﬂl(m+l)+1+1(y_1)(m+ V_l)(oqag)

—q+2 +1 ht1
=<p+1+u>(m+1)—<m+m—> (q— )
v—1 1 r

:<V—1 (p+1) +p—z+2_<l(jlzn:i)?;+%) <q_hj1>) V(:,njll)
:<p+1_ _<m7—n|—1+1/(m1+1)> (q_h:1>> V(anll)
<0.

It follows that (2.7) and (2.8) are valid by Example 2.4 (ii) with « = @y and = F;. O
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4.8. Volterra integral equation

Lemma 4.8. The solution to the Volterra integral equation

t
w(t, &) = +/q (t, 7, & w(r, &) dr (4.5)
0
is formally represented as follows:
t
w(t, &) = —|—/q (t,71,§)p(r1,€) dmi
0

T1

t
+ /q (t 7175)/61(71,727 /q 1,7, &)p(m, &) dmy - - -dmy
=20 0 0

Proof. The proof can be verified by direct calculations. O

~
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