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SINGULARITIES OF PEDAL CURVES OF FRONTAL CURVES
IN THE EUCLIDEAN PLANE

BY

KEISUKE TERAMOTO

Abstract. We study pedal curves for planar curves, possibly with singularities, called
frontal curves. In particular, we analyze the types of singularities on pedal curves for a
given frontal in terms of the geometrical properties.

1. Introduction. The pedal curve (with respect to the origin) of a reg-
ular plane curve is the locus of orthogonal projection images of the origin
to the tangent lines to the curve [2]. If the curve does not pass through the
origin, the pedal exhibits singularities at the points which correspond to the
inflection points of the curve [2]. Thus the geometric properties of the pedal
curve are related to inflection points of the original plane curve.

Recent studies on curves with singularities have been conducted from a
differential-geometric perspective. Curves belonging to a class called frontals
have been studied extensively [1, 3–7, 9, 11, 12, 14–16]. A frontal curve is a
plane curve possibly with singular points which admits a well-defined smooth
unit normal vector field, even at singular points. We define the tangent line to
a frontal curve at a singular point as the line perpendicular to the unit normal
vector at the point. Hence the pedal of a frontal curve can be defined as in
the case of a regular plane curve (cf. [1, 8, 9, 16]). In [9], Li and Pei studied
pedal curves of frontal curves in the Euclidean plane and showed that there
is a connection between the singular points of a pedal curve and inflection
points of the corresponding frontal curve. Moreover, in [16], Tuncer, Ceyhan,
Gök and Ekmekci provide a characterization of singularities on the pedal and
contrapedal curves of fronts. However, problems related to characterizations
of certain types of singularities on pedal curves for frontals still remain.

In this paper, we provide a characterization of singularities of pedal curves
for frontal curves with certain singularities in terms of geometric properties.
To investigate pedal curves, we distinguish the following cases: (1) The given
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frontal curve does not pass through the origin. (2) The frontal curve passes
through the origin. In the first case, we highlight the following: if the original
curve is a front (see Section 2), the pedal becomes regular at the point
corresponding to the singular point of the front. Furthermore, we characterize
the pedal curves as a 5/2-cusp or a 5/3-cusp by the geometrical properties
and singularity types of the initial frontal curves (Theorems 3.4 and 3.6, and
Proposition 3.7). In the second case, we examine pedal curves of fronts. In
particular, we give conditions for the pedal curves to be a 5/4-cusp based on
the type of singularity of the initial fronts (Theorem 3.10).

2. Frontal curves. We consider the fundamental properties of frontal
curves (see [3, 10, 17] for the details).

Let γ : (R, 0) → R2 be a C∞ map germ. Then γ is said to be a frontal
curve (or a frontal) if there exists a C∞ map n : (R, 0) → S1 such that
γ′(t) · n(t) = 0 for any t ∈ (R, 0), where S1 is the unit circle, γ′ = dγ/dt,
and the dot ‘·’ is the canonical inner product on R2. The map n is called a
unit normal vector to γ. Moreover, γ is a front if γ is a frontal and the pair
(γ,n) : (R, 0) → R2 × S1 is an immersion.

Definition 2.1. Let γ : (R, 0) → R2 be frontal with a unit normal vec-
tor n. Then t0 ∈ (R, 0) is called a singular point of γ if γ′(t0) = 0. Moreover,
γ is considered of A-type if γ′(0) = 0 and γ′′(0) ̸= 0.

Definition 2.2. Let γi : (R, 0) → (R2, γi(0)) (i = 1, 2) be C∞ curve
germs. Then γ1 and γ2 are Cr-equivalent for r ∈ N ∪ {∞} if there exist Cr-
diffeomorphism germs φ : (R, 0) → (R, 0) and Φ : (R2, γ1(0)) → (R2, γ2(0))
such that Φ ◦ γ1 = γ2 ◦ φ. C∞-equivalence is referred to as A-equivalence.

Definition 2.3. Let γ : (R, 0) → R2 be a C∞ map germ. Then

(1) γ is a 3/2-cusp or an ordinary cusp at 0 if γ is A-equivalent to the germ
t 7→ (t2, t3) at the origin;

(2) γ is a 4/3-cusp at 0 if γ is A-equivalent to the germ t 7→ (t3, t4) at the
origin;

(3) γ is a 5/4-cusp at 0 if γ is A-equivalent to the germ t 7→ (t4, t5) at the
origin;

(4) γ is a (5/4;±7)-cusp at 0 if γ is A-equivalent to the germ t 7→ (t4, t5±t7)
at the origin;

(5) γ is a 5/2-cusp or a rhamphoid cusp at 0 if γ is A-equivalent to the germ
t 7→ (t2, t5) at the origin;

(6) γ is a 5/3-cusp at 0 if γ is A-equivalent to the germ t 7→ (t3, t5) at the
origin.

These singularities appear on frontal curves. In particular, if γ is a 3/2-
cusp, 4/3-cusp, or 5/4-cusp at 0, then γ is a front at 0. Moreover, if γ is a
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3/2-cusp or 5/2-cusp, then γ is an A-type frontal curve. For n/m-cusps with
(m,n) = (2, 3), (3, 4), (4, 5), (2, 5), (3, 5), the following criteria are useful.

Fact 2.4 ([12, 13, 17]). Let γ : (R, 0) → R2 be a frontal curve. Assume
γ′(0) = 0. Then

(1) γ is a 3/2-cusp at 0 if and only if det(γ′′(0), γ′′′(0)) ̸= 0;
(2) γ is a 4/3-cusp at 0 if and only if γ′′(0) = 0 and det(γ′′′(0), γ(4)(0)) ̸= 0;
(3) γ is C1-equivalent to a 5/4-cusp at 0 if and only if γ′′(0) = γ′′′(0) = 0

and det(γ(4)(0), γ(5)(0)) ̸= 0; moreover, γ is a 5/4-cusp at 0 if and only
if γ is C1-equivalent to a 5/4-cusp at 0 and

(2.1) P = −77Y 2 + 105XW + 60XZ = 0,

where

X = det(γ(4)(0), γ(5)(0)), Y = det(γ(4), γ(6)),

Z = det(γ(4)(0), γ(7)(0)), W = det(γ(5)(0), γ(6)(0));

(4) γ is A-equivalent to a (5/4;+7)-cusp (resp. (5/4;−7)-cusp) at 0 if and
only if γ′′(0) = γ′′′(0) = 0, X ̸= 0 and P > 0 (resp. P < 0), where X
and P are given in (3);

(5) γ is a 5/2-cusp at 0 if and only if there exists a constant C ∈ R such
that γ′′′(0) = Cγ′′(0) and

det(γ′′(0), 3γ(5)(0)− 10Cγ(4)(0)) ̸= 0;

(6) γ is a 5/3-cusp at 0 if and only if γ′′(0) = 0, det(γ′′′(0), γ(4)(0)) = 0 and
det(γ′′′(0), γ(5)(0)) ̸= 0.

Criteria for other singularities of frontal curves can be found in [6, 12].
Let γ : (R, 0) → R2 be a frontal curve. We assume that the component

functions of γ are not flat at 0, that is, there exists a non-negative integer
k such that γ′(0) = · · · = γ(k−1)(0) = 0 and γ(k)(0) ̸= 0. Then there exist
functions l, θ : (R, 0) → R such that

γ′(t) = l(t)(cos θ(t), sin θ(t)) = l(t)e(t), n(t) = (− sin θ(t), cos θ(t)),

where n is a unit normal vector to γ (see [3, 10]). We consider e as a unit
tangent vector to γ. Hence the set of singular points S(γ) on γ is as follows:
S(γ) = l−1(0). Moreover, the line {γ(t0) + ue(t0) | u ∈ R} is referred to as
the tangent line to γ at t0 ∈ (R, 0).

Using the above formulations, we obtain the following Frenet-type for-
mula (cf. [3, 10]):

(2.2) e′(t) = θ′(t)n(t), n′(t) = −θ′(t)e(t).
We assume 0 ∈ l−1(0) = S(γ). Then γ is a front at 0 if and only if

θ′(0) ̸= 0. By Fact 2.4, we obtain the following characterization of singular-
ities using l and θ:
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Proposition 2.5 (cf. [10]). Let γ : (R, 0) → R2 be a frontal. Then

(1) γ is a 3/2-cusp at 0 if and only if l(0) = 0 and l′(0)θ′(0) ̸= 0;
(2) γ is a 4/3-cusp at 0 if and only if l(0) = l′(0) = 0 and l′′(0)θ′(0) ̸= 0;
(3) γ is a 5/2-cusp at 0 if and only if l(0) = 0, θ′(0) = 0, l′(0) ̸= 0 and

l′(0)θ′′′(0)− l′′(0)θ′′(0) ̸= 0;
(4) γ is a 5/3-cusp at 0 if and only if l(0) = l′(0) = θ′(0) = 0 and

l′′(0)θ′′(0) ̸= 0.

Proof. By (2.2), we observe that

γ′(t) = l(t)e(t),

γ′′(t) = l′(t)e(t) + l(t)θ′(t)n(t),

γ′′′(t) = (l′′(t)− l(t)θ′(t)2)e(t) + (2l′(t)θ′(t) + l(t)θ′′(t))n(t),

γ(4)(t) = (l′′′(t)− 3l′(t)θ′(t)2 − 3l(t)θ′(t)θ′′(t))e(t)

+ (3l′′(t)θ′(t) + 3l′(t)θ′′(t) + l(t)θ′′′(t)− l(t)θ′(t)3)n(t).

Thus we obtain (1) and (2) from Fact 2.4(1)–(2). Now, we prove (3). We
assume that θ′(0) = 0, that is, γ is not a front at 0. Then γ′′(0) = l′(0)e(0)
and γ′′′(0) = l′′(0)e(0). Thus γ is an A-type frontal curve if and only if
l′(0) ̸= 0, and hence we have

γ′′′(0) =
l′′(0)

l′(0)
γ′′(0).

By the above calculation, we obtain γ(4)(0) = c1e(0) + 3l′(0)θ′′(0)n(0) and

γ(5)(0) = c2e(0) + (6l′′(0)θ′′(0) + 4l′(0)θ′′′(0))n(0),

where c1, c2 are some constants. Therefore we have

det

(
γ′′(0), 3γ(5)(0)− 10

l′′(0)

l′(0)
γ(4)(0)

)
= 12l′(0)(l′(0)θ′′′(0)− l′′(0)θ′′(0)).

We obtain (3) from Fact 2.4(5), and (4) follows from the above calculations
and Fact 2.4(6).

2.1. Invariants defined at cusps. Let γ : (R, 0) → R2 be an A-type
frontal curve, that is, γ′(0) = 0 and γ′′(0) ̸= 0. Then an invariant called the
cuspidal curvature [14, 17] is defined by

(2.3) ω =
det(γ′′(0), γ′′′(0))

|γ′′(0)|5/2
.

The cuspidal curvature measures the width of γ at 0. By Fact 2.4(1), γ is
a 3/2-cusp at 0 if and only if ω ̸= 0. When ω = 0, we define the following
invariants at 0 (see [7]):

(2.4) ωr =
det(γ′′(0), 3γ(5)(0)− 10Cγ(4)(0))

|γ′′(0)|7/2
, b =

det(γ′′(0), γ(4)(0))

|γ′′(0)|3
,
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where C is a constant satisfying γ′′′(0) = Cγ′′(0). We call ωr and b the
secondary cuspidal curvature and the bias of the cusp, respectively. By Fact
2.4(5), γ is a 5/2-cusp at 0 if and only if ωr ̸= 0. Similar to the cuspidal
curvature ω, the secondary cuspidal curvature ωr represents the width of a
5/2-cusp on γ. Moreover, the geometrical meaning of the bias b of γ is as
follows [7, Proposition 2.2]: Let γ : (R, 0) → R2 be an A-type frontal curve
with ω = 0. We consider two images of γ:

γ+ = γ([0, ε)), γ− = γ((−ε, 0])

for sufficiently small ε > 0. The images γ+ and γ− lie on the same side of
the tangent line to γ at γ(0) if b ̸= 0. Moreover, if ωr ̸= 0 and b = 0, then
γ+ and γ− lie on opposite sides of that tangent line (see Figure 1). The next
section demonstrates that the bias plays an important role in the analysis of
singularities on the pedal curves of A-type frontal curves.

Fig. 1. Left: a 5/2-cusp with vanishing bias. Right: a 5/2-cusp with non-vanishing bias.
The dashed lines are tangent lines.

For other invariants defined at more degenerate singular points of a
frontal curve, see [11, 12].

3. Pedal curves of frontal curves. Let γ : (R, 0) → R2 be a frontal
and let n be its unit normal vector. Then we define the map Peγ : (R, 0) → R2

by

(3.1) Peγ(t) = A(t)n(t), where A(t) = γ(t) · n(t).

At a point t0 ∈ (R, 0), Peγ(t0) corresponds to the foot of a perpendicular
from the origin to the tangent line to γ at γ(t0), even if t0 is a singular point
of γ (see Figure 2). Therefore, similar to the case of regular curves [2], we
refer to the map Peγ given by (3.1) as the pedal curve of γ (with respect to
the origin). Moreover, we refer to Peγ(t0) as the pedal point of γ relative to
γ(t0) with respect to the origin.

We investigate the singularities of the pedal curve, as described in the
next subsections.
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pedal point

the origin

position vector

unit normal
vector

tangent line

Fig. 2. Pedal point of a frontal curve with respect to the origin. The dashed line represents
the tangent line to the curve at a singular point.

3.1. Pedal curves of frontal curves not passing through the ori-
gin. Here, we consider the case where a frontal γ : (R, 0) → R2 satisfies
γ(0) ̸= 0.

Lemma 3.1. Under these conditions, 0 is a singular point of Peγ if and
only if γ is a frontal but not a front at 0.

Proof. By direct calculations, we obtain

(3.2) Pe′γ(t) = −θ′(t)(γ(t) · e(t))n(t)− θ′(t)(γ(t) · n(t))e(t)
= −θ′(t)(A(t)e(t) +B(t)n(t)),

where we set B(t) = γ(t) · e(t). Since {e(0),n(0)} provides an orthonormal
basis for R2 and γ(0) ̸= 0, γ(0) can be represented as a linear combination
of e(0) and n(0). Thus (A(0), B(0)) ̸= (0, 0), and hence Pe′γ(0) = 0 if and
only if θ′(0) = 0. This shows the assertion.

By this lemma, if γ is a front at 0, then Peγ is regular at 0. By (3.2), one
can take the unit normal vector nPeγ to be

nPeγ (t) =
1√

A(t)2 +B(t)2
(B(t)e(t)−A(t)n(t)),

where A(t) = γ(t) · n(t) and B(t) = γ(t) · e(t). Thus Peγ is a frontal curve
(cf. [8, Proposition 3.2]). Moreover, we obtain the following:

Proposition 3.2. Let γ : (R, 0) → R2 be a frontal curve, 0 a singular
point of γ, and n a unit normal vector to γ. Assume that γ(0) ̸= 0. If 0 is a
singular point on the pedal curve Peγ, then Peγ is a frontal but not a front
at 0.

Proof. We consider the derivative n′
Peγ

of nPeγ . By direct calculations,

n′
Peγ (t) = −A

′(t)A(t) +B′(t)B(t)

(A(t)2 +B(t)2)3/2
(B(t)e(t)−A(t)n(t))

+
(B′(t) + θ′(t)A(t))e(t)− (A′(t)− θ′(t)B(t))n(t)√

A(t)2 +B(t)2
.
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Since A′(t) = −θ′(t)B(t), B′(t) = l(t) + θ′(t)A(t) and l(0) = θ′(0) = 0, we
see that n′

Peγ
(0) = 0. This implies that (Peγ ,nPeγ ) : (R, 0) → R2 × S1 is not

an immersion at 0. This completes the proof.

We consider the case where γ is of A-type. In other words, γ′(0) = 0 and
γ′′(0) ̸= 0. In this case, we have the following properties.

Proposition 3.3. Let γ : (R, 0) → R2 be an A-type frontal curve which
is not a 3/2-cusp, and n a unit normal vector to γ. Assume that γ(0) ̸= 0.
Then the pedal curve Peγ is also of A-type if and only if the bias b of γ does
not vanish.

Proof. By (3.2),

(3.3) Pe′′γ(t) = −θ′′(t)(A(t)e(t) +B(t)n(t))

− θ′(t)
(
(A′(t)− θ′(t)B(t))e(t) + (B′(t) + θ′(t)A(t))n(t)

)
.

Since θ′(0) = 0, we get

Pe′′γ(0) = −θ′′(0)(A(0)e(0) +B(0)n(0)).

Therefore Peγ is of A-type if and only if θ′′(0) ̸= 0. On the other hand,

b =
3θ′′(0)

|l′(0)|
(cf. (2.4)). Hence we get the conclusion.

When γ is an A-type frontal curve with nonvanishing bias b, we obtain
the following:

Theorem 3.4. Let γ : (R, 0) → R2 be an A-type frontal curve which is
not a 3/2-cusp. Let n be a unit normal vector to γ. Assume that γ(0) ̸= 0
and the bias b of γ does not vanish. Then the pedal curve Peγ is a 5/2-cusp
at 0 if and only if γ is also a 5/2-cusp and γ(0) · n(0) ̸= 0. Moreover, the
bias bPeγ does not vanish.

Proof. By Proposition 3.3, Peγ is an A-type frontal curve. By (3.3), we
observe that

(3.4) Pe′′′γ (t) = −θ′′′(t)(A(t)e(t) +B(t)n(t))

− 2θ′(t)
(
(A′(t)− θ′(t)B(t))e(t) + (B′(t) + θ′(t)A(t))n(t)

)
− θ′(t)

(
(A′(t)− θ′(t)B(t)− 2θ′(t)B′(t)− θ′(t)2A(t))e(t)

+ (B′(t) + θ′(t)A(t) + 2θ′(t)A′(t)− θ′(t)2B(t))n(t)
)
.

Since A′(0) = B′(0) = 0, we have Pe′′′γ (0) = −θ′′′(0)(A(0)e(0) + B(0)n(0)).
Hence

Pe′′′γ (0) =
θ′′′(0)

θ′′(0)
Pe′′γ(0).
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Furthermore, by straightforward calculations, we obtain

(3.5) Pe(4)γ (t) = −θ(4)(t)(A(t)e(t) +B(t)n(t))

− 3θ′′′(t)
(
(A′(t)−θ′(t)B(t))e(t)+(B′(t)+θ′(t)A(t))n(t)

)
− 3θ′′(t)

(
(A′′(t)−θ′′(t)B(t)−2θ′(t)B′(t)−θ′(t)2A(t))e(t)

+ (B′′(t) + θ′′(t)A(t) + 2θ′(t)A′(t)− θ′(t)2B(t))n(t)
)

− θ′(t)
(
(A′′′(t)− θ′′′(t)B(t)− 3θ′′(t)B′(t)− 3θ′(t)B′′(t)

−3θ′(t)θ′′(t)A(t)− 3θ′(t)2A′(t) + θ′(t)3B(t))e(t)

+(B′′′(t) + θ′′′(t)A(t) + 3θ′′(t)A′(t) + 3θ′(t)A′′(t)

−3θ′(t)θ′′(t)B(t)− 3θ′(t)2B′(t)− θ′(t)3A(t))n(t)
)
.

Since

A′′(t) = −θ′′(t)B(t)− θ′(t)(l(t) + θ′(t)A(t)),

B′′(t) = l′(t) + θ′′(t)A(t)− θ′(t)2B(t),

we obtain

A′′(0) = −θ′′(0)B(0), B′′(0) = l′(0) + θ′′(0)A(0).

It follows that

Pe(4)γ (0) = (−θ(4)(0)A(0) + 6θ′′(0)B(0))e(0)

− (θ(4)(0)B(0) + 6θ′′(0)A(0) + 3l′(0)θ′′(0))n(0).

By (3.5), we obtain

Pe(5)γ (0) = −θ(5)(0)(A(0)e(0)+B(0)n(0))

− 6θ′′′(0)
(
(A′′(0)− θ′′(0)B(0))e(0)+ (B′′(0)+ θ′′(0)A(0))n(0)

)
− 4θ′′(0)

(
(A′′′(0)− θ′′′(0)B(0))e(0)+ (B′′′(0)+ θ′′′(0)A(0))n(0)

)
.

Since A′′′(0) = −θ′′′(0)B(0) and B′′′(0) = l′′(0)+θ′′′(0)A(0), Pe(5)γ (0) can be
written as

Pe(5)γ (0) = (−θ(5)(0)A(0) + 20θ′′(0)θ′′′(0)B(0))e(0)

− (θ(5)(0)B(0) + 20θ′′(0)θ′′′(0)A(0) + 6l′(0)θ′′′(0) + 4l′′(0)θ′′(0))n(0).

Thus we observe that

3Pe(5)γ (0)− 10
θ′′′(0)

θ′′(0)
Pe(4)γ (0)

= ∗(A(0)e(0) +B(0)n(0)) + 12(l′(0)θ′′′(0)− l′′(0)θ′′(0))n(0),
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where ∗ is a constant. By Fact 2.4(5), Peγ is a 5/2-cusp at 0 if and only if

det

(
Pe′′γ(0), 3Pe

(5)
γ (0)− 10

θ′′′(0)

θ′′(0)
Pe(4)γ (0)

)
= −12A(0)θ′′(0)(l′(0)θ′′′(0)− l′′(0)θ′′(0)) ̸= 0.

Thus Peγ is a 5/2-cusp at 0 if and only if γ is also a 5/2-cusp at 0 from
Proposition 2.5(3) and A(0) ̸= 0. Moreover,

|Pe′′γ(0)| = |θ′′(0)|
√
A(0)2 +B(0)2,

det(Pe′′γ(0),Pe
(4)
γ (0)) = 3θ′′(0)2(A(0)2 +B(0)2 + l′(0)A(0)).

Therefore

bPeγ =
A(0)2 +B(0)2 + l′(0)A(0)

|θ′′(0)|(A(0)2 +B(0)2)3/2
.

Since A(0) ̸= 0, we have A(0)2+B(0)2 ̸= 0. Moreover, by changing n to −n
if necessary, we see that sgn(l′(0)) = sgn(A(0)). Therefore bPeγ ̸= 0.

Example 3.5. Let γ : (R, 0) → R2 be the frontal provided by

γ(t) = (1 + t2, 1 + t4 + t5/5),

which is a 5/2-cusp at t = 0. Defining l, θ : (R, 0) → R by

l(t) = t
√

4 + t4(4 + t)2, θ(t) = arctan
(
1
2 t

2(4 + t)
)
,

we see that

γ′(t) = l(t)e(t) = l(t)(cos θ(t), sin θ(t))

= t
√

4 + t4(4 + t)2
(

2√
4 + t4(4 + t)2

,
t2(4 + t2)√
4 + t4(4 + t)2

)
,

n(t) = (− sin θ(t), cos θ(t)) =

(
− t2(4 + t2)√

4 + t4(4 + t)2
,

2√
4 + t4(4 + t)2

)
.

Thus the pedal curve Peγ of γ is

Peγ(t) =

(
t2(4 + t)2(−10 + 20t2 + 5t3 + 10t4 + 3t5)

5(4 + t4(4 + t)2)
,

− 2(−10 + 20t2 + 5t3 + 10t4 + 3t5)

5(4 + t4(4 + t)2)

)
.

As shown, Peγ is a 5/2-cusp at t = 0, with non-vanishing bias bPeγ (see
Figure 3).

Next, we consider the case that γ is an A-type frontal curve that is not
a 3/2-cusp with vanishing bias b at the cusp. By Proposition 3.3, the pedal
curve Peγ of γ is not an A-type frontal curve.



10 K. TERAMOTO

Fig. 3. Images of γ (dashed) and Peγ (solid). We can observe that both γ and Peγ are
5/2-cusps at t = 0.

Theorem 3.6. Let γ : (R, 0) → R2 be an A-type frontal curve that is not
a 3/2-cusp. Assume that γ(0) ̸= 0 and the bias b of γ vanishes at 0. Then
Peγ is a 5/3-cusp at 0 if and only if γ is a 5/2-cusp and γ(0) · n(0) ̸= 0.

Proof. Based on the assumption, l(0) = θ′(0) = θ′′(0) = 0 and l′(0) ̸= 0.
Thus from the proof of Theorem 3.4, Pe′γ(0) = Pe′′γ(0) = 0. We have

Pe′′′γ (0) = −θ′′′(0)(A(0)e(0) +B(0)n(0)),

Pe(4)γ (0) = −θ(4)(0)(A(0)e(0) +B(0)n(0)),

Pe(5)γ (0) = −θ(5)(0)(A(0)e(0) +B(0)n(0))− 6l′(0)θ′′′(0)n(0).

Therefore we obtain det(Pe′′′γ (0),Pe
(4)
γ (0)) = 0 and

det(Pe′′′γ (0),Pe
(5)
γ (0)) = 6A(0)l′(0)θ′′′(0)2.

Hence det(Pe′′′γ (0),Pe
(5)
γ (0)) ̸= 0 if and only if A(0)θ′′′(0) ̸= 0. This implies

that Peγ is a 5/3-cusp at 0 if and only if θ′′′(0) ̸= 0 by Fact 2.4(6). By
contrast, in the above situation, γ is a 5/2-cusp at 0 if and only if θ′′′(0) ̸= 0
by Proposition 2.5(3). Thus we have the conclusion.

Now, consider the case where γ is not of A-type, that is, γ′(0) = γ′′(0)
= 0. In this case, we obtain the following:

Proposition 3.7. Let γ : (R, 0) → R2 be a frontal curve that is not of
A-type. Let n be a unit normal vector to γ. Assume that γ(0) ̸= 0. If γ is a
5/3-cusp at 0 and γ(0) · n(0) ̸= 0, then Peγ is a 5/2-cusp at 0. Moreover,
bPeγ does not vanish.

Proof. From Proposition 2.5(4), the conditions l(0) = l′(0) = θ′(0) = 0
and l′′(0)θ′′(0) ̸= 0 hold. In particular, θ′′(0) ̸= 0. Since

Pe′′γ(0) = −θ′′(0)(A(0)e(0) +B(0)n(0)) ̸= 0,
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Peγ is an A-type frontal curve. From the proof of Theorem 3.4, we can
observe that

Pe′′′γ (0) = −θ′′′(0)(A(0)e(0) +B(0)n(0)) =
θ′′′(0)

θ′′(0)
Pe′′γ(0),

and

3Pe(5)γ (0)− 10
θ′′′(0)

θ′′(0)
Pe(4)γ (0) = ∗(A(0)e(0)+B(0)n(0))− 12l′′(0)θ′′(0)n(0),

where ∗ is a real constant. Therefore we obtain

det

(
Pe′′γ(0), 3Pe

(5)
γ (0)− 10

θ′′′(0)

θ′′(0)
Pe(4)γ (0)

)
= 12A(0)l′′(0)θ′′(0)2 ̸= 0

by the assumption. This implies that Peγ is a 5/2-cusp at 0, based on Fact
2.4(5). Moreover, since

Pe(4)γ (0) = −θ(4)(0)(A(0)e(0) +B(0)n(0)) + 6θ′′(0)(B(0)e(0)−A(0)n(0)),

we see that

det(Pe′′γ(0),Pe
(4)
γ (0)) = 6θ′′(0)2(A(0)2 +B(0)2) ̸= 0.

From the definition of bias (see (2.4)), we have bPeγ ̸= 0. Thus we get the
assertion.

3.2. Pedal curves of fronts passing through the origin. We con-
sider the case where a frontal curve γ : (R, 0) → R2 passes through the origin,
that is, γ(0) = 0. Consequently, Peγ(0) = 0 = γ(0). In this case, Pe′γ(0) = 0
whether γ is a front at 0 or not. Here, we examine the case where γ is a front
at 0.

Lemma 3.8. Under the above assumptions, the pedal curve Peγ is not of
A-type.

Proof. Since A(0) = A′(0) = B(0) = B′(0) = 0, we obtain Pe′′γ(0) = 0
using (3.3). Thus Peγ is not of A-type.

Proposition 3.9 (cf. [16]). Let γ : (R, 0) → R2 be a 3/2-cusp at 0.
Assume that γ(0) = 0. Then Peγ is a 4/3-cusp at 0.

Proof. By Proposition 2.5(1), conditions l(0) = 0 and l′(0)θ′(0) ̸= 0
are satisfied. Moreover, by Lemma 3.8, Peγ is not of A-type. We calculate
the third and fourth derivatives of Peγ at 0. Since A(t) = γ(t) · n(t) and
B(t) = γ(t) · e(t), we have A′′(0) = 0, B′′(0) = l′(0), A′′′(0) = −l′(0)θ′(0)
and B′′′(0) = l′′(0). By (3.4) and (3.5),

Pe′′′γ (0) = −l′(0)θ′(0)n(0),

Pe(4)γ (0) = 4l′(0)θ′(0)2e(0)− (l′′(0)θ′(0) + 3l′(0)θ′′(0))n(0).
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Therefore we obtain

det(Pe′′′γ (0),Pe
(4)
γ (0)) = 4l′(0)2θ′(0)3 ̸= 0.

This implies that Peγ is a 4/3-cusp at 0 by Fact 2.4(2).

Next, we assume that γ is a 4/3-cusp at 0. Then l(0) = l′(0) = 0 and
l′′(0)θ′(0) ̸= 0 by Proposition 2.5(2). In this case, we obtain the following:

Theorem 3.10. Let γ : (R, 0) → R2 be a 4/3-cusp at 0 and γ(0) = 0.
Then the pedal curve Peγ is C1-equivalent to a 5/4-cusp at 0. Moreover, Peγ
is A-equivalent to a 5/4-cusp at 0 if and only if P̃ = 0, where

(3.6) P̃ = −477l′′(0)2θ′′(0)2 + 1400l′′(0)2θ′(0)4

+ 2l′′(0)θ′(0)(17l(3)(0)θ′′(0) + 125θ(3)(0)l′′(0))

+ θ′(0)2(18l(3)(0)2 − 25l(4)(0)l′′(0)).

In addition, Peγ is A-equivalent to a (5/4;+7)-cusp (resp. (5/4;−7)-cusp)
at 0 if and only if P̃ > 0 (resp. P̃ < 0).

Proof. By the proof of Proposition 3.9, we have Pe′γ(0) = Pe′′γ(0) =

Pe′′′γ (0) = 0 and Pe
(4)
γ (0) = −l′′(0)θ′(0)n(0) ̸= 0. We calculate Pe

(k)
γ (0) for

k = 5, 6, 7. Under the above conditions, straightforward computations show
that

Pe(5)γ (0) = 5l′′(0)θ′(0)e(0)− (l(3)(0)θ′(0) + 4l′′(0)θ′′(0))n(0),

Pe(6)γ (0) = 3θ′(0)(2l(3)(0)θ′(0) + 13l′′(0)θ′′(0))e(0)

+
(
−l(4)(0)θ′(0) + 16l′′(0)θ′(0)3

− 5(l(3)(0)θ′′(0) + 2θ(3)(0)l′′(0))
)
n(0),

Pe(7)γ (0) = 7
(
l(4)(0)θ′(0)2 + 12l′′(0)θ′′(0)2 − 6l′′(0)θ′(0)4

+ θ′(0)(8l(3)(0)θ′′(0) + 15θ(3)(0)l′′(0))
)
e(0)

+
(
−l(5)(0)θ′(0)− 6l(4)(0)θ′′(0)− 15l(3)(0)θ(3)(0)

+ 22l(3)(0)θ′(0)3 − 20θ(4)(0)l′′(0) + 204l′′(0)θ′(0)2θ′′(0)
)
n(0),

where A(0) = B(0) = A′(0) = B′(0) = A′′(0) = B′′(0) = A′′′(0) = 0,
B′′′(0) = l′′(0) ̸= 0,

A(4)(0) = −l′′(0)θ′(0), A(5)(0) = −4l′′(0)θ′′(0)− l(3)(0)θ′(0),

A(6)(0) = −l(4)(0)θ′(0)− 5l(3)(0)θ′′(0)− 10θ(3)(0)l′′(0) + l′′(0)θ′(0)3,

B(4)(0) = l(3)(0), B(5)(0) = l(4)(0)− l′′(0)θ′(0),

B(6)(0) = l(5)(0)− l(3)(0)θ′(0)2 − 9l′′(0)θ′(0)θ′′(0).
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Thus
X = det(Pe(4)γ (0),Pe(5)γ (0)) = 5l′′(0)2θ′(0)2 ̸= 0.

Hence Peγ is C1-equivalent to a 5/4-cusp at 0 by Fact 2.4(3). Moreover, by
the above calculations, the constant P as in (2.1) is

P = 21l′′(0)2θ′(0)4P̃ ,

where P̃ is the constant given by (3.6). Thus we have the assertions by Fact
2.4(3)–(4).

Example 3.11. Let γ : R → R2 be the curve defined by γ(t) = (t3, t4).
Then γ is a 4/3-cusp at 0. A unit normal vector n(t) to γ(t) is

n(t) =

(
− 4t√

9 + 16t2
,

3√
9 + 16t2

)
.

Thus the pedal curve Peγ of γ is

Peγ(t) =

(
4t5

9 + 16t2
,− 3t4

9 + 16t2

)
.

Since Pe′γ(0) = Pe′′γ(0) = Pe′′′γ (0) = 0 and

det(Pe(4)γ (0),Pe(5)γ (0)) =
1280

3
̸= 0,

Peγ is C1-equivalent to a 5/4-cusp at 0. However, the constant P as in (2.1)
is

P =
1835008000

9
> 0.

Thus Peγ is not A-equivalent to t 7→ (t4, t5) at 0. But Peγ is A-equivalent to
t 7→ (t4, t5 + t7) at 0 (see Figure 4). Indeed, set

t̃ =
t

(9 + 16t2)1/4
.

This gives a new parameter for Peγ . By the binomial theorem, there exists
a function germ ψ(t̃) such that

t =
√
3 t̃+

4√
3
t̃ 3 + t̃ 4ψ(t̃ ).

Fig. 4. Images of γ (dashed) and Peγ (solid).
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Therefore we see that

Peγ(t̃ ) =

(
4
√
3 t̃ 5 +

16√
3
t̃ 7 + 4t̃ 8ψ(t̃ ),−3t̃ 4

)
Thus Peγ is A-equivalent to t 7→ (t4, t5 + t7) at 0.
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