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In this paper we consider energy decay estimates for the Cauchy problems of 
dissipative wave equations with time dependent coefficients, in particular, the 
coefficients consisting of weak dissipation and very fast oscillating terms. For such 
a problem, which have been difficult to deal with in previous research, we prove 
energy decay estimates by introducing a new condition for the coefficients to evaluate 
oscillating cancellation of the energy, and smooth initial data such as in the Gevrey 
class.

© 2025 The Authors. Published by Elsevier Inc. This is an open access article 
under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Let us consider the following Cauchy problem for a dissipative wave equation with a time dependent 
coefficient:

{︄(︁
∂2
t − Δ + b(t)∂t

)︁
u(t, x) = 0, (t, x) ∈ (0,∞) ×Rn,

u(0, x) = u0(x), ∂tu(0, x) = u1(x), x ∈ Rn,
(1.1)

where Δ =
∑︁n

j=1 ∂
2
xj

. Then the total energy of the solution of (1.1) at t ∈ R+ := [0,∞) is dfined by

E(t;u) := 1
2

(︂
∥∇u(t, ·)∥2 + ∥∂tu(t, x)∥2

)︂
,

where ∇ = t(∂x1 , . . . , ∂xn
) and ∥ ∥ denotes the usual L2(Rn) norm.
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Multiplying the equation of (1.1) by ∂tu(t, x) and integrating over Rn gives us the following equality:

d 
dt

E(t;u) = −b(t) ∥∂tu(t, ·)∥2
. (1.2)

The dissipative term b(t)∂tu(t, x) in equation (1.1) represents the resistance force opposite to the direction 
of motion, so the coefficient b(t) is usually assumed to be b(t) ≥ 0. In that case, we see from (1.2) that E(t;u)
decreases monotonically with respect to t. Moreover, the following facts are trivial by ∥∂tu(t, ·)∥ ≤ 2E(t;u)
and Gronwall’s inequality.

• If b(t) ≡ 0, that is, equation in (1.1) is free wave equation, then the energy conservation E(t;u) ≡ E(0;u)
holds.

• E(t;u) ≥ exp(−2
∫︁ t
0 b(s) ds)E(0;u) is valid, it follows that the decay order of E(t;u) is at most 

exp(−2
∫︁ t
0 b(s) ds).

• If 
∫︁∞
0 b(s) ds < ∞ and E(0;u) > 0, then limt→∞ E(t;u) > 0, that is, E(t;u) does not decay to 0 as 

t → ∞.

Taking them into consideration, the problem we should consider are whether limt→∞ E(t;u) = 0 holds 
under the assumption 

∫︁∞
0 b(s) ds = ∞, and further whether the decay order is exp(−2

∫︁ t
0 b(s) ds) as t → ∞. 

For a positive and monotone decreasing function η(t) satisfying

lim
t→∞

η(t) = 0

and a positive constant E0 = E0(u0, u1), we call the estimate

E(t;u) ≲ η(t)E0 (1.3)

the energy decay estimate, where f ≲ g for positive functions f and g denotes that there exists a positive 
constant C such that f ≤ Cg. Moreover, f ≃ g denotes that if f ≲ g and g ≲ f hold. Our main interest in 
the problem of energy decay estimate for (1.1) is the relation between the dissipative coefficient b(t) and the 
decay order η(t). There are many results on this type of problem, and we will introduce some representative 
results that are closely related to the research topic of this paper. In the results presented below, E0 in (1.3)
is given by

E0 = E(0;u) + ∥u0(·)∥2
. (1.4)

If b(t) is a positive constant, then (1.4) with η(t) = (1 + t)−1 is valid ([9]). If b(t) is given by

b(t) = μ0(1 + t)−1 (1.5)

with a positive constant μ0, which is called weak dissipation, then (1.4) with

η(t) = (1 + t)−min{2,μ0} (1.6)

is valid. For more general b(t) ∈ C1(R+) and μ0 ∈ (0, 2], if the following conditions hold:

b(t) ≥ μ0(1 + t)−1 and (μ0 − 1)(μ0 − 2) − (μ0 − 1)(1 + t)b(t) − (1 + t)2b′(t) ≥ 0, (1.7)

where (1.7) corresponds to μ0 ≤ 2 in the case (1.5), then (1.3) with η(t) = (1 + t)−μ0 is also valid ([10,14]). 
These classical results are proved by so-called energy method and can be generalized to cases where the 
coefficient depends on not only time variable but also spatial variables.
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If the dissipative coefficient depends only on t, as in our model, more precise considerations have been 
done in [5,7,15--17]. According to these, the characteristics of the equation change significantly depending 
on the order of b(t) as t → ∞. Specifically, when the rate of decrease is slower than (1 + t)−1, the effect 
of the dissipative term becomes larger and the equation becomes parabolic-like, so that the decay order is 
given by 1/(

∫︁ t
0 1/b(s)ds). A dissipative term with such a strong effect is called effective dissipation, whereas 

if b(t) behaves as in (1.5), the dissipation is called non-effective. As we consider a non-effective dissipation 
in this paper, this problem will be discussed in more detail below.

The typical dissipative coefficient b(t) we consider is the following function of weak dissipation (1.5) with 
an oscillating error term σ(t):

b(t) = μ0(1 + t)−1 + σ(t). (1.8)

The effect of σ(t) has been studied in [15,16], and roughly speaking, the effect can be ignored for the decay 
estimate (1.3) with (1.6) if the following conditions hold:

sup
t>0 

⎧⎨
⎩

t ∫︂
0 

σ(s) ds

⎫⎬
⎭ < ∞, (1.9)

σ(t) = o
(︁
t−1)︁ and |σ′(t)| = O

(︁
t−2)︁ (t → ∞). (1.10)

We call very slow oscillation (=VSO) if (1.10) holds. In general, VSO for the dissipative coefficient is 
considered to be essential for the energy estimates. In fact, in [12], an example is presented that the energy 
is unbounded with respect to t in the following wave equation with time dependent propagation speed, 
which is obtained by transforming (1.1), when the corresponding VSO do not hold:

(︁
∂2
t − a(t)2Δ

)︁
w(t, x) = 0, (1.11)

where a(t) ∈ C2(R+), inft{a(t)} > 0 and supt{a(t)} < ∞. However, VSO in (1.11) is not necessarily 
necessary if we add the following condition, which is called stabilization condition introduced in [6]:

there exists a∞ ≥ 0 such that 
t ∫︂

0 

|a(s) − a∞| ds = o(t) (t → ∞). (1.12)

The following theorem was obtained by introducing conditions corresponding to (1.12) into the problem of 
energy decay estimate for (1.1).

Theorem 1.1 (Theorem 5.1 [7]). Let b(t) ∈ Cm(R+) with m ≥ 1. If there exist real numbers μ0, α and ω∞
satisfying 0 < μ0 < 1 and 0 ≤ α < 1 such that σ(t) dfined by (1.8) satifies (1.9),

t ∫︂
0 

⃓⃓⃓
⃓⃓⃓exp

⎛
⎝ s ∫︂

0 

σ(τ) dτ

⎞
⎠− ω∞

⃓⃓⃓
⃓⃓⃓ ds ≲ (1 + t)α (1.13)

and
⃓⃓⃓
σ(k)(t)

⃓⃓⃓
≲ (1 + t)−(k+1)β (k = 0, . . . ,m) (1.14)

for
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β ≥ β0 = β0(α,m) := m 
m + 1α + 1 

m + 1 , (1.15)

then (1.3) with η(t) = (1 + t)−μ0 is valid.

Here we note that (1.13) with α = 1 is trivial by (1.9). If α = 1 or m = 0, then β0 = 1, which 
is approximately VSO. On the other hand, if α < 1 and m ≥ 1, then β0 < 1, which is definitely not 
VSO. Moreover, β0 is monotone decreasing with respect to m. Thus, by adding the assumption of higher 
differentiability and decay of higher derivatives for σ(t), β0 becomes smaller; that is, if we focus only on the 
condition k = 0 in (1.14), the restriction on the order of the amplitude of σ(t) is weakened. An interesting 
aspect of this result is that the order of the oscillating term σ(t) need not necessarily be less than the order 
of the principal part μ0(1 + t)−1. It follows that b(t) can be negative, and then (1.2) means that the energy 
increases, but the order of η(t) is consequently the same as in the case σ(t) ≡ 0.

The assertion of the main theorems of this paper, which will be introduced in the next chapter, is that 
the energy decay estimate (1.3) can be obtained though the order of the amplitude of σ(t) does not satisfy 
the assumption of Theorem 1.1. The new approaches to achieving this is to extend the condition (1.13) and 
introduce a new function space for the initial data.

2. Main theorems and examples

2.1. Main theorems

Let us introduce the following three properties for the dissipative coefficient b(t) based on the assumptions 
introduced in [7].

(A1) Non-effective damping condition: There exist T ≥ 0 and μ(t) on R+ satisfying

sup 
t≥T

{(1 + t)μ(t)} =: μ0 < 1, μ(t) > 0 and μ′(t) < 0 for any t ≥ T

such that the 
∫︁∞
0 (b(t) − μ(t)) dt converges; we shall call μ(t) the principal part of b(t).

(A2) Stabilization condition: The oscillating part of b(t) dfined by

σ(t) := b(t) − μ(t)

satifies

∞ ∫︂
0 

⃓⃓⃓
⃓⃓⃓ ∞ ∫︂
s 

σ(τ) dτ

⃓⃓⃓
⃓⃓⃓ ds < ∞.

(A3) Cm-property: b(t) ∈ Cm(R+).

Here we note that (A1) is a generalization of (1.8) with μ0 < 1 and (A2) is the assumption corresponding 
to the case α = 0 in (1.13) with ω∞ = exp(

∫︁∞
0 σ(τ) dτ).

Theorem 2.1. Let (u0, u1) ∈ H1 × L2, and b(t) satisfy (A1), (A2) and (A3). If there exist a positive and 
strictly increasing continuous function Θ(t) and a positive and monotone continuous function Ξ(t) such 
that
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∞ ∫︂
t 

⃓⃓⃓
⃓⃓⃓ ∞ ∫︂
s 

σ(τ) dτ

⃓⃓⃓
⃓⃓⃓ ds ≤ Θ(t)−1, (2.1)

⃓⃓⃓
⃓ dkdtk b(t)

⃓⃓⃓
⃓ ≤ Ξ(t)k+1 (k = 0, . . . ,m), (2.2)

sup
t≥0 

{︃
Ξ(t)
Θ(t) 

}︃
< ∞ (2.3)

and

sup
t≥0 

⎧⎨
⎩Θ(t)−m

t ∫︂
0 

Ξ(s)m+1 ds

⎫⎬
⎭ < ∞, (2.4)

then the following energy decay estimate with (1.4) is established:

E(t;u) ≲ E0 exp

⎛
⎝−

t ∫︂
0 

μ(s) ds

⎞
⎠ . (2.5)

The comparison of Theorem 2.1 and Theorem 1.1 will be explained later with specific examples, but 
generally speaking, (2.1) is an extension of (1.13) to the case α < 0, (2.2) corresponds to (1.14), (2.3) is the 
assumption corresponding to α ≤ β0, which is clear from (1.15), and (2.4) is the assumption corresponding 
to (1.15).

In previous studies on the energy decay for linear dissipative wave equations, the initial data was generally 
set to (u0, u1) ∈ H1 ×L2. In contrast, the second main theorem of this paper asserts that if the initial data 
belong to a more restricted function space than H1 ×L2, it may be possible to obtain some kind of energy 
decay estimate though the order of the amplitude of σ(t) does not satisfy the assumptions of Theorem 2.1.

Let ρ be a positive and strictly increasing continuous function on R+ and satifies that limr→∞ ρ(r) = ∞
and

ζ(r) := r

ρ(r) (2.6)

is strictly increasing; such a function ρ is referred to as a weight function here. Let us dfine the Fourier 
transform of f with respect to the spatial variables as follows and denote it as f̂ :

f̂(ξ) := (2π)−n
2 
∫︂
Rn

e−ix·ξf(x) dx.

For a positive real number κ and a weight function ρ, we dfine the space of initial data ℋ(ρ, κ) by

ℋ(ρ, κ) :=
{︂

(u0, u1) ∈ H1 × L2 ; ∥(u0, u1)∥ℋ(ρ,κ) < ∞
}︂
,

where

∥(u0, u1)∥ℋ(ρ,κ) :=

⎛
⎝∫︂
Rn

e2κρ(|ξ|) (︁(︁1 + |ξ|2
)︁
|û0(ξ)|2 + |û1(ξ)|2

)︁
dξ

⎞
⎠

1
2

.

Moreover, we dfine ℋ(ρ,∞) by
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ℋ(ρ,∞) :=
⋂︂
κ>0

ℋ(ρ, κ).

Here the following lemma is trivial from the definition of ℋ(ρ, κ):

Lemma 2.2. The following properties are valid:

(i) If 0 < κ1 < κ2 ≤ ∞, then ℋ(ρ, κ2) ⊂ ℋ(ρ, κ1).
(ii) If the weight functions ρ and ρ̃ satisfy limr→∞ ρ(r)/ρ̃(r) = 0, then ℋ(ρ̃, κ) ⊂ ℋ(ρ,∞) for any κ > 0.
(iii) If ρ(r) = log(e + r), then ℋ(ρ, κ) = Hκ+1 ×Hκ, where Hκ is the usual Sobolev space of order κ.
(iv) Let ν > 1 and ρν(r) := (1 + r)1/ν . If u0 and u1 are support compacted Gevrey class of order ν, then 

there exists κ > 0 such that (u0, u1) ∈ ℋ(ρν , κ) (see [13]).

Theorem 2.3. Let (u0, u1) ∈ ℋ(ρ,∞) for a weight function ρ, and b(t) satisfy (A1), (A2) and (A3). If there 
exist a positive and strictly increasing continuous function Θ(t) and a positive and monotone continuous 
function Ξ(t) such that (2.1), (2.2),

sup
t≥0 

{︃
Ξ(t) 

ζ−1 (Θ(t))

}︃
< ∞ (2.7)

and

sup
t≥0 

⎧⎨
⎩ Θ(t) 

ζ−1 (Θ(t))m+1

t ∫︂
0 

Ξ(s)m+1 ds

⎫⎬
⎭ < ∞, (2.8)

where ζ is dfined by (2.6), then there exists κ0 > 0 such that the energy decay estimate (2.5) with E0 =
∥(u0, u1)∥2

ℋ(ρ,κ0) is established.

2.2. Examples

Let us consider the conditions under which Theorem 2.1 and Theorem 2.3 can be applied to specific 
examples of Θ(t), Ξ(t) and ζ(r).

Example 2.4. Let m be a positive integer. For α < 0, β ≤ 1, β ̸= 1/(m+ 1) and ν > 1, we dfine Θ(t), Ξ(t)
and ζ(r) by

Θ(t) = (1 + t)−α, Ξ(t) = (1 + t)−β and ζ(r) = r(1 + r)− 1 
ν , (2.9)

that is, ρ(r) = ρν(r), where ρν is dfined in Lemma 2.2.

(i) If αm− β(m + 1) + 1 ≤ 0, that is,

β ≥ β0 = β0(α,m) := m 
m + 1α + 1 

m + 1 , (2.10)

then (2.3) and (2.4) are valid, hence Theorem 2.1 is applicable.
(ii) If αm− β(m + 1) + 1 + α(m + 1)/(ν − 1) ≤ 0, that is,

β ≥ β̃0 = β̃0(α,m, ν) :=
(︃

m 
m + 1 + 1 

ν − 1

)︃
α + 1 

m + 1 ,
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then (2.7) and (2.8) are valid, hence Theorem 2.3 is applicable.

Since (2.10) is the same as (1.15), Theorem 2.1 and Theorem 2.3 can be considered as extensions of Theo
rem 1.1 for α < 0. Moreover, for α < 0, we note the followings.

• β0 > β̃0.
• β0 and β̃0 are monotone decreasing with respect to m and monotone increasing with respect to α.
• β̃0 is monotone increasing with respect to ν and limν→∞ β̃0 = β0.

Next, we will introduce some concrete examples of the dissipative coefficient b(t) that can be applied to 
Theorem 2.1 and Theorem 2.3. For simplicity, we will consider specific examples of σ(t) in the case of (1.8)
with 0 < μ0 < 1, and paying particular attention to the order of the amplitude of σ(t) described by the 
parameter p in the following examples.

Example 2.5. For p ≥ −1, q > 1 and a positive integer m, we dfine σ1(t), Θ1(t) and Ξ1(t) on R+ by

σ1(t) := (1 + t)p sin(1 + t)q, (2.11)

Θ1(t) := (1 + t)−α1 , α1 = p− q + 2,

Ξ1(t) := (1 + t)−β1 and β1 = −q + 1 + −p + q − 1
m + 1 

,

where β1 ̸= 1/(m + 1). Let b(t) be given by (1.8) with σ(t) = σ1(t), and suppose that

p < q − 2.

Then, for any positive integer m, there exists a positive constant C1 such that (2.1) and (2.2) are valid for 
Θ(t) = C1Θ1(t) and Ξ(t) = C1Ξ1(t) by Lemma 4.1 and Lemma 4.2 in Appendix. Moreover, if

α1m− β1(m + 1) + 1 = (p + 1)(m + 1) ≤ 0,

that is,

p ≤ p1 := −1, (2.12)

then (2.3) and (2.4) are valid by Example 2.4 (i), and thus Theorem 2.1 can be applicable.

When applying σ(t) dfined in Example 2.5 to Theorem 2.1, Example 2.4 (i) requires (2.12), it follows 
that |σ(t)| ≲ (1 + t)−1. Thus σ(t) must be almost VSO and the order is the same or less than the principal 
part μ0(1 + t)−1. In such a case, many results are already known and Theorem 2.1 does not provide any 
new advances. For example, [1] and [5] provide more detailed consideration of σ(t), which is closer to VSO. 
In [1], the relationship between a more general principal part, which can be introduce logarithmic order, an 
oscillating part and the decay order of the energy is studied. In [5], the energy decay estimate for the case 
that (1 + t)|σ(t)| ≤ μ0 is investigated in detail.

Example 2.6. Let σ(t), Θ(t) and Ξ(t) be the same as in Example 2.5, and ρ(r) = ρν(r) with ν > 1. Since 
ζ(r) ≃ (1 + r)(ν−1)/ν , if

α1m− β1(m + 1) + 1 + α1(m + 1)
ν − 1 

≤ 0,
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that is,

p ≤ −1 + q − 1
ν

,

then (2.7) and (2.8) are valid by Lemma 4.3, and thus Theorem 2.3 can be applicable.

Example 2.6 tells us that if (u0, u1) ∈ ℋ(ρν ,∞), then the dissipative coefficient b(t):

b(t) = μ0(1 + t)−1 + (1 + t)p̃1 sin(1 + t)q, (2.13)

where

p̃1 = p̃1(q, ν) := p1 + q − 1
ν

= −1 + q − 1
ν

(2.14)

satifies the assumptions of Theorem 2.3 even though p̃1 > 0 if q > ν + 1, thus the decay estimate (2.5)
holds. Here, we emphasize that, no results of such an energy decay estimate have been known when b(t) is 
given by (2.13) to the best of the author’s knowledge.

The following σ(t) is an example that the contribution of Cm-property (A3) can be cofirmed when 
Theorem 2.1 and Theorem 2.3 are applied.

Example 2.7. Let m be a positive integer and χ(τ) ∈ Cm([0, 1]) satisfy

max
τ∈[0,1]

{|χ(τ)|} = 1, 
1 ∫︂

0 

χ(τ) dτ = 0 and |χ(k)(0)| = |χ(k)(1)| = 0 (k = 0, . . . ,m).

For p ≥ −1, q > 1, r ≥ 1 and h ≥ 0, we dfine {tn}∞n=1, {Nn}∞n=1 and σ2(t) ∈ Cm(R+) by

tn = nr, Nn = ⌊nh⌋

and

σ2(t) =

⎧⎨
⎩
tpnχ
(︁
tq−1
n (t− tn)

)︁
, t ∈ [tn, tn + Nnt

−q+1
n ] (n = 1, 2, . . .),

0, t ∈ R+ \
⋃︁∞

n=1[tn, tn + Nnt
−q+1
n ],

(2.15)

where it must be satified for tn + Nnt
−q+1
n ≤ tn+1 that

h ≤ rq − 1.

Let b(t) be given by (1.8) with σ(t) = σ2(t). Then, by Lemma 4.4 and Lemma 4.5, there exists a positive 
constant C1 such that (2.1) and (2.2) are valid for Θ(t) = C1Θ2(t) and Ξ(t) = C1Ξ1(t) with

Θ2(t) = (1 + t)−α2 , α2 = α1 − q + h + 1
r

= p− 2q + 2 + h + 1
r

. (2.16)

Here we note that p and q in (2.15) are parameters describing the amplitude and oscillating speed of σ2(t), 
respectively, corresponding to those in σ1(t) dfined in (2.11), because (2.2) is valid for the same Ξ(t) as in 
Example 2.5. The new parameters r and h describe the time when the oscillation speed switches and the 
length of the oscillation intervals, respectively. If the following inequality holds:
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α2m− β1(m + 1) + 1 ≤ 0,

that is,

p ≤ p2 = p2(q, r, h,m) := −1 + m 
m + 1

(︃
q − h + 1

r

)︃
,

then (2.3) and (2.4) are valid by Lemma 4.6, and thus Theorem 2.1 can be applicable. For ρ(r) = ρν(r), if

α2m− β1(m + 1) + 1 + α2(m + 1)
ν − 1 

≤ 0,

that is,

p ≤ p̃2 = p̃2(q, r, h,m, ν) : = −1 + q − 1
ν

+
(︃

m 
m + 1 + 1 

ν(m + 1)

)︃(︃
q − h + 1

r

)︃

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
p̃1 +

(︃
m 

m + 1 + 1 
ν(m + 1)

)︃(︃
q − h + 1

r

)︃
,

p2 + q − 1
ν

+ 1 
ν(m + 1)

(︃
q − h + 1

r

)︃
,

then (2.7) and (2.8) are valid by Lemma 4.7, and thus Theorem 2.3 can be applicable.

The maximum value of p for the amplitude parameter of σ(t) in Example 2.5, Example 2.6 and Exam
ple 2.7 can be summarized as follows:

Theorem 2.1 Theorem 2.3
σ1(t) p1 = −1 p̃1 = −1 + q−1

ν

σ2(t) p2 = −1 + m 
m+1

(︁
q − h+1

r

)︁
p̃2 = −1 + q−1

ν +
(︂

m 
m+1 + 1 

ν(m+1)

)︂ (︁
q − h+1

r

)︁

• If σ(t) = σ1(t) with p = p̃1 or σ(t) = σ2(t) with p = p2 or p = p̃2, then the following hold:

lim sup
t→∞ 

σ(t) 
μ0(1 + t)−1 = ∞.

Thus σ(t) is no longer small perturbation in the sense of L∞.
• p̃1, p2 and p̃2 are monotone increasing with respect to q, that is, faster oscillation allows for larger 

amplitudes. The contribution of such fast oscillations for the energy decay estimate is also suggested in 
[5] for σ1(t) with p = −1.

• p̃1 and p̃2 are strictly decreasing with respect to ν, and the following hold:

lim
ν→∞

p̃1 = p1 and lim
ν→∞

p̃2 = p2.

• If h < rq − 1, then p2 and p̃2 are monotone increasing with respect to m. On the other hand,

p2|h=rq−1 = p1 and p̃2|h=rq−1 = p̃1,

which implies that the contribution of m cannot be expected if σ2(t) is oscillating without rest.
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Actually, the space of initial data ℋ(ρν ,∞) was introduced to consider the well-posedness of the initial 
value problem for the wave equation (1.11) with coefficient that has a singularity such as degeneracy and 
non-Lipschitz continuity ([2,3]). Indeed, such singularity of the coefficients may cause loss of regularity of 
the solution as time evolves, so the initial data should be sufficiently smooth functions, such as functions in 
the Gevrey class. The L2 well-posedness for the Cauchy problem (1.1) is trivial since b(t) ∈ C1(R+), hence 
it is not necessary to introduce the initial data in ℋ(ρν ,∞) for the well-posedness. On the other hand, 
Theorem 2.3 is a result showing the contribution of taking initial data in ℋ(ρν ,∞) for the energy decay 
estimate, and no such result exists as far as the authors know. Incidentally, the contribution of the initial 
data in the Gevrey class for the asymptotic stability of the energy for the Cauchy problem of (1.11) with 
non-singular coefficient is studied in [4].

3. Proof of theorems

3.1. Outline of the proof

Before starting the proof of the main theorems, we introduce an outline of the proof and a key proposition.
By partial Fourier transformation with respect to the spatial variables and denoting

v(t, ξ) = û(t, ξ), v0(ξ) = û0(ξ) and v1(ξ) = û1(ξ),

(1.1) is rewritten as the following Cauchy problem:

{︄(︁
∂2
t + |ξ|2 + b(t)∂t

)︁
v(t, ξ) = 0, (t, ξ) ∈ (0,∞) ×Rn,

v(0, ξ) = v0(ξ), ∂tv(0, ξ) = v1(ξ), ξ ∈ Rn.
(3.1)

By Parseval’s theorem, it is sufficient to consider the problem of having a uniform estimate with respect ξ
for the following energy density function in the frequency domain:

ℰ(t, ξ) = ℰ(t, ξ; v) := |ξ|2|v(t, ξ)|2 + |∂tv(t, ξ)|2, (t, ξ) ∈ [0,∞) ×Rn.

Since our interest is the asymptotic behavior as t → ∞, we may assume the following without loss of 
generality:

μ(0) = μ0 and ζ−1(Θ(0)) = 1. (3.2)

Let N be a large constant. We dfine tD = tD(r) and tH = tH(r) for r ∈ R+ by

tD(r) := μ−1
(︂μ0r

N

)︂
and tH(r) := Θ−1

(︂
ζ
(︂ r

N

)︂)︂
. (3.3)

Then we divide R+ × Rn = {(t, ξ) ; t ∈ R+, ξ ∈ Rn} into the following four regions by hypersurfaces 
t = tD(|ξ|) and t = tD(|ξ|):

ZD = ZD(N) := {(t, ξ) ; 0 ≤ t ≤ tD(|ξ|)} ,

ZH = ZH(N) := {(t, ξ) ; 0 ≤ t ≤ tH(|ξ|)} ,

ZI1 = ZI1(N) := {(t, ξ) ; t ≥ tD(|ξ|), |ξ| ≤ N}

and
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ZI2 = ZI2(N) := {(t, ξ) ; t ≥ tH(|ξ|), |ξ| ≥ N} ,

where ZD, ZH , and ZI := ZI1 ∪ ZI2 are called dissipative zone, hyperbolic zone, and intermediate zone 
respectively.

Our main concern in this paper is the effect of the oscillating part σ(t) of the dissipative coefficient on 
the energy decay estimate. The weighted energy method used, for example, in [11], is a powerful method 
that can be applied to cases where initial boundary value problems with exterior domain and the dissipative 
coefficients depend on spatial variables, but is currently insufficient for precise analysis in models where the 
dissipative coefficients depend only on t. On the other hand, it is effective to estimate ℰ(t, ξ) in each of the 
divided regions as above when the dissipative coefficient has a different effect on the energy at each region 
as in our model.

The following proposition is key to the proof of our main theorems.

Proposition 3.1. Let us denote

ϱ(r) :=
{︄

1 for Theorem 2.1,
ρ(r) for Theorem 2.3.

There exist positive constants N and κ0 such that the following estimates are established:

(i) For (t, ξ) ∈ ZD(N) we have

ℰ(t, ξ) ≲ exp

⎛
⎝−2

t ∫︂
0 

μ(τ) dτ

⎞
⎠(︁|v0(ξ)|2 + |v1(ξ)|2

)︁
.

(ii) For (t, ξ) ∈ ZH(N) we have

ℰ(t, ξ) ≲ exp

⎛
⎝−

t ∫︂
0 

μ(τ) dτ

⎞
⎠ exp (κ0ϱ (|ξ|)) ℰ(0, ξ).

(iii) For (t, ξ) ∈ ZI1(N) we have

ℰ(t, ξ) ≲ exp

⎛
⎜⎝−

t ∫︂
tD(|ξ|)

μ(τ) dτ

⎞
⎟⎠ ℰ(tD(|ξ|), ξ).

(iv) For (t, ξ) ∈ ZI2(N) we have

ℰ(t, ξ) ≲ exp

⎛
⎜⎝−

t ∫︂
tH(|ξ|)

μ(τ) dτ

⎞
⎟⎠ exp (κ0ϱ (|ξ|)) ℰ(tH(|ξ|), ξ).

In the proof of Proposition 3.1 below, we consider the following first order system, which is rewritten 
from the second order differential equation of (3.1):

∂tV (t, ξ) = A(t, ξ)V (t, ξ), (3.4)

where
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A(t, ξ) :=
(︃

0 i|ξ|
i|ξ| −b(t)

)︃
and V (t, ξ) :=

(︃
i|ξ|v(t, ξ)
∂tv(t, ξ)

)︃
. (3.5)

Then the following equality holds:

∥V (t, ξ)∥2
C2 = ℰ(t, ξ; v). (3.6)

3.2. Proof of Proposition 3.1 (i)

We note that the following inequality holds in ZD(N):

|ξ| ≤ N

μ0
μ(t). (3.7)

Since |ξ| = Nμ−1
0 μ(tD(|ξ|)) ≤ Nμ−1

0 μ(0) = N in ZD(N) by (A1), (3.2) and (3.3), the effect of the oscillation 
of σ(t) on high frequency energy need not be considered. On the other hand, a precise analysis using the 
representation of the solution of (3.1) as a Volterra integral equation is effective and essential in order to 
derive the decay estimate of ℰ(t, ξ) in ZD(N). The method for evaluating ℰ(t, ξ) in ZD(N) follows that used 
in [7].

We dfine ηb(t), ημ(t) and ω(t) on R+ by

ηb(t) := exp

⎛
⎝−

t ∫︂
0 

b(s) ds

⎞
⎠ , ημ(t) := exp

⎛
⎝−

t ∫︂
0 

μ(s) ds

⎞
⎠

and

ω(t) := exp

⎛
⎝ ∞ ∫︂

t 

σ(s) ds

⎞
⎠ .

Then we see that

ω(t) = ω(0) exp

⎛
⎝−

t ∫︂
0 

σ(s) ds

⎞
⎠ = ω(0) ηb(t) 

ημ(t) .

Moreover, denoting

ω0 := inf
t≥0

{ω(t)} and ω1 := sup
t≥0 

{ω(t)},

we have

ω0

ω(0)ημ(t) ≤ ηb(t) ≤
ω1

ω(0)ημ(t). (3.8)

Lemma 3.2. The following inequalities hold in ZD(N):

|ξ|ημ(t)−1 < N (3.9)

and

|ξ|ημ(t)−1
t ∫︂

0 

ημ(s) ds < N

1 − μ0
. (3.10)
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Proof. By (A1) and (3.7), we have

|ξ|ημ(t)−1 ≤ N

μ0
μ(t) exp

⎛
⎝ t ∫︂

0 

μ0(1 + s)−1 ds

⎞
⎠ = N

μ0
μ(t)(1 + t)μ0 < N.

Moreover, we have

ημ(t)−1
t ∫︂

0 

ημ(s) ds =
t ∫︂

0 

exp

⎛
⎝ t ∫︂

s 

μ(τ) dτ

⎞
⎠ ds

≤
t ∫︂

0 

exp

⎛
⎝ t ∫︂

s 

μ0(1 + τ)−1 dτ

⎞
⎠ ds

= (1 + t)μ0

t ∫︂
0 

(1 + s)−μ0 ds <
1 + t 

1 − μ0
,

it follows that

|ξ|ημ(t)−1
t ∫︂

0 

ημ(s) ds ≤ Nμ(t)(1 + t)
μ0(1 − μ0) 

≤ N

1 − μ0
. □

We dfine vjk(t, ξ) (j, k = 1, 2) by

v1k(t, ξ) := δ1k + i|ξ|
t ∫︂

0 

v2k(τ, ξ) dτ (3.11)

and

v2k(t, ξ) := ηb(t)

⎛
⎝δk2 + i|ξ|

t ∫︂
0 

ηb(τ)−1v1k(τ, ξ) dτ

⎞
⎠ , (3.12)

where δjk = 1 if j = k and δjk = 0 if j ̸= k. Then the following lemmas are established.

Lemma 3.3. The solution of (3.4) is represented in ZD(N) as follows

V (t, ξ) =
(︃
v11(t, ξ) v12(t, ξ)
v21(t, ξ) v22(t, ξ)

)︃
V (0, ξ).

Moreover, v1k(t, ξ) is a solution of the following integral equation:

v1k(t, ξ) = δ1k + iδk2|ξ|
t ∫︂

0 

ηb(τ1) dτ1

− |ξ|2
t ∫︂

0 

ηb(τ1)−1

⎛
⎝ t ∫︂

τ1

ηb(τ2) dτ2

⎞
⎠ v1k(τ1, ξ) dτ1

(3.13)

for k = 1, 2.
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Proof. By (3.11) and (3.12) we have v1k(0, ξ) = δ1k, v2k(0, ξ) = δ2k,

∂tv1k = iδk2|ξ|ηb(t) − |ξ|2ηb(t)
t ∫︂

0 

ηb(τ)−1v1k(τ, ξ) dτ = i|ξ|v2k

and

∂tv2k = η′b(t)

⎛
⎝δk2 + i|ξ|

t ∫︂
0 

ηb(τ)−1v1k(τ, ξ) dτ

⎞
⎠+ i|ξ|v1k(t, ξ)

= −b(t)v2k + i|ξ|v1k.

It follows that

∂t

(︃
v11 v12
v21 v22

)︃
V (0, ξ) =

(︃
i|ξ|v21 i|ξ|v22

−b(t)v21 + i|ξ|v11 −b(t)v22 + i|ξ|v12

)︃
V (0, ξ)

=
(︃

0 i|ξ|
i|ξ| −b(t)

)︃(︃
v11 v12
v21 v22

)︃
V (0, ξ)

= A(t, ξ)
(︃
v11 v12
v21 v22

)︃
V (0, ξ). □

Lemma 3.4. Let us dfine w1(t, ξ), w2(t, ξ), p1(t, ξ), p2(t, ξ) and q(t, τ, ξ) by

w1(t, ξ) = |ξ|ηb(t)−1v11(t, ξ), w2(t, ξ) = ηb(t)−1v12(t, ξ),

p1(t, ξ) = |ξ|ηb(t)−1, p2(t, ξ) = i|ξ|ηb(t)−1
t ∫︂

0 

ηb(τ1) dτ1

and

q(t, τ, ξ) = −|ξ|2ηb(t)−1
t ∫︂

τ

ηb(τ1) dτ1.

Then wk(t, ξ) is a solution of the Volterra integral equation (4.5) with p(t, ξ) = pk(t, ξ) for k = 1, 2.

Proof. The proof is trivial by (3.13). □
Proposition 3.1 (i) is immediately proved from Lemma 3.2, Lemma 3.3 and the following lemma:

Lemma 3.5. The estimates

|vj1(t, ξ)| ≲ 1 and |vj2(t, ξ)| ≲ ημ(t) (3.14)

hold for j = 1, 2 in ZD(N).

Proof. By (3.8), we have

|p1(t, ξ)| ≤
ω(0)
ω0

|ξ|ημ(t)−1 and |p2(t, ξ)| ≤
ω1

ω0
|ξ|ημ(t)−1

t ∫︂
0 

ημ(τ) dτ. (3.15)
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Suppose that the following inequalities hold:

t ∫︂
0 

|q(t, τ1, ξ)|
τ1∫︂
0 

|q(τ1, τ2, ξ)| · · ·
τl−1∫︂
0 

|q(τl−1, τl, ξ)||pk(τl, ξ)| dτl · · · dτ1

≤

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ω(0)
ω0

|ξ|ημ(t)−1 1 
(2l)!

(︃√︃
ω1

ω0
|ξ|t
)︃2l

for k = 1,

ω1

ω0
|ξ|ημ(t)−1

t ∫︂
0 

ημ(τ1) dτ1
1 

(2l)!

(︃√︃
ω1

ω0
|ξ|t
)︃2l

for k = 2

(3.16)

(3.17)

for any l = 1, 2, . . .. Then, by Lemma 3.4, Lemma 4.8 and |ξ|t ≤ N , we have

|w1(t, ξ)| ≤
ω(0)
ω0

|ξ|ημ(t)−1 +
∞ ∑︂
j=1 

ω(0)
ω0

|ξ|ημ(t)−1 1 
(2j)!

(︃√︃
ω1

ω0
N

)︃2j

≤ ω(0)
ω0

exp
(︃√︃

ω1

ω0
N

)︃
|ξ|ημ(t)−1.

Analogously, we have

|w2(t, ξ)| ≤
ω1

ω0
exp
(︃√︃

ω1

ω0
N

)︃
|ξ|ημ(t)−1

t ∫︂
0 

ημ(τ) dτ.

Therefore, by (3.8), (3.10), (3.12) and Lemma 3.4 and noting that ημ(t) is monotone decreasing, we have

|v11(t, ξ)| ≤ |ξ|−1ηb(t)|w1(t, ξ)| ≤
ω(0)
ω0

exp
(︃√︃

ω1

ω0
N

)︃
ηb(t) 
ημ(t)

≤ ω1

ω0
exp
(︃√︃

ω1

ω0
N

)︃
,

|v21(t, ξ)| ≤ |ξ|ηb(t)
t ∫︂

0 

ηb(τ)−1|v11(τ, ξ)| dτ

≤
(︃
ω1

ω0

)︃2

exp
(︃√︃

ω1

ω0
N

)︃
|ξ|ημ(t)

t ∫︂
0 

ημ(τ)−1 dτ

≤
(︃
ω1

ω0

)︃2

exp
(︃√︃

ω1

ω0
N

)︃
|ξ|t ≤

(︃
ω1

ω0

)︃2

exp
(︃√︃

ω1

ω0
N

)︃
N

and

|v12(t, ξ)| = ηb(t)|w2(t, ξ)| ≤
ω2

1
ω0ω(0)ημ(t) exp

(︃√︃
ω1

ω0
N

)︃
|ξ|ημ(t)−1

t ∫︂
0 

ημ(τ) dτ

≤ Kημ(t),
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where

K = Nω2
1

ω0ω(0)(1 − μ0)
exp
(︃√︃

ω1

ω0
N

)︃
.

Then, by (3.12) we have

|v22(t, ξ)| ≤ ηb(t)

⎛
⎝1 + |ξ|

t ∫︂
0 

ηb(τ)−1|v12(τ, ξ)| dτ

⎞
⎠

≤ ω1

ω(0)

(︃
1 + ω1

ω(0)K|ξ|t
)︃
ημ(t)

≤ ω1

ω(0)

(︃
1 + ω1

ω(0)KN

)︃
ημ(t).

Thus we have (3.14). Let us prove the inequalities (3.16) and (3.17) by induction. By (3.8), (3.15) and

|q(t, τ, ξ)| ≤ ω1

ω0
|ξ|2ημ(t)−1

t ∫︂
τ

ημ(τ1) dτ1,

furthermore, since ημ(t) is monotone decreasing, we have

t ∫︂
0 

|q(t, τ1, ξ)||p1(τ1, ξ)| dτ1 ≤ ω1ω(0)
ω2

0
|ξ|3ημ(t)−1

t ∫︂
0 

ημ(τ1)−1
t ∫︂

τ1

ημ(τ2) dτ2 dτ1

≤ ω1ω(0)
ω2

0
|ξ|3ημ(t)−1

t ∫︂
0 

ημ(τ1)−1
t ∫︂

τ1

ημ(τ1) dτ2 dτ1

= ω1ω(0)
ω2

0
|ξ|3ημ(t)−1

t ∫︂
0 

t ∫︂
τ1

dτ2 dτ1

= ω(0)
ω0

|ξ|ημ(t)−1 1 
2!

(︃√︃
ω1

ω0
|ξ|t
)︃2

.

Thus (3.16) is valid for l = 1. Suppose that (3.16) is valid for l ≥ 2. Then we have

t ∫︂
0 

|q(t, τ1, ξ)|
τ1∫︂
0 

|q(τ1, τ2, ξ)| · · ·
τl∫︂

0 

|q(τl, τl+1, ξ)||p1(τl+1, ξ)| dτl+1 · · · dτ1

≤
t ∫︂

0 

ω1

ω0
|ξ|2ημ(t)−1

t ∫︂
τ1

ημ(τ2) dτ2
ω(0)
ω0

|ξ|ημ(τ1)−1 1 
(2l)!

(︃√︃
ω1

ω0
|ξ|τ1
)︃2l

dτ1

= ω(0)
ω0

(︃√︃
ω1

ω0
|ξ|
)︃2(l+1)

|ξ|ημ(t)−1 1 
(2l)!

t ∫︂
0 

ημ(τ1)−1

⎛
⎝ t ∫︂

τ1

ημ(τ2) dτ2

⎞
⎠ τ2l

1 dτ1

≤ ω(0)
ω0

(︃√︃
ω1

ω0
|ξ|
)︃2(l+1)

|ξ|ημ(t)−1 1 
(2l)!

t ∫︂
0 

ημ(τ1)−1

⎛
⎝ t ∫︂

τ1

ημ(τ1) dτ2

⎞
⎠ τ2l

1 dτ1
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≤ ω(0)
ω0

(︃√︃
ω1

ω0
|ξ|
)︃2(l+1)

|ξ|ημ(t)−1 1 
(2l)!

t ∫︂
0 

⎛
⎝ t ∫︂

τ1

dτ2

⎞
⎠ τ2l

1 dτ1

= ω(0)
ω0

|ξ|ημ(t)−1 1 
(2(l + 1))!

(︃√︃
ω1

ω0
|ξ|t
)︃2(l+1)

.

Therefore, (3.16) is valid for any l ∈ N. On the other hand, by the same way as for k = 1, we have

t ∫︂
0 

|q(t, τ1, ξ)||p2(τ1, ξ)| dτ1

≤
(︃
ω1

ω0

)︃2

ημ(t)−1|ξ|3
t ∫︂

0 

ημ(τ1)−1

⎛
⎝ t ∫︂

τ1

ημ(τ2) dτ2

⎞
⎠
⎛
⎝ τ1∫︂

0 

ημ(τ2) dτ2

⎞
⎠ dτ1

≤
(︃
ω1

ω0

)︃2

|ξ|3ημ(t)−1
t ∫︂

0 

⎛
⎝ t ∫︂

τ1

dτ2

⎞
⎠
⎛
⎝ τ1∫︂

0 

ημ(τ2) dτ2

⎞
⎠ dτ1

=
(︃
ω1

ω0

)︃2

|ξ|3ημ(t)−1
t ∫︂

0 

∂

∂τ1

(︃
tτ1 −

1
2τ

2
1

)︃⎛⎝ τ1∫︂
0 

ημ(τ2) dτ2

⎞
⎠ dτ1

=
(︃
ω1

ω0

)︃2

|ξ|3ημ(t)−1

⎛
⎝1

2 t
2

⎛
⎝ t ∫︂

0 

ημ(τ1) dτ1

⎞
⎠−

t ∫︂
0 

(︃
tτ1 −

1
2τ

2
1

)︃
ημ(τ1) dτ1

⎞
⎠

≤
(︃
ω1

ω0

)︃2

|ξ|3ημ(t)−1 1
2 t

2

⎛
⎝ t ∫︂

0 

ημ(τ1) dτ1

⎞
⎠

= ω1

ω0
|ξ|ημ(t)−1

t ∫︂
0 

ημ(τ1) dτ1
1 
2!

(︃√︃
ω1

ω0
|ξ|t
)︃2

.

Thus (3.17) is valid for l = 1. Suppose that (3.17) is valid for l ≥ 2. Then we have

t ∫︂
0 

|q(t, τ1, ξ)|
τ1∫︂
0 

|q(τ1, τ2, ξ)| · · ·
τl∫︂

0 

|q(τl, τl+1, ξ)||p2(τl+1, ξ)| dτl+1 · · · dτ1

≤
t ∫︂

0 

⎛
⎝ω1

ω0
|ξ|2ημ(t)−1

t ∫︂
τ1

ημ(τ2) dτ2

⎞
⎠

× ω1

ω0
|ξ|ημ(τ1)−1

τ1∫︂
0 

ημ(τ2) dτ2
1 

(2l)!

(︃√︃
ω1

ω0
|ξ|τ1
)︃2l

dτ1

= ω1

ω0
|ξ|ημ(t)−1

t ∫︂
0 

ημ(τ1)−1

⎛
⎝ t ∫︂

τ1

ημ(τ2) dτ2

⎞
⎠
⎛
⎝ τ1∫︂

0 

ημ(τ2) dτ2

⎞
⎠ τ2l

1 dτ1

× 1 
(2l)!

(︃√︃
ω1

ω0
|ξ|
)︃2l+2
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≤ ω1

ω0
|ξ|ημ(t)−1

t ∫︂
0 

⎛
⎝ t ∫︂

τ1

dτ2

⎞
⎠
⎛
⎝ τ1∫︂

0 

ημ(τ2) dτ2

⎞
⎠ τ2l

1 dτ1
1 

(2l)!

(︃√︃
ω1

ω0
|ξ|
)︃2l+2

= ω1

ω0
|ξ|ημ(t)−1

t ∫︂
0 

∂

∂τ1

(︃
t 

2l + 1τ
2l+1
1 − 1 

2l + 2τ
2l+2
1

)︃⎛⎝ τ1∫︂
0 

ημ(τ2) dτ2

⎞
⎠ dτ1

× 1 
(2l)!

(︃√︃
ω1

ω0
|ξ|
)︃2l+2

≤ ω1

ω0
|ξ|ημ(t)−1

t ∫︂
0 

ημ(τ1) dτ1
1 

(2(l + 1))!

(︃√︃
ω1

ω0
|ξ|t
)︃2(l+1)

.

Therefore, (3.17) is also valid for any l ∈ N. □
Proof of Proposition 3.1 (i). By (3.6), (3.9) and Lemma 3.5, we have

ℰ(t, ξ) =
⃦⃦⃦
⃦
(︃
v11(t, ξ) v12(t, ξ)
v21(t, ξ) v22(t, ξ)

)︃(︃
i|ξ|v0(ξ)
v1(ξ)

)︃⃦⃦⃦
⃦

2

C2

= |i|ξ|v11(t, ξ)v0(ξ) + v12(t, ξ)v1(ξ)|2 + |i|ξ|v21(t, ξ)v0(ξ) + v22(t, ξ)v1(ξ)|2

≤ 2|ξ|2
(︁
|v11(t, ξ)|2 + |v21(t, ξ)|2

)︁
|v0(ξ)|2

+ 2
(︁
|v12(t, ξ)|2 + |v22(t, ξ)|2

)︁
|v1(ξ)|2

≲ |ξ|2|v0(ξ)|2 + ημ(t)2|v1(ξ)|2

≲ ημ(t)2
(︁
|v0(ξ)|2 + |v1(ξ)|2

)︁
. □

3.3. Proof of Proposition 3.1 (ii)

From now on, ζ denotes

ζ(r) = r

ϱ(r)

instead of (2.6). Then (2.3) and (2.4) can be represented by (2.7) and (2.8), respectively. We note that the 
following inequality holds in ZH(N):

|ξ| ≥ Nζ−1(Θ(t)). (3.18)

In high frequency region ZH(N), where the effect of the oscillations of σ(t) cannot be neglected, we evaluate 
ℰ(t, ξ) by applying rfined diagonalization method, which makes use of the Cm-property (A3) introduced 
in [4,6,7]. The following lemma is essential for that method.

Lemma 3.6. Let ϕ, r ∈ C1(I) for I ⊂ R, and denote ϕℜ = ℜϕ and ϕℑ = ℑϕ. For t ∈ I, we dfine 𝒜 = 𝒜(t)
and ℳ = ℳ(t) by

𝒜 :=
(︃
ϕ r
r ϕ

)︃
and ℳ :=

(︃
1 δ
δ 1

)︃
,

where
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δ = δ(t) := −i
r

ϕℑ

⎛
⎝1 +

√︄
1 −
(︃
|r| 
ϕℑ

)︃2
⎞
⎠

−1

.

If |ϕℑ| > |r| on I, then following equalities hold:

ℳ−1𝒜ℳ =
(︃
λ 0
0 λ

)︃
, λ := ϕℜ + iϕℑ

√︂
1 − (|r|/ϕℑ)2 (3.19)

and

ℳ−1𝒜 
d 
dt

ℳ = d 
dt

log
√︁

1 − |δ|2
(︃

1 0
0 1

)︃

+ 1 
1 − |δ|2

(︄
iℑ
(︁
δδ′
)︁

δ′

δ′ iℑ
(︁
δδ′
)︁
)︄
.

(3.20)

Proof. Note that detℳ = 1 − |δ|2 > 0, we can verify (3.19) and (3.20) by direct calculations. Clearly, λ
and λ are eigenvalues of 𝒜, and ℳ is the diagonalizer of 𝒜. □

For A = A(t, ξ) dfined by (3.5), we dfine M , A0 = A0(t, ξ) and M0 = M0(t, ξ) by

M :=
(︃

1 −1
1 1

)︃
, (3.21)

A0(t, ξ) := M−1AM =
(︃
ϕ0 r0
r0 ϕ0

)︃
(3.22)

and

M0(t, ξ) :=
(︃

1 δ0
δ0 1

)︃
,

where

ϕ0 = ϕ0(t, ξ) := i|ξ| − b(t)
2 

, r0 = r0(t) := −b(t)
2 

and

δ0 = δ0(t, ξ) := −i
b(t)
2|ξ| 

⎛
⎝1 +

√︄
1 −
(︃
b(t)
2|ξ| 

)︃2
⎞
⎠

−1

.

By (2.7), there exists a positive constant b1 such that

b1 = sup
t≥0 

{︃
Ξ(t) 

ζ−1 (Θ(t))

}︃
.

If N > b1/2, then we have

|r0(t)| ≤
Ξ(t)

2 
≤ b1ζ

−1 (Θ(t))
2 

≤ b1|ξ|
2N < |ξ| = |ℑϕ0(t, ξ)| (3.23)

by (2.2) and (3.18). Therefore, by considering ξ as a parameter, setting A0 = 𝒜 and ℳ = M0, and applying 
Lemma 3.6, we have the following equality:
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M−1
0 A0M0 −M−1

0 A0 (∂tM0) =: A1(t, ξ) =
(︃
ϕ1 r1
r1 ϕ1

)︃
,

where

λ0 = λ0(t, ξ) := −b(t)
2 

+ i|ξ|

√︄
1 −
(︃
b(t)
2|ξ| 

)︃2

,

ϕ1 = ϕ1(t, ξ) := λ0 − ∂t log
√︁

1 − |δ0|2 −
iℑ
(︁
δ0∂tδ0

)︁
1 − |δ0|2

and

r1 = r1(t, ξ) = − ∂tδ0
1 − |δ0|2

.

If N ≥ b1, then (2.2), (3.18) and (3.23) imply the followings:

|δ0| ≤
|b(t)|
2|ξ| ≤

Ξ(t)
2|ξ| ≤

b1
2N ≤ 1

2 ,

|∂tδ0| ≤
|b′(t)|
2|ξ| + |b(t)|2|b′(t)|

8|ξ|3

(︄
1 −
(︃
b(t)
2|ξ| 

)︃2
)︄− 1

2

≤ |b′(t)|
2|ξ| + |b(t)|2|b′(t)|

8|ξ|3
(︃

3
4

)︃− 1
2

≤ |b′(t)|
2|ξ| 

(︄
1 +
(︃
b(t)
2|ξ| 

)︃2
)︄

≤ 3Ξ(t)2

4|ξ| .

Therefore, we have

|r1| ≤
1 

1 − 1
4

3Ξ(t)2

4|ξ| ≤ Ξ(t)2

|ξ| 

and

ϕ1ℜ = −b(t)
2 

− ∂t log
√︁

1 − |δ0|.

Thus we can again apply Lemma 3.6 as 𝒜 = A1 by taking N large enough. By repeating this procedure, 
we expect the following lemma to hold.

Lemma 3.7. Let A0 be dfined by (3.22), and Mk = Mk(t, ξ), δk = δk(t, ξ) and Ak+1 = Ak+1(t, ξ) for 
k = 0, . . . ,m− 1 be dfined inductively as follows:

Mk :=
(︃

1 δk
δk 1

)︃
, δk := −i

rk
ϕkℑ

⎛
⎝1 +

√︄
1 −
(︃
|rk| 
ϕkℑ

)︃2
⎞
⎠

−1

and

Ak+1 =
(︃
ϕk+1 rk+1
rk+1 ϕk+1

)︃
:= M−1

k AkMk −M−1
k (∂tMk) .
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Then, there exists a constant N0 ≥ 1 such that

sup 
(t,ξ)∈ZH(N)

{|δk(t, ξ)|} ≤ 1
2

for any k = 0, . . . ,m− 1 and N ≥ N0. Furthermore, the following properties hold:

ϕmℜ(t, ξ) = −b(t)
2 

− 1
2∂t log

m−1∏︂
k=0 

(︁
1 − |δk|2

)︁
(3.24)

and

|rk(t, ξ)| ≲
Ξ(t)k+1

|ξ|k (3.25)

for k = 0, . . . ,m.

We have already cofirmed that (3.25) is correct for k = 0 and k = 1 by representing them concretely, 
however, it is difficult to do it for general k ≥ 2. Therefore, we shall show (3.25) by introducing the following 
symbol classes that can describe the orders of Ξ(t) and |ξ|.

Definition 3.8. For N ≥ 1, integers p and q, and non-negative integer k, we dfine the symbol class S(k){p, q}
by the following class of functions:

S(k){p, q} :=
{︄
f(t, ξ) ∈ Ck(ZH(N)) ; max

0≤j≤k
sup 

(t,ξ)∈ZH(N)

{︄
|∂j

t f(t, ξ)| 
|ξ|pΞ(t)q+j

}︄
< ∞

}︄
.

As properties of the symbol class S(k){p, q}, we introduce the following lemmas:

Lemma 3.9. 

(i) If f ∈ S(k){p, q}, then f ∈ S(j){p + r, q − r} for any 0 ≤ j ≤ k and r ≥ 0.
(ii) If f1, f2 ∈ S(k){p, q}, then for any constants C1 and C2 we have C1f1 + C2f2 ∈ S(k){p, q}.
(iii) If f1 ∈ S(k1){p1, q1} and f2 ∈ S(k2){p2, q2}, then f1f2 ∈ S(min{k1,k2}){p1 + p2, q1 + q2}.
(iv) If f ∈ S(k){p, q} and k ≥ 1, then ∂tf ∈ S(k−1){p, q + 1}.

Proof. Let us prove only (i); the others are trivial from the definition of the symbol classes. If f ∈ S(k){p, q}, 
then f ∈ S(j){p, q} for 0 ≤ j ≤ k is trivial. Since Ξ(t) ≤ b1N

−1|ξ| in ZH(N), we have

|∂l
tf(t, ξ)| ≲ |ξ|pΞ(t)q+l ≤

(︃
b1
N

)︃r

|ξ|p+rΞ(t)q−r+l

for 0 ≤ l ≤ j, it follows that f ∈ S(k){p + r, q − r}. □
Lemma 3.10. There exists a positive constant N0 such that the following properties hold for any N ≥ N0:

(i) For any ε > 0, if f ∈ S(k){−r, r} with r ≥ 1, then sup(t,ξ)∈ZH(N){|f(t, ξ)|} < ε.
(ii) If f ∈ S(k){0, 0} and inf(t,ξ)∈ZH(N){|f(t, ξ)|} > 0, then 1/f(t, ξ) ∈ S(k){0, 0}.
(iii) If f ∈ S(k){1, 0} and inf(t,ξ)∈ZH(N){|f(t, ξ)|/|ξ|} > 0, then 1/f(t, ξ) ∈ S(k){−1, 0}.
(iv) If f ∈ S(k){−p, p} with p ≥ 1, then 

√︁
1 − |f |2 ∈ S(k){0, 0}.
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Proof. (i) is cofirmed by setting p = q = 0 and taking N large enough with respect to ε in the proof of 
Lemma 3.9 (i). Since (ii) is proved by the same way as the proof of (iii), we shall prove (iii). By applying 
Faà di Bruno’s formula:

dj

dtj
F (G(x)) = j!

j∑︂
h=1

F (h)(G(t))
∑︂

h1+2h2+···+nhn=j
h1+h2+···+hj=h

j∏︂
l=1 

1 
hl! l!hl

(︂
G(l)(t)

)︂hl

(3.26)

as F (G) = 1/G and G = f(t, ξ), and note that |F (h)(G)| ≲ |G|−h−1, we have

⃓⃓⃓
⃓∂j

t

1 
f(t, ξ)

⃓⃓⃓
⃓ ≲ 

j∑︂
h=1

1 
f(t, ξ)h+1

∑︂
h1+2h2+···+nhn=j
h1+h2+···+hk=h

j∏︂
l=1 

⃓⃓
∂l
tf(t, ξ)

⃓⃓hl

≲ 
k∑︂

h=1

|ξ|−h−1
∑︂

h1+2h2+···+nhn=j
h1+h2+···+hj=h

j∏︂
l=1 

(︁
|ξ|Ξ(t)−l

)︁hl

≲ |ξ|−1Ξ(t)−j

for j = 0, . . . , k. We shall prove (iv) by applying (3.26) as F (G) =
√

1 −G and G = |f(t, ξ)|2. We can 
assume that |f(t, ξ)|2 ≤ 1/2 by (i). Since

|F (h)(G)| ≲ F (G) 
(1 −G)h ≤ 1 

(1 −G)h ≤ 2h

and |f(t, ξ)|2 ∈ S(k){−2p, 2p} by Lemma 3.9 (iii), we have

⃓⃓⃓
∂j
t

√︁
1 − |f(t, ξ)|2

⃓⃓⃓
≲

j∑︂
h=1

2h
∑︂

h1+2h2+···+nhn=j
h1+h2+···+hj=h

j∏︂
l=1 

⃓⃓
∂l
t|f(t, ξ)|2

⃓⃓hl

≲
j∑︂

h=1

∑︂
h1+2h2+···+nhn=j
h1+h2+···+hj=h

j∏︂
l=1 

(︁
|ξ|−2qΞ(t)−2q−l

)︁hl

≲
j∑︂

h=1

|ξ|−2qhΞ(t)−2qh−j ≤ Ξ(t)−j

j∑︂
h=1

(︃
b1
N

)︃2qh

≲ Ξ(t)−j

for j = 0, . . . , k. Thus (iv) is proved. □
Proof of Lemma 3.7. Let N be set enough large so that Lemma 3.10 can be applied. First of all, the following 
properties are clear:

ϕ0ℜ ∈ S(m){0, 1}, ϕ0ℑ ∈ S(m){1, 0}, r0 ∈ S(m){0, 1} and 1 ∈ S(m){0, 0}.

Since b(t)|ξ|−1 ∈ S(m){−1, 1} by Lemma 3.9 (iii), Lemma 3.10 (iv) implies
√︄

1 −
(︃
b(t)
2|ξ| 

)︃2

∈ S(m){0, 0}.
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Therefore, we have

δ0 ∈ S(m){−1, 1}

by Lemma 3.10 (ii). Moreover, Lemma 3.10 (i) and (ii) imply

1 
1 − |δ0|2

∈ S(m){0, 0}.

Consequently, we have

r1 = − ∂tδ0
1 − |δ0|2

∈ S(m−1){−1, 2}.

Now we suppose that the following properties are valid:

rk ∈ S(m−k){−k, k + 1}, ϕkℑ ∈ S(m−k){1, 0} and 
1 

ϕkℑ
∈ S(m−k){−1, 0}

for 1 ≤ k ≤ m− 1. Then we have

inf
(t,ξ)∈ZH(N)

{︃
|ϕkℑ(t, ξ)|

|ξ| 

}︃
> 0, (3.27)

and

rk
ϕkℑ

∈ S(m−k){−k − 1, k + 1} and 
|rk|
|ξ| ≪ 1 (3.28)

by Lemma 3.9 (iii) and Lemma 3.10 (i). Therefore, we can apply Lemma 3.6 as ϕ = ϕk and r = rk. By the 
same argument as for k = 0, we have

δk ∈ S(m−k){−k − 1, k + 1} and 
1 

1 − |δk|2
∈ S(m−k){0, 0},

and thus

rk+1 = − ∂tδk
1 − |δk|2

∈ S(m−k−1){−k − 1, k + 2}.

It follows that

ϕ(k+1)ℑ = ϕkℑ

√︄
1 −
(︃
|rk| 
ϕkℑ

)︃2

−ℑ
(︁
δkrk+1

)︁
∈ S(m−k−1){1, 0}

by Lemma 3.6. Furthermore, by (3.27), δkrk+1|ξ|−1 ∈ S(m−k−1){−2k − 3, 2k + 3} and Lemma 3.10 (i), we 
have

inf
(t,ξ)∈ZH(N)

{︃ |ϕ(k+1)ℑ|
|ξ| 

}︃
> 0.

Therefore, by Lemma 3.10 (iii) we obtain

1 
ϕ(k+1)ℑ

∈ Sm−k−1{−1, 0}.
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This procedure of applying Lemma 3.6 can be repeated until k = m. Moreover, (3.24) follows from 
Lemma 3.6. □
Proof of Proposition 3.1 (ii). Let N0 be a sufficiently large number such that |δk| ≤ 1/2 for k = 0, . . . ,m−1
by applying Lemma 3.10 (i) as δk ∈ S(m−k){−k − 1, k + 1} and ε ≤ 1/2. Then we have

sup 
(t,ξ)∈ZH(N)

{∥Mk(t, ξ)∥C2×2} ≤ 1 and sup 
(t,ξ)∈ZH(N)

{∥Mk(t, ξ)−1∥C2×2} ≤ 4
3

for k = 0, . . . ,m− 1, it follows that

∥ℳY ∥2
C2 ≤ 4∥Y ∥2

C2 and ∥ℳ−1Y ∥2
C2 ≤ 4

(︃
4
3

)︃2

∥Y ∥2
C2 ≤ 6∥Y ∥2

C2

for any Y ∈ C2 and ℳ = M,M0, . . . ,Mm−1. For the solution V of (3.4), we dfine Vj = Vj(t, ξ) (j =
1, . . . ,m) by

Vj(t, ξ) := Mj−1(t, ξ)−1 · · ·M0(t, ξ)−1M−1V (t, ξ).

Here we note that the following equalities hold:

∂tV1 = ∂tM
−1
0 M−1V = −M−1

0 (∂tM0)M−1
0 M−1V + M−1

0 M−1∂tV

=
(︁
A1 −M−1

0 A0M0
)︁
M−1

0 M−1V + M−1
0 M−1AV

= A1V1 −M−1
0
(︁
M−1AM

)︁
M−1V + M−1

0 M−1AV

= A1V1

and

∂tVk+1 =
(︁
∂tM

−1
k

)︁
Vk + M−1

k ∂tVk = −M−1
k (∂tMk)M−1

k Vk + M−1
k ∂tVk

=
(︁
Ak+1 −M−1

k AkMk

)︁
M−1

k Vk + M−1
k ∂tVk

= Ak+1Vk+1 + M−1
k (∂tVk −AkVk)

for k = 1, . . . ,m− 1, it follows that

∂tVm(t, ξ) = Am(t, ξ)Vm(t, ξ).

Therefore, we have

∂t∥Vm∥2
C2 = 2ℜ (∂tVm, Vm)C2 = 2ℜ (AmVm, Vm)C2

= 2ϕmℜ∥Vm∥2
C2 + 2ℜ

(︃(︃
0 rm
rm 0

)︃
Vm, Vm

)︃
C2

≤ (2ϕmℜ + 2|rm|) ∥Vm∥2
C2 ,

and thus

∥Vm(t, ξ)∥2
C2 ≤ exp

⎛
⎝ t ∫︂

0 

2ϕmℜ(s, ξ) ds

⎞
⎠ exp

⎛
⎝ t ∫︂

0 

2|rm(s, ξ)| ds

⎞
⎠ ∥Vm(0, ξ)∥2

C2
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for 0 ≤ t ≤ tH(|ξ|) by Gronwall’s inequality. By (2.8), (3.3) and (3.25), we have

t ∫︂
0 

2|rm(s, ξ)| ds ≲ |ξ|−m

tH∫︂
0 

Ξ(s)m+1 ds ≲ ζ−1(Θ(tH))m+1

|ξ|mΘ(tH) = ζ−1 (Θ(tH))
NmΘ(tH) 

= N−m
ζ−1
(︂
ζ
(︂

|ξ|
N

)︂)︂
ζ
(︂

|ξ|
N

)︂ = N−m
|ξ|
N

ζ
(︂

|ξ|
N

)︂
≲ ϱ (|ξ|) .

Moreover, by (3.24) and |δk| ≤ 1/2, we have

t ∫︂
0 

2ϕmℜ(s, ξ) ds = −
t ∫︂

0 

b(s) ds− log
m−1∏︂
k=0 

1 − |δk(t, ξ)| 
1 − |δk(0, ξ)|

≤ −
t ∫︂

0 

b(s) ds + log 2m.

Summarizing the estimates above and (3.8), there exists a positive constant κ0 such that

∥Vm(t, ξ)∥2
C2 ≤ 2m exp

⎛
⎝−

t ∫︂
0 

b(s) ds

⎞
⎠ exp (κ0ϱ (|ξ|)) ∥Vm(0, ξ)∥2

C2

≤ 2mω1

ω(0) exp

⎛
⎝−

t ∫︂
0 

μ(τ) dτ

⎞
⎠ exp (κ0ϱ (|ξ|)) ∥Vm(0, ξ)∥2

C2 .

Finally, by (3.6) and the inequalities

∥Vm(t, ξ)∥2
C2 =

⃦⃦
M−1

m−1 · · ·M−1
0 M−1V (t, ξ)

⃦⃦2
C2 ≤ 6m+1∥V (t, ξ)∥2

C2

and

∥V (t, ξ)∥2
C2 = ∥MM0 · · ·Mm−1Vm(t, ξ)∥2

C2 ≤ 4m+1∥Vm(t, ξ)∥2
C2 ,

we conclude the proof of Proposition 3.1 (ii). □
3.4. Proof of Proposition 3.1 (iii) and (iv)

We note that the following inequalities hold in ZI(N):

N

μ0
μ(t) ≤ |ξ| ≤ N or N ≤ |ξ| ≤ Nζ−1 (Θ(t)) . (3.29)

The properties given in the next lemma are essential in the proof of Proposition 3.1 (iii) and (iv).

Lemma 3.11. Let A = A(t, ξ) be dfined by (3.5). For any N ≥ 1, there exist a matrix M̃ = M̃(t, ξ) which 
is uniformly regular in ZI(N), and a diagonal matrix Λ̃ = Λ̃(t, ξ) such that the following properties hold:
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(i) Λ̃ is represented by Λ̃ = diag(λ̃, λ̃) and λ̃ = λ̃(t, ξ) satifies

ℜλ̃(t, ξ) = −μ(t)
2 

. (3.30)

(ii) The matrix R̃ = R̃(t, ξ) dfined by

R̃(t, ξ) := M̃−1AM̃ − Λ̃− M̃−1 (︁∂tM̃)︁ (3.31)

satifies

∞ ∫︂
tD(|ξ|)

∥R̃(s, ξ)∥C2×2 ds ≲ 1 (3.32)

and

∞ ∫︂
tH(|ξ|)

∥R̃(s, ξ)∥C2×2 ds ≲ ϱ (|ξ|) . (3.33)

If Lemma 3.11 is valid, then denoting

Ṽ = Ṽ (t, ξ) := M̃(t, ξ)−1V (t, ξ),

we have

∂tṼ = M̃−1∂tV − M̃−1 (︁∂tM̃)︁ M̃−1V

= M̃−1AM̃Ṽ − M̃−1 (︁∂tM̃)︁ Ṽ =
(︁
Λ̃ + R̃

)︁
Ṽ .

Thus, M̃ can be thought of as a matrix that performs diagonalization of the principal part of A in ZI(N), 
that is, the effect of σ(t) is eliminated from the diagonal components by M̃ . In the proof of Lemma 3.11
below, we construct M̃ by a three-step procedure.

Proof of Lemma 3.11. We dfine M̃1 = M̃1(t) and Ã1 = Ã1(t, ξ) by

M̃1(t) :=
(︃

1 0
0 ω(t)

)︃

and

Ã1(t, ξ) := M̃−1
1 AM̃1 − M̃−1

1
(︁
∂tM̃1

)︁
.

Then we have

Ã1(t, ξ) =
(︃

1 0
0 ω(t)−1

)︃(︃
0 i|ξ|ω(t)
i|ξ| −b(t)ω(t)

)︃
−
(︃

1 0
0 ω(t)−1

)︃(︃
0 0
0 −σ(t)ω(t)

)︃

=
(︃

1 0
0 ω(t)−1

)︃(︃
0 i|ξ|ω(t)
i|ξ| −μ(t)ω(t)

)︃

=
(︃

0 i|ξ|ω(t)
i|ξ|ω(t)−1 −μ(t)

)︃
.
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In the next step, we dfine Ã2 = Ã2(t, ξ) by

Ã2(t, ξ) := M−1Ã1M,

where M was dfined by (3.21). Let us dfine Φ̃2 = Φ̃2(t, ξ), R̃2 = R̃2(t, ξ) and r̃± = r̃±(t, ξ) by

Φ̃2(t, ξ) :=
(︄
−μ(t)

2 + i|ξ| −μ(t)
2 

−μ(t)
2 −μ(t)

2 − i|ξ|

)︄
,

R̃2(t, ξ) :=
(︃
r̃+(t, ξ) r̃−(t, ξ)
r̃−(t, ξ) r̃+(t, ξ)

)︃
and r̃±(t, ξ) :=

i|ξ|(1 − ω(t))
(︁
ω(t)−1 ∓ 1

)︁
2 

,

and note the following equalities:

ω(t)−1 + ω(t) − 2 = (1 − ω(t))
(︁
ω(t)−1 − 1

)︁
and

ω(t)−1 − ω(t) = (1 − ω(t))
(︁
ω(t)−1 + 1

)︁
.

Then we have

Ã2 = 1
2

(︃
−μ(t) + i|ξ|ω(t)−1 + i|ξ|ω(t) −μ(t) − i|ξ|ω(t)−1 + i|ξ|ω(t)
−μ(t) + i|ξ|ω(t)−1 − i|ξ|ω(t) −μ(t) − i|ξ|ω(t)−1 − i|ξ|ω(t)

)︃

= Φ̃2(t, ξ) + R̃2(t, ξ).

The symbol class of r̃± is S(m){1, 0} in ZH(N) hence it seems to be crucial for the energy estimate. However, 
later considerations will show us that they do not actually affect the estimates of ℰ(t, ξ) in ZI(N) by (A2) 
and (2.1). The real part of the diagonal components −μ(t)/2 provides the decay order we expect. On the 
other hand, −μ(t)/2 in the off-diagonal components may cancel out the decay obtained from the diagonal 
components.

In the next step, we perform further diagonalization procedure so that the off-diagonal components do 
not affect the decay estimate in ZI(N) by similar way as in ZH(N). An eigenvalue and the corresponding 
eigenvector of Φ̃2 are given by

λ̃ = λ̃(t, ξ) = −μ(t)
2 

+ i|ξ|

√︄
1 −
(︃
μ(t)
2|ξ| 

)︃2

(3.34)

and t(1, δ̃), respectively, where

δ̃ = δ̃(t, ξ) = i
μ(t)
2|ξ| 

⎛
⎝1 +

√︄
1 −
(︃
μ(t)
2|ξ| 

)︃2
⎞
⎠

−1

.

Since the other eigenvalue and the corresponding eigenvector are λ̃ and t(δ̃, 1), respectively, and

|δ̃(t, ξ)| = μ(t)
2|ξ| 

⎛
⎝1 +

√︄
1 −
(︃
μ(t)
2|ξ| 

)︃2
⎞
⎠

−1

≤ 1 
2N

1 

1 +
√︂

1 −
(︁ 1 

2N
)︁2

≤ 1 
2N ≤ 1

2

(3.35)
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in ZI(N) for N ≥ 1, by the diagonalizer M̃2 = M̃2(t, ξ) dfined by

M̃2(t, ξ) :=
(︃

1 δ̃
δ̃ 1

)︃
,

we have

M̃−1
2 Φ̃2M̃2 = Λ̃ :=

(︃
λ̃ 0
0 λ̃

)︃
.

In the final step, we prove the estimates (3.32) and (3.33). Let us dfine M̃ = M̃(t, ξ) by

M̃ := M̃1MM̃2.

It is clear that M̃ is regular, and furthermore, we see that

∥M̃∥C2×2 ≲ 1 and ∥M̃−1∥C2×2 ≲ 1 (3.36)

in ZI(N) by noting the following inequalities:

∥M̃1∥C2×2 ≤ ω1, ∥M̃−1
1 ∥C2×2 ≤ ω−1

0 , ∥M̃2∥C2×2 ≤ 1 and ∥M̃−1
2 ∥C2×2 ≤ 4

3 .

Let us dfine R̃ = R̃(t, ξ) by

R̃ := M̃−1
2 R̃2M̃2 − M̃−1

2
(︁
∂tM̃2

)︁
. (3.37)

Then we can cofirm that R̃ satifies (3.31) as follows:

R̃ = M̃−1
2
(︁
Ã2 − Φ̃2

)︁
M̃2 + M̃−1

2 M−1M̃−1
1
(︁(︁
∂tM̃1

)︁
MM̃2 −

(︁
∂tM̃1MM̃2

)︁)︁
= M̃−1

2 M−1Ã1MM̃2 − Λ̃ + M̃−1 (︁∂tM̃1
)︁
MM̃2 − M̃−1 (︁∂tM̃)︁

= M̃−1
2 M−1 (︁M̃−1

1 AM̃1 − M̃−1
1
(︁
∂tM̃1

)︁)︁
MM̃2

+ M̃−1 (︁∂tM̃1
)︁
MM̃2 − Λ̃− M̃−1 (︁∂tM̃)︁

= M̃−1AM̃ − Λ̃− M̃−1 (︁∂tM̃)︁ ,
moreover, (3.30) is valid by (3.34). Finally, we shall prove (3.32) and (3.33). Note that

M̃−1
2
(︁
∂tM̃2

)︁
= 1 

1 − |δ̃|2

(︄
−δ̃∂tδ̃ ∂tδ̃

∂tδ̃ −δ̃∂tδ̃

)︄
,

sup 
(t,ξ)∈ZI(N)

⎧⎨
⎩

∞ ∫︂
t 

|ξ|−1|μ′(s)| ds

⎫⎬
⎭ ≤

{︄
N−1μ0 in ZI1(N),
N−1μ(0) in ZI2(N),

(3.35), (3.36) and the following estimates:

|∂tδ̃| ≲
|μ′(t)|
|ξ| + |μ′(t)|μ(t)2

|ξ|3 ≲ |μ′(t)|
|ξ| ,

we have
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sup 
(t,ξ)∈ZI

⎧⎨
⎩

∞ ∫︂
t 

⃦⃦
M̃2(s, ξ)−1 (︁∂tM̃2(s, ξ)

)︁⃦⃦
C2×2 ds

⎫⎬
⎭

≲ sup 
(t,ξ)∈ZI

⎧⎨
⎩

∞ ∫︂
t 

|ξ|−1|μ′(s)| ds

⎫⎬
⎭ ≲ 1.

By mean value theorem, there exists θ ∈ (0, 1) such that

|ω(t) − 1| = exp

⎛
⎝θ

∞ ∫︂
t 

σ(τ) dτ

⎞
⎠
⃓⃓⃓
⃓⃓⃓ ∞ ∫︂
t 

σ(τ) dτ

⃓⃓⃓
⃓⃓⃓

≤ ωθ
1

⃓⃓⃓
⃓⃓⃓ ∞ ∫︂
t 

σ(τ) dτ

⃓⃓⃓
⃓⃓⃓ ≤ ω1

⃓⃓⃓
⃓⃓⃓ ∞ ∫︂
t 

σ(τ) dτ

⃓⃓⃓
⃓⃓⃓ .

Moreover, note that
⃓⃓
ω(t)−1 ± 1

⃓⃓
≤ ω−1

0 + 1 ≤ 2ω−1
0

by (2.1) and (3.29) we have

sup 
t≥tD(|ξ|)

⎧⎨
⎩

∞ ∫︂
t 

|r̃±(s, ξ)| ds

⎫⎬
⎭ ≤ ω1

ω0
|ξ|

∞ ∫︂
tD(|ξ|)

⃓⃓⃓
⃓⃓⃓ ∞ ∫︂
s 

σ(τ) dτ

⃓⃓⃓
⃓⃓⃓ ds ≤ Nω1

ω0Θ(0)

and

sup 
t≥tH(|ξ|)

⎧⎨
⎩

∞ ∫︂
t 

|r̃±(s, ξ)| ds

⎫⎬
⎭ ≤ ω1

ω0
|ξ|

∞ ∫︂
tH(|ξ|)

⃓⃓⃓
⃓⃓⃓ ∞ ∫︂
s 

σ(τ) dτ

⃓⃓⃓
⃓⃓⃓ ds ≤ ω1

ω0

|ξ| 
Θ(tH(|ξ|))

= ω1

ω0

|ξ| 
ζ
(︂

|ξ|
N

)︂ = Nω1

ω0
ϱ

(︃
|ξ|
N

)︃
≤ Nω1

ω0
ϱ(|ξ|).

Therefore, by (3.36) and (3.37), we have (3.32) and (3.33). □
Proof of Proposition 3.1 (iii) and (iv). Let us dfine Ṽ = Ṽ (t, ξ) by

Ṽ (t, ξ) := M̃(t, ξ)−1V (t, ξ).

Then the following equalities hold:

∂tṼ = M̃−1∂tV − M̃−1 (︁∂tM̃)︁ M̃−1V (t, ξ)

= M̃−1AM̃Ṽ − M̃−1 (︁∂tM̃)︁ Ṽ (t, ξ) =
(︁
Λ̃ + R̃

)︁
Ṽ .

By the same way as in the proof of Proposition 3.1 (ii) and Lemma 3.11, we have

∂t∥Ṽ (t, ξ)∥2
C2 = 2ℜ

(︁
∂tṼ (t, ξ), Ṽ (t, ξ)

)︁
C2

= −μ(t)∥Ṽ (t, ξ)∥2
C2 + 2ℜ

(︁
R̃Ṽ (t, ξ), Ṽ (t, ξ)

)︁
C2

≤
(︁
−μ(t) + 2∥R̃(t, ξ)∥C2×2

)︁
∥Ṽ (t, ξ)∥2

C2 ,
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it follows that

∥Ṽ (t, ξ)∥2
C2 ≲

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

exp

⎛
⎜⎝−

t ∫︂
tD(|ξ|)

μ(s) ds

⎞
⎟⎠ ∥Ṽ (tD(|ξ|), ξ)∥2

C2 in ZI1(N),

exp

⎛
⎜⎝−

t ∫︂
tH(|ξ|)

μ(s) ds

⎞
⎟⎠ exp (κ0ϱ (|ξ|)) ∥Ṽ (tH(|ξ|), ξ)∥2

C2 in ZI2(N)

for a positive constant κ0. Finally, since M̃ and M̃−1 are uniformly bounded in ZI(N), and thus

∥Ṽ (t, ξ)∥2
C2 ≃ ∥V (t, ξ)∥2

C2 = ℰ(t, ξ)

hold, we conclude the proof of Proposition 3.1 (iii) and (iv). □
3.5. Proof of the main theorems

For t ∈ R+ we dfine Ωj(t) ⊂ Rn and Ij(t) (j = 1, 2, 3, 4) by

Ω1(t) :=
{︁
ξ ∈ Rn ; |ξ| ≤ Nμ−1

0 μ(t)
}︁
,

Ω2(t) :=
{︁
ξ ∈ Rn ; Nμ−1

0 μ(t) ≤ |ξ| ≤ N
}︁
,

Ω3(t) :=
{︁
ξ ∈ Rn ; N ≤ |ξ| ≤ Nζ−1(Θ(t))

}︁
,

Ω4(t) :=
{︁
ξ ∈ Rn ; |ξ| ≥ Nζ−1(Θ(t))

}︁
,

and

Ij(t) :=
∫︂

Ωj(t)

ℰ(t, ξ) dξ.

Here we note that the following equalities hold

E(t;u) =
∫︂
Rn

ℰ(t, ξ; v) dξ =
4 ∑︂

j=1 
Ij(t).

Since t ≤ tD(|ξ|) for ξ ∈ Ω1(t), by Proposition 3.1 (i) and Parseval’s theorem, we have

I1(t) ≲ exp

⎛
⎝−2

t ∫︂
0 

μ(τ) dτ

⎞
⎠ ∫︂

Ω1(t)

(︁
|v0(ξ)|2 + |v1(ξ)|2

)︁
dξ

≤ exp

⎛
⎝−2

t ∫︂
0 

μ(τ) dτ

⎞
⎠(︁∥u0(·)∥2 + ∥u1(·)∥2)︁ .

Analogously, since t ≥ tD(|ξ|), t ≥ tH(|ξ|), and t ≤ tH(|ξ|) for ξ ∈ Ω2(t), ξ ∈ Ω3(t), and ξ ∈ Ω4(t), 
respectively, we have the following estimates by Proposition 3.1:
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I2(t) ≲
∫︂

Ω2(t)

exp

⎛
⎝−

t ∫︂
tD

μ(τ) dτ

⎞
⎠ ℰ(tD, ξ) dξ

≲
∫︂

Ω2(t)

exp

⎛
⎝−

t ∫︂
tD

μ(τ) dτ − 2
tD∫︂
0 

μ(τ) dτ

⎞
⎠(︁|v0(ξ)|2 + |v1(ξ)|2

)︁
dξ

≤ exp

⎛
⎝−

t ∫︂
0 

μ(τ) dτ

⎞
⎠(︁∥u0(·)∥2 + ∥u1(·)∥2)︁ ,

I3(t) ≲
∫︂

Ω3(t)

exp

⎛
⎝−

t ∫︂
tH

μ(τ) dτ

⎞
⎠ exp (κ0ϱ (|ξ|)) ℰ(tH , ξ) dξ

≲ exp

⎛
⎝−

t ∫︂
0 

μ(τ) dτ

⎞
⎠ ∫︂

Ω3(t)

exp (2κ0 (|ξ|)) ℰ(0, ξ) dξ

≲

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

exp

⎛
⎝−

t ∫︂
0 

μ(τ) dτ

⎞
⎠(︁∥∇u0(·)∥2 + ∥u1(·)∥2)︁ if ϱ(r) = 1,

exp

⎛
⎝−

t ∫︂
0 

μ(τ) dτ

⎞
⎠ ∥(u0, u1)∥2

ℋ(ρ,κ0) if ϱ(r) = ρ(r),

and

I4(t) ≲ exp

⎛
⎝−

t ∫︂
0 

μ(τ) dτ

⎞
⎠ ∫︂

Ω4(t)

exp (κ0ϱ (|ξ|)) ℰ(0, ξ) dξ

≲

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

exp

⎛
⎝−

t ∫︂
0 

μ(τ) dτ

⎞
⎠(︁∥∇u0(·)∥2 + ∥u1(·)∥2)︁ if ϱ(r) = 1,

exp

⎛
⎝−

t ∫︂
0 

μ(τ) dτ

⎞
⎠ ∥(u0, u1)∥2

ℋ(ρ,κ0) if ϱ(r) = ρ(r).

The above estimates and Lemma 2.2 (i) conclude the proof of Theorem 2.1 and Theorem 2.3. □
4. Appendix

4.1. Verfication of Example 2.5 and Example 2.6

Let the parameters p and q satisfy

p ≥ −1, q > 1 and p < q − 2,

and the dissipative coefficient b(t) be dfined in Example 2.5 as follows:

b(t) = μ0(1 + t)−1 + σ1(t) and σ1(t) = (1 + t)p sin(1 + t)q.
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Then we have the following lemma:

Lemma 4.1. The following estimate holds:

∞ ∫︂
t 

⃓⃓⃓
⃓⃓⃓ ∞ ∫︂
s 

σ1(τ) dτ

⃓⃓⃓
⃓⃓⃓ ds ≲ (1 + t)p−q+2. (4.1)

Proof. We note that the following well-known estimate holds for any ν > 0:
⃓⃓⃓
⃓⃓⃓ ∞ ∫︂
s 

(1 + θ)−ν sin(1 + θ) dθ

⃓⃓⃓
⃓⃓⃓ ≲ (1 + s)−ν . (4.2)

For a proof, see e.g. [8]. By (4.2) with ν = (p− q + 1)/q, we have

∞ ∫︂
s 

(1 + τ)p sin(1 + τ)q dτ = 1
q

∞ ∫︂
(1+t)q−1

(1 + θ)
p−q+1

q sin(1 + θ) dθ

≲ (1 + t)p−q+1,

it follows that (4.1) since p− q + 1 < −1. □
Lemma 4.2. For any positive integer m, the following estimates hold:

⃓⃓⃓
⃓ dkdtk b(t)

⃓⃓⃓
⃓ ≲ (1 + t)−β1(k+1), k = 0, . . . ,m.

Proof. We note that

β1 = −q + 1 + −p + q − 1
m + 1 

< −q + 1 + (−p + q − 1) ≤ 1.

Let 0 ≤ k ≤ m. By Leibniz rule, we have

⃓⃓⃓
⃓ dkdtk σ1(t)

⃓⃓⃓
⃓ =
⃓⃓⃓
⃓⃓⃓ k∑︂
j=0 

(︃
k

j

)︃(︃
dj

dtj
(1 + t)p

)︃(︃
dk−j

dtk−j
sin(1 + t)q

)︃⃓⃓⃓⃓⃓⃓

≲
k∑︂

j=0 
(1 + t)p−j+(k−j)(q−1) =

k∑︂
j=0 

(1 + t)p+(k−j)q−k ≲ (1 + t)p+k(q−1)

= (1 + t)−(k+1)
(︂
−q+1+−p+q−1

k+1 
)︂
≤ (1 + t)−(k+1)

(︂
−q+1+−p+q−1

m+1 
)︂

= (1 + t)−β1(k+1).

Moreover, the following estimates are trivial:

⃓⃓⃓
⃓ dkdtk μ0(1 + t)−1

⃓⃓⃓
⃓ ≲ (1 + t)−(k+1) ≤ (1 + t)−β1(k+1). □

Lemma 4.3. If p ≤ p̃1(q, ν), then (2.7) and (2.8) are valid.
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Proof. If p ≤ p̃1(q, ν) = −1 + (q − 1)/ν, that is,

p + 1 + p− q + 2
ν − 1 

≤ 0

holds, then we have

α1m− β1(m + 1) + 1 + α1(m + 1)
ν − 1 

=
(︃
p + 1 + p− q + 2

ν − 1 

)︃
(m + 1) ≤ 0.

It follows that (2.7) and (2.8) are valid by Example 2.4 (ii) with α = α1 and β = β1. □
4.2. Verfication of Example 2.7

Let the dissipative coefficient b(t) be dfined in Example 2.7 as follows:

b(t) := μ0(1 + t)−1 + σ2(t),

where σ2(t) is dfined by (2.15), that is,

σ2(t) =

⎧⎨
⎩
tpnχ
(︁
tq−1
n (t− tn)

)︁
, t ∈ [tn, tn + Nnt

−q+1
n ] (n = 1, 2, . . .),

0, t ∈ R+ \
⋃︁∞

n=1[tn, tn + Nnt
−q+1
n ].

Here we note that

Nnt
−q+1
n = ⌊nh⌋n−r(q−1) ≃ n−r(q−1)+h ≃ t

−q+1+h
r

n ,

and we assumed that

p ≥ −1, q > 1, r ≥ 1, h ≥ 0,

h ≤ rq − 1 and p ≤ −1 + m 
m + 1

(︃
q − h + 1

r

)︃
.

Then we see that

p < q − 1 − h + 1
r

≤

⎧⎪⎨
⎪⎩
q − 1,

2q − 2 − h + 1
r

.
(4.3)

We shall show (2.16), that the following lemma holds:

Lemma 4.4. The following estimate holds:

∞ ∫︂
t 

⃓⃓⃓
⃓⃓⃓ ∞ ∫︂
s 

σ2(τ) dτ

⃓⃓⃓
⃓⃓⃓ ds ≲ (1 + t)p−2q+2+h+1

r .

Proof. Let s ∈ [tk, tk+1). Here we note that

s ≤ tk+1

tk
tk =

(︃
k + 1
k

)︃r

tk ≤ 2rtk (4.4)
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holds. If s ≥ tk + Nkt
−q+1
k , then 

∫︁ tk+1
s

σ2(τ) dτ = 0. On the other hand, if s < tk + Nkt
−q+1
k , then there 

exists l ∈ N such that

tk + (l − 1)t−q+1
k ≤ s < tk + lt−q+1

k

and

tk+1∫︂
s 

σ2(τ) dτ =
tk+lt−q+1

k∫︂
s 

σ2(τ) dτ +
Nk∑︂

j=l+1

tk+jt−q+1
k∫︂

tk+(j−1)t−q+1
k

σ2(τ) dτ

=
tk+lt−q+1

k∫︂
s 

σ2(τ) dτ,

it follows that
⃓⃓⃓
⃓⃓⃓ tk+1∫︂

s 

σ2(τ) dτ

⃓⃓⃓
⃓⃓⃓ ≤

tk+lt−q+1
n∫︂

s 

|σ2(τ)| dτ ≤
tk+lt−q+1

n∫︂
tk+(l−1)t−q+1

k

tpk dτ ≤ tp−q+1
k .

Hence we have
⃓⃓⃓
⃓⃓⃓ ∞ ∫︂
s 

σ2(τ) dτ

⃓⃓⃓
⃓⃓⃓ ≤
⎧⎪⎨
⎪⎩
tp−q+1
k , s ∈

⋃︁∞
k=1

(︂
tk, tk + Nkt

−q+1
k

)︂
,

0, s ∈
⋃︁∞

k=1

[︂
tk + Nkt

−q+1
k , tk+1

]︂
.

For any fixed t ∈ R+, we set n ∈ N satisfying tn ≤ t < tn+1. Since

r(p− 2q + 2) + h = −1 − r

(︃
−p + 2q − 2 − h + 1

r

)︃
< −1

by (4.3), we have

∞ ∫︂
t 

⃓⃓⃓
⃓⃓⃓ ∞ ∫︂
s 

σ2(τ) dτ

⃓⃓⃓
⃓⃓⃓ ds ≤ ∞ ∑︂

k=n

tk+1∫︂
tk

⃓⃓⃓
⃓⃓⃓ ∞ ∫︂
s 

σ2(τ) dτ

⃓⃓⃓
⃓⃓⃓ ds

≤
∞ ∑︂

k=n

tk+Nkt
−q+1
k∫︂

tk

tp−q+1
k ds =

∞ ∑︂
k=n

Nkt
p−2q+2
k

≤
∞ ∑︂

k=n

kr(p−2q+2)+h ≲ nr(p−2q+2)+h+1

= t
p−2q+2+h+1

r
n ≤

(︁
2−rt
)︁p−2q+2+h+1

r

≃ (1 + t)p−2q+2+h+1
r . □

Lemma 4.5. The following estimates hold:
⃓⃓⃓
⃓ dkdtk σ2(t)

⃓⃓⃓
⃓ ≲ (1 + t)(k+1)

(︂
−q+1+−p+q−1

m+1 
)︂
, k = 0, . . . ,m.
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Proof. Let t ∈ [tn, tn+1). By the same way to the proof of Lemma 4.2 and using (4.4), we have

⃓⃓⃓
⃓ dkdtk σ2(t)

⃓⃓⃓
⃓ ≤ tp+k(q−1)

n max
τ∈[0,1]

{︂⃓⃓⃓
χ(k)(τ)

⃓⃓⃓}︂
≲ (1 + t)p+k(q−1) ≤ (1 + t)−β1(k+1)

for k = 0, . . . ,m. □
Lemma 4.6. If p ≤ p2(q, r, h,m), then (2.3) and (2.4) are valid.

Proof. If p ≤ p2(q, r, h,m), that is,

p + 1 − m 
m + 1

(︃
q − h + 1

r

)︃
≤ 0

holds, then we have

α2m− β1(m + 1) + 1 = α1m− β1(m + 1) + 1 − (α1 − α2)m

= (p + 1)(m + 1) −
(︃
q − h + 1

r

)︃
m

=
(︃
p + 1 − m 

m + 1

(︃
q − h + 1

r

)︃)︃
(m + 1) ≤ 0.

It follows that (2.3) and (2.4) are valid by Example 2.4 (i) with α = α2 and β = β1. □
Lemma 4.7. If p ≤ p̃2(q, r, h,m, ν), then (2.7) and (2.8) are valid.

Proof. If p ≤ p̃2(q, r, h,m, ν), that is,

p + 1 − q − 1
ν

−
(︃

m 
m + 1 + 1 

ν(m + 1)

)︃(︃
q − h + 1

r

)︃
≤ 0

holds, then we have

α2m− β1(m + 1) + 1 + α2(m + 1)
ν − 1 

= α1m− β1(m + 1) + 1 + α1(m + 1)
ν − 1 

−
(︃
m + m + 1

ν − 1 

)︃
(α1 − α2)

=
(︃
p + 1 + p− q + 2

ν − 1 

)︃
(m + 1) −

(︃
m + m + 1

ν − 1 

)︃(︃
q − h + 1

r

)︃

=
(︃

(ν − 1)(p + 1)
ν

+ p− q + 2
ν

−
(︃

(ν − 1)m 
ν(m + 1) + 1 

ν

)︃(︃
q − h + 1

r

)︃)︃
ν(m + 1)
ν − 1 

=
(︃
p + 1 − q − 1

ν
−
(︃

m 
m + 1 + 1 

ν(m + 1)

)︃(︃
q − h + 1

r

)︃)︃
ν(m + 1)
ν − 1 

≤ 0.

It follows that (2.7) and (2.8) are valid by Example 2.4 (ii) with α = α2 and β = β1. □
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4.3. Volterra integral equation

Lemma 4.8. The solution to the Volterra integral equation

w(t, ξ) = p(t, ξ) +
t ∫︂

0 

q(t, τ, ξ)w(τ, ξ) dτ (4.5)

is formally represented as follows:

w(t, ξ) = p(t, ξ) +
t ∫︂

0 

q(t, τ1, ξ)p(τ1, ξ) dτ1

+
∞ ∑︂
l=2 

t ∫︂
0 

q(t, τ1, ξ)
τ1∫︂
0 

q(τ1, τ2, ξ) · · ·
τl−1∫︂
0 

q(τl−1, τl, ξ)p(τl, ξ) dτl · · · dτ1.

Proof. The proof can be verfied by direct calculations. □
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