GEOMETRIC PROPERTIES OF CAUSTICS OF PSEUDO-SPHERICAL
SURFACES

KEISUKE TERAMOTO

ABsTrRACT. We deal with pseudo-spherical surfaces admitting certain singularities and
their caustics. In particular, we give characterizations of a cuspidal butterfly, cuspidal
lips and cuspidal beaks singularities on a pseudo-spherical surface. Moreover, character-
izations of certain singularities on the caustics of a pseudo-spherical surface are given.
Furthermore, when the caustic has a cuspidal edge singularity, we investigate geometric
invariants defined at that point.

1. INTRODUCTION

A pseudo-spherical surface is an immersed surface in the Euclidean 3-space R? whose
Gaussian curvature is negative constant. It is known that a pseudo-spherical surface
corresponds to a solution to the sine-Gordon equation as in (3.1) (cf. [21]). In general,
a pseudo-spherical surface can be extended to a pseudo-spherical front which admits
certain singularities and has a well-defined smooth unit normal vector even at singular
points ([16]). Cuspidal edges and swallowtails are known to be generic singularities of
pseudo-spherical fronts ([4, Theorem 1.1]). Furthermore, a cuspidal lips, a cuspidal beaks
and a cuspidal butterfly can appear as singularities in a generic one-parameter family of
pseudo-spherical fronts ([3, Theorem 3.3]). Note that D4-singularities do not appear as
singularities of pseudo-spherical fronts ([3, Proposition 3.1]).

At each singular point of a pseudo-spherical front, we can define a caustic with respect
to the unbounded principal curvature near such a point ([19,20]). In [20], the condition for
singularities of caustics to be a cuspidal edge is given in terms of the corresponding solution
of the sine-Gordon equation. Moreover, explicit representations for the Gaussian and mean
curvature of caustics for pseudo-spherical fronts are stated by using a solution to the sine-
Gordon equation ([20, Theorem 4.5]). It is known that when the initial pseudo-spherical
front has a cuspidal edge as a singularity, then the corresponding caustic is regular. In
that case, the condition for the caustic to be a minimal surface is given. Besides, in [8], it
is shown that pseudo-spherical fronts whose caustics are minimal surfaces form a family
of Dini surfaces and those minimal surfaces are the catenoid and helicoid family. While
the case where caustics are regular is well studied, it seems that we do not have enough
knowledge about the geometric information of caustics at singular points. Thus it is natural
to consider relation between the solution of the sine-Gordon equation and the geometric
properties of the caustic at singular points.

In this paper, we study relation between singularities of pseudo-spherical fronts and
geometric properties of their caustics by using solutions to the sine-Gordon equation. In
particular, we deal with the case that a caustic has a cuspidal edge singular point. At a
cuspidal edge, we can define the singular curvature, the cuspidal curvature and the cuspidal
torsion ([11, 12, 15]). Especially, it is known that the singular curvature is an intrinsic
invariant of a front at a cuspidal edge ([15]). Our aim is to clarify behavior of the singular
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curvature defined at a cuspidal edge on the caustic which relates to convexity or concavity
at the edge (see Figure 2).

In order to do this, we first investigate singularities of pseudo-spherical fronts. We give
conditions for pseudo-spherical fronts to be a cuspidal lips, cuspidal beaks and cuspidal
butterfly in terms of the solution to sine-Gordon equation (Proposition 3.3). According to
the established criteria for singularities of pseudo-spherical fronts, we observe that when
a pseudo-spherical front is characterized as a swallowtail, a cuspidal lips or a cuspidal
beaks, then the caustic is a cuspidal edge at the corresponding point (Proposition 4.2).
We finally examine geometric invariants at a cuspidal edge of the caustic. We give
explicit representations of the singular curvature, cuspidal curvature and cuspidal torsion
in terms of the solution to the sine-Gordon equation which corresponds to the initial
pseudo-spherical front (Theorem 4.4). As a consequence of the expression, we show that
if a pseudo-spherical front is a cuspidal lips (resp. cuspidal beaks), then its caustic is a
cuspidal edge with positive (resp. negative) singular curvature at that point (Corollary
4.6). This implies that a cuspidal edge on the caustic corresponding to a cuspidal lips
(resp. a cuspidal beaks) is curved convexly (resp. concavely).

2. PRELIMINARIES

In this section, we recall some notions and fundamental facts on fronts. See[1,2,5,10,22]
for details.

2.1. Fronts. Let U ¢ R? be an open set and f: U — R> a C* map, where R is the
Euclidean 3-space. Then we call f a (wave) front if there exists a C*® map v: U — S*(c
R3) such that

e (df,(v),v(¢q)) =0forany g € U and v € T,R?, and

e the pair (f,v): U — R? x S? gives an immersion,
where S? is the standard unit sphere in R and (-, -) is the canonical scalar product on R3.
The map v is called a unit normal vector to f. A point p € U is said to be a singular point
of f if rank df, < 2, namely f is not an immersion at p. We denote the set of singular

points of f by S(f).
For a front f: U — R3, we set a function 1: U — R by

(2.1) A(u,v) = det(fuafva v)(u,v) (fu = af/au’fv = 0f/8v),

where det is the determinant and (u, v) is some local coordinate system on U. We call
A the signed area density function of f. Moreover, a function 1 satisfying 1 = a - 1,
where a is some non-zero function on U, is called an identifier of singularities of f.
Obviously, we see that S(f) = 171(0) = 171(0). A singular point p € S(f) is said to be
non-degenerate if (1,,1,) # (0,0) at p, equivalently (1,,1,) # (0,0) at p. Otherwise, it
is called degenerate. If p € S(f) is a non-degenerate singular point of f, then there exist
a neighborhood V(c U) of p and a regular curve y: (—&, &) — V such that y(0) = p and
A(y(1)) =0 (Jt] < &). We call the curve vy a singular curve for f. Moreover, if p € S(f)
is non-degenerate, then rank df, = 1. On the other hand, if p € S(f) is a (co)rank one
singular point, that is, rank df,, = 1 holds, then there exists a non-zero vector field 7 on U
such that (,)r = ker df,,. We call such a vector field n a null vector field for f.

Remark 2.1. If p € S(f) is a non-degenerate singular point of f, then it holds that
dfy)(1y(r)) = 0 for each t € (—¢, &), where v is a singular curve for f through p ([10]).

2.2. Singularities of fronts. Here we present criteria for certain singularities of fronts.
We first recall types of singularities which appear in this paper.

Definition 2.2. Let f: (R2,0) — (R, 0) be a C* map germ. Then
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(1) f atOis a cuspidal edge if f is A-equivalent to the germ (u, v) — (u, v, v°) at 0;
(2) fatOisaswallowtail if f is A-equivalent to the germ (u, v) — (u, 4v° +2uv, 3v* +
uvz) at 0;
(3) f at 0is a cuspidal butterfly if f is A-equivalent to the germ (u,v) — (u, Sv* +
2uv, 4v° + u?v) at 0;
(4) f atOis acuspidal lips if f is A-equivalent to the germ (u, v) — (u, v> +u?v, 3v* +
2u*v?) at 0;
(5) f at 0 is a cuspidal beaks if f is A-equivalent to the germ (u,v) — (u,v> —
u?v, 3v* — 2u202) at 0.
Here two map germs f, f>: (R?,0) — (R?,0) are A-equivalent if there exist diffeomor-
phism germs ¢: (R%,0) — (R?,0) on the source and ®: (R3,0) — (R3, 0) on the target
such that f> = ® o fj o ¢~ L.

We note that these are rank one singularities of fronts. Moreover, a cuspidal edge,
swallowtail and cuspidal butterfly are non-degenerate singular points, but a cuspidal lips
and cuspidal beaks are degenerate ones (see Figure 1). For these singularities, the following
useful criteria are known.

Mo

Ficure 1. From the top left to the bottom right: cuspidal edge, swallowtail,
cuspidal butterfly, cuspidal lips and cuspidal beaks

Theorem 2.3 (cf. [6,7,10,14]). Let f: U — R> be a front and p € S(f) a rank one
singular point of f. Then as a map germ,
(1) f at p is a cuspidal edge if and only if nA(p) # 0;
(2) f at p is a swallowtail if and only if dA(p) # 0, nA(p) = 0 and nnA(p) + 0;
(3) f at p is a cuspidal butterfly if and only if dA(p) # 0, nA(p) = nnA(p) = 0 and
nmA(p) # 0;
(4) f at p is a cuspidal lips if and only if dA(p) = 0 and det H(A)(p) > 0;
(5) f at pisacuspidal beaks if and only if dA(p) = 0, nnA(p) # 0 and det H(A)(p) <
0.

Here A is the signed area density function of f, dA is the exterior derivative of A, nA is the
directional derivative of A in the direction n and H(A)(p) is the Hessian matrix of A at p.

While the above criteria are denoted by the signed area density function A, we can
replace A to an identifier of singularities A of a front f (cf. [22]).

2.3. Geometric invariants defined at a cuspidal edge. We recall geometric invariants
defined at a cuspidal edge. We mean by a gemetric invariant of pseudo-spherical fronts
an invariant of them under the Euclidean motion on the target up to diffeomorphisms on



4

the source. For details, see [11,12,15,22]. Let f: U — R3 be a front and v a unit normal
vector to f, and p € U a cuspidal edge singular point of f. Lety: (—&,&) — U be a
singular curve for f through p = y(0). Then we can take a pair of vector fields (£, 7) on
U such that

e £ is tangent to vy,

e 7 is a null vector field of f, and

e the pair (&, n) is linearly independent.
We call such a pair an adapted pair of vector fields ([11]). Using an adapted pair of vector
fields, we can define the following geometric invariants along y ([11, 12, 15]):

det(£f,EEf, V) (EEF, V)

Kks(t) = &, /P (y(@®), (1) = e (v(2)),
_NESPPdet(Ef o f i f)
welr) = B ST (),
_ det(¢f,mmf,énnf) (&S ) dew(&f o f, &6 S)
“O= e YT T e ke )

where &, = sgn(nA - det(£,n)) along y. We call ky, k,, k. and k; the singular curvature,
limiting normal curvature, cuspidal curvature and cuspidal torsion, respectively. It is
known that the Gaussian curvature of a front f is bounded near a cuspidal edge p if and
only if «, vanishes identically along y (cf. [12, Theorem 3.9]). Under this condition, if
the Gaussian curvature K is non-negative near a cuspidal edge, then the singular curvature
Ks 1s non-positive at the cuspidal edge ([15, Theorem 3.1]) (see Figure 2).

(A) ks >0 B)ky <0

Ficure 2. Cuspidal edges with non-zero «;.

3. PSEUDO-SPHERICAL FRONTS

We investigate pseudo-spherical fronts in R*. We begin with the definition of pseudo-
spherical fronts.

Definition 3.1 (cf. [16,23]). Let D c R> be a simply connected domain. Then a front
f: D — R3is said to be pseudo-spherical if there exists an open and dense subset O of
D such that the restriction f|p: O — R? is a pseudo-spherical surface, namely f is an
immersion with the constant negative Gaussian curvature on O.

By normalization, we may assume that the Gaussian curvature of a pseudo-spherical
front is —1. In the following, we suppose the condition. In this case, we note that a front
f:D— R3 is pseudo-spherical if and only if det( f,, f,, v) = —det(v,, v, v) on an open
dense subset O, where v is a unit normal vector to f.

Let f: D — R3 be a pseudo-spherical front and v its unit normal vector, where D is a
simply connected domain of R?. Then there exist local coordinates (u,v) on D and C*



function 8: D — R satisfying the sine-Gordon equation
(3.1) 6,,—0,, =sinf

such that the first, second and third fundamental forms of f are given by
G2, 0 1 0 0
2 2, w2 2 . 2 2 ) 2 2 2
I =cos 2du + sin 2dv , II= 2sm¢9(du dv®), 1II = sin 2du + cos 2a’v ,
respectively, and vice versa ([16, Theorem 2.11]). We remark that in [16], they use
the asymptotic Chebychev coordinates (x,y). When we change coordinates (x,y) +—
(x +y,x —y) = (u,v), then we have the above formulations. We also remark that the
function # measures the angle between asymptotic lines at each point. By (3.2), the first
fundamental form I degenerates on #~!(nZ), which implies that S( ) = 6~!(nZ).
On the other hand, for a pseudo-spherical front f corresponding to the solution 6 of
(3.1), one can take C™ maps e, e,: D — R3 satisfying
(3.3) Ju = cos gel, fy =sin gez, (e,-,ej> =0;, VvV=e|Xey,

where 9;; is the Kronecker delta (cf. [16,20]). We note that the triple {e1, e>, v} forms

an orthonormal frame along f. By the Gauss and Weingarten formulas (cf. [9, Theorem
3.8.1]), we have

6
Juu = —?” sin Eel + EU cos 582 + 3 sin Qv,
91) . Qu
fuv = ——=sinzey + —cos zex(= fu),
2 2 2 2
(3.4)
1, Ou sinee +9') cosge : sin 6
= —— — — — - — v,
T A TR A
0
v, = — sin Eel’ v, = COS Eez.
Moreover, it holds that
0 0 0 0 0 0
(e = Evez +sinZv, (e = 3“82, (€2) = —;”el, (e2), = _?uel —cos Jv

(see [20, (3.7)]). We will use these formulas to analyze the caustic.

3.1. Singularities of pseudo-spherical fronts. We deal with singularities of a pseudo-
spherical front. Let f: D — R? be a pseudo-spherical front associated to the solution @
of the sine-Gordon equation (3.1). By (3.3) and (2.1), we see that
A ! sinf = cos 4 sin 4
= —S1 = — — 1.

2 2 2
Let Zyand Zy be Z; = {(2n+ 1) | n € Z} and Z, = {2nn | n € Z}, respectively. Then
we have S(f) = 671(Z)) U6 (Z,) and 671(Z)) N 671(Z,) = 0. If we take p € 67(Z;)
(resp. p € 671(Zy)), then

fu=0, fo#0 (resp. fu#0, f,=0)
at p by (3.3). Thus n; = 9, (resp. 2 = d,) can be taken as a null vector for f around
p €671(Zy) (resp. p € 671 (Z2)).
Fact 3.2 ([20, Proposition 3.2]). Under the above situation, we have the following.
(1) Suppose p € 671(Z,). Then
(a) f at p is a cuspidal edge if and only if 6, # 0 at p;
(b) f at p is a swallowtail if and only if 8, = 0, 8, # 0 and 8,, # 0 at p.
(2) Suppose p € 671(Z,). Then



(a) f at p is a cuspidal edge if and only if 0, # 0 at p;
(b) f at p is a swallowtail if and only if 6, = 0, 8, # 0 anf 6,, # 0 at p.

Note that a cuspidal edge and a swallowtail are generic singularities of pseudo-spherical
fronts ([4]). On the other hand, Brander and Tari [3] pointed out that a pseudo-spherical
front may have a cuspidal lips, a cuspidal beaks and a cuspidal butterfly as singularities.
By Theorem 2.3, we have the following characterizations for these singularities in terms
of the solution to the sine-Gordon equation (3.1).

Proposition 3.3. Ler f: D — R>? be a pseudo-spherical front corresponding to the
solution 6 to the sine-Gordon equation (3.1).
(1) Suppose p € 671(Z,). Then
(a) f at p is a cuspidal butterfly if and only if 6, = 0, 6, # 0, 0,, = 0 and
Ouun # 0 at p;
(b) f at p is a cuspidal lips if and only if 8, = 6, = 0 and Hbzm > HZU at p;
(¢) f at p is a cuspidal beaks if and only if 6, = 6, = 0, 6, # 0 and 62, < 62,
at p.
(2) Suppose p € 0~1(Z,). Then
(a) f at p is a cuspidal butterfly if and only if 6, # 0, 8, =0, 8,, = 0 and 6,,, # 0
at p;
(b) f at p is a cuspidal lips if and only if 6, = 6, = 0 and 03,} > 95,} at p;
(¢) f at p is a cuspidal beaks if and only if 6, = 6, = 0, 6, # 0 and 62, < 62, at
p.

Proof. We show (1). Assume p € #~'(Z,). Since the signed area density function satisfies
21 = sin 8, we have

1 1
(/lu’ /lv) = 5 COSH(QM’ 90) = _E(Gua 90)

at p because cos#(p) = —1. We first assume that (6,,6,) # (0,0) at p. Then f at p isa
cuspidal butterfly if and only if 714 = 1714 = 0 and 1171714 # 0 at p by Theorem 2.3
(3), where n; = 9, is a null vector field of f near p. By direct calculations, we see that

2

0 0
ma = ?”0059, mma = %COSQ— Eusing,

3

guuu 3 . u
mmnimAa = - cos 6 — 50,4,40” sin @ — > cos 6.

Since sinf = 0 and cos @ = —1 at p € 8~'(Z;), we have the assertion (a).
We next assume that 6, = 6, = 0 at p. Under these conditions, we investigate the
Hessian det H (1) of A at p. By a direct calculation, we have

1 1
detH(A) = 1 c08? 0(0,0, — 02,) = Z(GWGW -6%)

at p € 71(Z;). On the other hand, by (3.1), we see that

Ouu — 00y =0
at p € 0‘1(21). Therefore we have assertions (b) and (c) by Theorem 2.3 (4) and (5),
respectively.
For (2), one can show similarly. m|

Remark 3.4. Since 0, = 0,, at p € S(f), we see that 6,,(p) # 0 (resp. 0,,(p) = 0)
yields 8,,(p) # 0 (resp. 6,,(p) = 0). Moreover, if f at p is a cuspidal beaks, then 6, # 0

at p.
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3.2. Principal curvatures. We recall behavior of principal curvatures of a pseudo-
spherical front f associated to the solution 6 to (3.1). By (3.2), principal curvatures
of f are given by
K| = tani, Ky = _COtE

on D\ S(f). It is known that for a point p € S(f), there exists an open neighborhood U
of p such that one of the principal curvatures can be extended as a C* function on U (see
[13,18]). Indeed, if p € 671(Z)) (resp. p € 671(Z>)), then k- (resp. k1) is a C* function
near p. Note that the other is unbounded near p. Let us set p; = 1/k; on D \ S(f). Then
one can see that p; (resp. p») can be considered as a C* function near p € 671 (Z) (resp.
p € 071(Zy)) ([19,20]). By using these properties, we define the caustic with respect to
k; (i = 1 or 2) near a singular point p € ~1(Z;) for f in the next section.

4. CAUSTICS OF PSEUDO-SPHERICAL FRONTS

We investigate a caustic of a pseudo-spherical front associated to the unbounded prin-
cipal curvature near singular points. In general, caustics of a surface are obtained as loci
of centers of principal curvature spheres on the set of regular points (cf. [5]). Let f be a
pseudo-spherical front corresponding to the solution 6 to (3.1). Take p € 87'(Z;) . Then
we investigate the caustic given by

(4.1) Ci=f+pv (p1=cot(6/2)),
which is defined on a sufficiently small neighborhood of p (cf. [20]). For a point
g € 07'(Z,), we can consider another caustic C, given by

(4.2) Cy=f+p2v (p2=—tan(0/2))

on a sufficiently small neighborhood of g.

4.1. Singularities of caustics. We consider singularities of caustics. We first deal with
the caustic C; as in (4.1) defined near p € 6-1(Z;). By (3.3) and (3.4), we have

0. 0
(CDu = (p1)uv = == cs¢” =,
2 2
(4.3)
(C)—cscge + (p1) —cscg e gvcsc

Thus e can be taken as a unit normal vector to C; and the signed area density function of
C, is given as

6
4.4 A6 = Lese® =
4.4) > csc >

by (4.3). We note that C; is a front at p ([20, Lemma 4.2], see also [19]). Since
csc(6/2) = 1l at p € 671(Zy), S(C1) = (6,)7'(0) near p € ~1(Z;). Thus an identifier
of singularities of Cj is given by

(4.5) A1 =9,

Assume that p € 71(Z;) N (6,)7'(0). Then we see that rank dC; = 1 at p by (4.3).
Moreover, one can take a null vector field ,7C1 for C; as

(4.6) N = a,

by (4.3) again.
For the caustic C5 as in (4.2) defined near p € 8~1(Z,), we observe that

0 0 0 0 0
(C2)u = sec 5 (81 - EM sec EV) , (), = _EU sec’ EV'
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Therefore e; can be taken as a unit normal vector to C,. Moreover, C; is a front at p (see
[19,20]). The signed area density function 12 of C, is
0 0
A9 = Zsec? —
> sec >
Since S(C>) = (0,)~1(0) locally, rank dC> = 1 at p where p € 67'(Z,) N (6,)1(0). Thus
n¢ = 9, gives a null vector field for C». Then the following is known.

Fact 4.1 ([20, Proposition 4.4]). Let f: D — R3 be a pseudo-spherical front and 6 a
corresponding solution to (3.1).

(1) Assume that p € 0'(Zy). Then Cy at p is a cuspidal edge if and only if 0,(p) = 0
and 6,,(p) # 0.

(2) Assume that p € 0-'(Z,). Then C; at p is a cuspidal edge if and only if 6,(p) = 0
and 6,,(p) # 0.

By this characterization for a cuspidal edge on the caustic, we get the following.

Proposition 4.2. If a pseudo-spherical front f at p € 671 (Z)) (resp. p € 671(Z5)) is one
of a swallowtail, a cuspidal lips or a cuspidal beaks, then the caustic Cy (resp. C) at p
is a cuspidal edge. Conversely, if the caustic Cy (resp. Cy) of a pseudo-spherical front f
at p € 671(Z)) (resp. p € 671(2»)) is a cuspidal edge and 6,,(p) # +0.,(p), then f is
one of a swallowtail, a cuspidal lips or a cuspidal beaks.

Proof. Assume that a pseudo-spherical front f at p € #~'(Z;) is one of a swallowtail,
a cuspidal lisp or a cuspidal beaks. Then by Fact 3.2 and Proposition 3.3, it holds that
0,(p) = 0 and 6,,(p) # 0. Thus the caustic C; at p is a cuspidal edge. For the case of
p € 071(Z,), one can show in a similar way.

Conversely, we assume that the caustic C; of a pseudo-spherical front f at p € 671(Z;)
is a cuspidal edge and 6,,(p) # +0,,(p). Then by Fact 4.1, we see that ,(p) = 0 and
0..(p) # 0. Hence f at p is one of a swallowtail, a cuspidal lips or a cuspidal beaks by
Fact 3.2 and Proposition 3.3. For the case of C;, the assertion can be shown in a similar
fashion. O

We next examine the case where a pseudo-spherical front f is a cuspidal butterfly at

p €S).

Proposition 4.3. Let f: D — R3 be a pseudo-spherical front and 0 a corresponding
solution to (3.1).

(1) Suppose that f at p € 6°1(Z,) is a cuspidal butterfly. Then the caustic Cy as in
(4.1) defined near p satisfies the following:
(a) Cy at p is a swallowtail if and only if 6,, # 0 at p;

(b) Cy at p is a cuspidal lips if and only if 8,, = 0 and Hfmu > Him, at p;
(c) Cy at p is a cuspidal beaks if and only if ,, = 0 and 6, < 62, at p.

(2) Suppose that f at p € 60-1(Z,) is a cuspidal butterfly. Then the caustic C, as in
(4.2) defined near p satisfies the following:
(a) Cy at p is a swallowtail if and only if 6, # 0 at p;
(b) Cy at p is a cuspidal lips if and only if 0,, = 0 and 6, > 62, at p;
(c) Cy at p is a cuspidal beaks if and only if 6, = 0 and 62,, < 62,, at p.

Proof. We consider the case (1). By Proposition 3.3, conditions 8, = 0, 6, # 0, 8, =0
and 6, # 0 are satisfied at p. By (4.5), it holds that (/151 , 151) = (0,4, 0,y). Since a null
vector field can be taken as nc1 = 0, (cf. (4.6)), we see that

ncl/icl = Ouus nclncl/icl = Ouuu-



Hence we have the first assertion by Theorem 2.3 (2).

We assume that Zfl = ZUC‘ = 0 at p. This implies that 6,,, = 6,, = 0 at p. Under these
conditions, the Hessian of 1! at p can be calculated as

det 7‘((/iCl ) (p) = Guuu (p)guvv (p) - Huuv(p)z-
On the other hand, by (3.1), we see that

Oy — Gy = 6, cos 9.
Thus 6,,, = 0, at p because 8, (p) = 0. Hence the Hessian can be rewritten as

detﬂ(/ic')(p) = Quuu(p)z - Quuv(p)z'

Therefore we have the second and third asse~rti0ns by Theorem 2.3 (4) and (5).
For (2), one can show similarly by using 1< = 6, and <> = 9,. O

4.2. Geometric invariants at a cuspidal edge of the caustic. We finally investigate
geometric invariants of C; defined at a cuspidal edge.

Theorem 4.4. Let f: D — R3 be a pseudo-spherical front associated to the solution 6 of
(3.1).

(1) Suppose that the caustic C; defined near p € 0~1(Z)) is a cuspidal edge at p.
Then the singular curvature KSCI, cuspidal curvature /<CC1 and cuspidal torsion K,C1
of Cy are given as
KC1 — 4(951,{ B 951))

’ 0| (4 + 93 CSCZ(H/Z))3/2’
(4+02csc2(0/2))**sin*(0/2) ¢, Buysin®(6/2)
|9Ml/l | 1/2 ’ K[ - GMM

Kfl == Sgn(euu)

on S(Cy) near p.

(2) Suppose that the caustic C defined near p € 0~'(Z,) is a cuspidal edge at p.
Then the singular curvature ng, cuspidal curvature chz and cuspidal torsion chz
of C, are given as
KCZ — 4(9%1) B 0131))

T 16wl (4 + 67 sec?(6/2))3%
(4 + 62 sec®(6/2))3/* cos?(0/2) Cr O,y cOs2(6/2)
0ucl 7 T O

/<CC2 = —sgn(fy)

on S(Cy) near p.

Proof. We show the case (1). By the assumption, the corresponding solution 6 to the
sine-Gordon equation (3.1) satisfies 6, # 0 at p. Since the signed area density function
A€ of Cy is given by (4.4), a vector field defined as

X =-0,,0, + 6,,0,

is tangent to the set of singular points S(C;). We denote by ¥ a null vector field ¢ = 4,,.
Since 6, # 0 at p, the pair (X, Y) is linearly independent at p. Moreover, we see that

6 6
4.7) sgn(YAS" - det(X,Y)) = sgn (—0,%” csc? 5) = —sgn (csc E)

on S(C}) near p.
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We calculate directional derivatives of C; in the direction X. By straightforward
calculations, we have

XCr = =04 (C1)u + 0uu(Ci)o,
48)  XXCi = 03,(C)uw = 2680 (C1)uo + 63, (C1 v
+ (OuwOuuv = Ouuluvw) (C1)u + (OuuOuiw = OuvOuu) (C1)y-
On the other hand, by (3.1), (4.1) and (4.3), it holds that
6 B,y — 62 cot(6/2) 29

(Cuu = ?”csc S€1 - > ese” oV,
49) (CDuw = —92—” cot g csc gez _ = 9”92 cot(6/2) csc? gv,
| (Clw = —%” csc gel 6, cotgcsc gez— %csc g(ew—e cot(6/2) +sm9)v
= —%” csc gel 0, cot Z csc gez - %csc Z (9 6’3 cot(9/2)) v

By (4.3), (4.8) and (4.9), we have

0 0 0
XC) = 60,, |csc €2~ ED csc? Ev) ,

XXC 90 cotecscee +0 csc? 29 92 92 +6’29 cote
1= 277227 2 2

2 2 2

“/4+ 02c502

L0
det(XC1, XXC1, e1) = =2 csc 5(92 —92)

o 0, ,6
+ (Guuguuv - Huvguuu) CSC €7 — — CSC™ =V

on S(Cy). Thus we get

|9uu|

|XCi| =

(4.10)

on S(Cy). By (4.7) and (4.10), the singular curvature KSC1 of C; can be calculated as

i 4005, - 02,)
U 1Ol (4 + 67 csc?(6/2))3

on S(Cy).
We next consider the cuspidal curvature Kgl. Since Y = 0, gives a null vector field, we
have YYC; = (C}),.. Along S(Cy) = (6,)71(0), we obtain
2

9 0
(4.11) XC; xXYYC; = —% csc? S€l

by (4.3) and (4.9). Thus we get
2 3
0
uu
> csc >
on S(Cy). To obtain the cuspidal curvature, we calculate YYYCj on S(Cy). Since Y = 4,
we have

|XC1 X YYC1| =

0 5, 0 0
YYYC) = (C)uwu = — g“ csc? §v+0uu csc S e
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on S(Cy). By (4.11), we see that

03 0
det(XC,,YYC,,YYYC)) = —% csc? 3

on S(Cy). Hence it holds that
(4 + 62 csc2(0/2))3/* 3

— )(4+93 csc?(0/2))3/*sin?(0/2)
0|2 csc2(6/2) sgn{uy

|6l 1/

Kgl == sgn(guu)

on S(Cy).
Wg ﬁr)lally consider the cuspidal torsion Ktc " along S(C;). By the above calculation, we

have

det(XCl,YYC],chl) =0
on S(Cy). Thus the cuspidal torsion K[CI can be calculated as

i _ det(XCy,YYCy, XYYC)

T TTXC XYY P

on S(C;). By direct computations, we see that

XYYC] = _Huv(cl)uuu + Huu(cl )uuv-

By (4.3), it holds that
1 0 0
(CDuww = 7 csc 3 20, — 0,0, cot 3 e; + Ae) + By,

where A and B are some functions. Thus we have

0 0,,0 0 ~ -
XYYC; = -6,,0,, csc S+ WZ 20 cse Jer+ Ae,r + By

= —Huuzeuv csC gel + Aez + EV
on S(C), where A and B are some functions on S(C;). Therefore it follows that
K,Cl _ 463 6,, csc*(6/2) _ 0.0 _ 0, sin>(6/2)
462, csct(0/2) 0, csc2(0/2) O
on (6,)~'(0). Thus we obtain the assertion.
For (2), one can show in a similar way by using X = 6,,0,, — 6,0, and Y = 9,. O

We remark that for the caustic C; (i = 1 or 2) defined near p € 6! (Z;), it holds that
(k) + kT (k)P = —4K

on S(C;), where K€ = —sin*(6/2) and K2 = — cos*(6/2), respectively (cf. [12, Remark
3.19], [17, Theorem 3.8] and [20, Theorem 4.5]).

Example 4.5. Let 6: R> — R be a function given by
0(u,v) = —4 arctan (vsechu),

which satisfies (3.1). Then the corresponding pseudo-spherical front f is Kuen’s surface
(cf. [15]) (see Figure 3). The set of singular points of f is

S(f)={v=0}U{v==xcoshu} =S, US5.

We notice that 6(u,0) = 0 and 0(u, + coshu) = Fx. Thus S; = ~1(0) and S5 = 0~ (¥n).
Since 0, (u,0) = 0 and 6,(u,0) = —sechu # 0, f is a cuspidal edge at (u,0) € S;. On
the other hand, it holds that

0,(u, +coshu) = £2tanhu, 6,(u,=coshu) =—-2sechu # 0.
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Thus we have 6,(0,+1) = 0 and 6,(0,+1) = =2 # 0, where (0, +1) € S,. Moreover, we
get O, (1, £ coshu) = +2sech? u. Thus we see that 6, (0, £1) = +2 # 0. This implies
that f at (0,£1) € S5 is a swallowtail. Hence the caustics C* defined near (0, +1) are
cuspidal edges at (0, +1), respectively. In addition, we obtain 6,,(0, +1) = 0. Hence the

singular curvatures of the caustics C* are positive at (0, +1) by Theorem 4.4. In particular,
it holds that

Ficure 3. Kuen’s surface (left), its caustic C~ defined near the point (0, —1)
(middle) and both of them (right).

When the initial pseudo-spherical front has either a cuspidal lips or a cuspidal beaks,
we have the following.

Corollary 4.6. Let f: D — R> be a pseudo-spherical front associated to the solution 6
of the sine-Gordon equation (3.1).

() If fatp € 67(Z) (i = 1 or?2) is a cuspidal lips, then Ksci > 0 at p.
() If fatp € 071(Z) (i = 1 or2) is a cuspidal beaks, then k5 < 0and Ktci # 0atp.

Proof. By Proposition 3.3 and Theorem 4.4, we have the assertions for the singular
curvature. When f at p is a cuspidal beaks, it holds that 6,,(p) # 0 by Proposition 3.3.
Thus by Theorem 4.4, KtCi #0atp. O
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