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ARTICLE INFO ABSTRACT
Keywords: Zero-determinant strategies are a class of strategies in repeated games which unilaterally control
Repeated games payoffs. Zero-determinant strategies have attracted much attention in studies of social dilemma,

Zero-determinant strategies

; particularly in the context of evolution of cooperation. So far, not only general properties of
Potential games

zero-determinant strategies have been investigated, but zero-determinant strategies have been
applied to control in the fields of information and communications technology and analysis
of imitation. Here, we further deepen our understanding on general mathematical properties
of zero-determinant strategies. We first prove that zero-determinant strategies, if exist, can be
implemented by some one-dimensional transition probability. Next, we prove that, if a two-player
game has a non-trivial potential function, a zero-determinant strategy exists in its repeated version.
These results assist us to implement zero-determinant strategies in broader situations.

1. Introduction

Zero-determinant (ZD) strategies are a class of strategies in repeated games which unilaterally enforce linear relations between
payoffs. They were originally discovered in the infinitely repeated prisoner’s dilemma games [1]. One of the examples is the equal-
izer strategy, which unilaterally controls the payoff of the opponent. Another example is the extortionate strategy, which cannot be
beaten. There is also a ZD strategy called the generous ZD strategy, which cannot win but promotes mutual cooperation [2]. After
the discovery of ZD strategies, properties of ZD strategies have extensively been investigated in the context of evolution of coopera-
tion [3,4,2,5-8], including evolution on structured populations [9-11], together with human experiments of ZD strategies [12-14].
Furthermore, beyond the prisoner’s dilemma game, ZD strategies were also discovered in multi-player social dilemma games [15,16]
and a continuous donation game [17]. These results have suggested that ZD strategies can be used to control payoffs in a broader
class of social dilemma situations.

At the same time as such investigation of ZD strategies in social dilemma situations, general properties of ZD strategies have
also been studied. For example, for games with a discount factor, it has been recognized that the range of possible ZD strategies
shrinks compared with no discounting case [18,17,19,20]. It was also found that effect of imperfect monitoring about the previous
actions reduces the range of their existence, compared to perfect monitoring case [21,22]. Difference between these two effects
in the prisoner’s dilemma game was detailly investigated in Ref. [23]. Existence of ZD strategies in asynchronous-update social
dilemma games was also shown in Ref. [24]. Furthermore, ZD strategies in general multi-player multi-action games were introduced
in Ref. [25], and their mathematical properties in situations where several players use ZD strategies were also studied [22], which
found that possible ZD strategies are constrained by consistency of linear payoff relations. A necessary and sufficient condition for
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the existence of ZD strategies was recently specified [26]. Moreover, there are several attempts to extend the ability of payoff control
of ZD strategies so as to control the moments of payoffs [27], time correlation functions of payoffs [28], and conditional expectations
of payoffs [29].

Apart from these theoretical studies on general properties of ZD strategies, there are many applications of ZD strategies. In the field
of information and communications technology, ZD strategies have been applied in resource sharing in wireless networks [30,31],
smart grid systems [32], mining in blockchain [33,34], crowdsourcing [35,36], mobile crowdsensing [37], the Internet of Things
[38], cloud computing [39], federated learning [40], and data trading [41], in order to unilaterally realize some favorable states.
Another field of application is analysis of imitation in behavioral science [42,43]. Originally, in the prisoner’s dilemma game, it was
pointed out that the Tit-for-Tat (TFT) strategy [44,45], which imitates the previous action of the opponent, is a ZD strategy which
unilaterally equalizes the payoffs of two players [1]. Because it has been known that TFT is unbeatable in two-player symmetric
potential games [46], relation between unbeatability and ZD strategies was focused on, and it was indeed shown that unbeatable TFT
is a ZD strategy [42]. Furthermore, relation between the existence of unbeatable imitation [47] and that of unbeatable ZD strategies
has also been shown in two-player symmetric games [26] and in multi-player totally symmetric games [43]. These application studies
show that the concept of ZD strategies can be useful as methods to control multi-agent systems and to analyze human behavior.

Although the concept of ZD strategy has been widely used, its general mathematical properties have not yet been sufficiently clear.
Clarifying its properties will enable us to implement ZD strategies in broader situations which were not in the scope of application
of ZD strategies [48,49]. In this paper, we further clarify mathematical properties of ZD strategies. Particularly, we first show that
ZD strategies, if exist, can be realized by one-dimensional transition probability. This result enables us to implement ZD strategies
even if an action set is restricted to one-dimension space. Second, we prove that ZD strategies controlling payoffs exist in two-player
non-trivial potential games. This result can be regarded as an extension of the result in two-player symmetric potential games [42]
to asymmetric cases.

This paper is organized as follows. In Section 2, we introduce basic concepts such as repeated games, zero-determinant strategies,
and potential games. In Section 3, we prove our first theorem about implementation of ZD strategies by one-dimensional transition
probability. In Section 4, we provide our second theorem about the existence of ZD strategies controlling payoffs in two-player non-
trivial potential games. This result is also demonstrated by using an asymmetric prisoner’s dilemma game in this section. In Section 5,
we discuss relations between our results and previous results. Section 6 is devoted to concluding remarks.

2. Preliminaries

2.1. Repeated games

A game in strategic form is defined as G : = (J\/‘, {Aj }je./\f s {sj }jej\/>’ where N is the set of players, Aj is the set of actions of
player j € N, and 5; : [];c 5 A; — R is the payoff function of player j € N [50,51]. We consider the situation that N := {1,---, N}
and A; := {b;l), j /) } forall j € N, where L; € N is the number of action of player ;. For simplicity, we write A : H A; and

a:=(ay,-.ay) € A,and call a an action profile. Below we also use notation a_; := (ay,.a,_j.a,;,-.ay)and A_; 1= Hk# Ay
When we want to emphasize a; in a, we write a = (aj, a_j).

When G is infinitely repeated and players choose actions at each round according to all histories of actions, such game is called
an (infinitely) repeated game. We write an action of player j at round 7> 1 as ay). Below A; denotes a probability L-simplex. As

strategies in repeated games, we consider behavior strategies 7; := {TU)} (Vj € N), where T(t) AT S A L with ¢ > 2 is the
1=

conditional probability at ¢-th round and Tj(l) EA L is the initial probablhty. Similarly to the original work [1], in this paper, we
only consider the case that payoffs in the infinitely repeated game are given by the time-averaged payoffs (that is, no discounting)

= lim — Z[E [s; (a?)] (¥jeN), ¢h)

T-oo T

where E[ -] is the expectation of the quantity --- with respect to strategies of all players.
We write the joint probability distribution of action profiles from first round to #-th round as P (a®,---,a'!)). We also define the
marginal probability distribution of an action profile at #-th round obtained from the joint probability distribution by

(r) Z Zp o . (1)) (Va(’)e.A). )

at=1) g

If the limit probability distribution

T
P* (@) := lim % Y. P(a) (VaeA), 3)
=1

exists, we write the expectation of the quantity D : A — R with respect to P* by (D)*. For such case, the payoffs (1) are described
as S, = (s;)* forall k e N
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2.2. Zero-determinant strategies

Here, we define a time-independent memory-one strategy of player j € N as a strategy such that
Tj(t) <a;t)|a(t—1)’ ,a(1)> =T, <a§’)|a(’_1)> Vi >2) “4)

for all ay), a® b, ..., aD where T,: A->A L That is, a player using time-independent memory-one strategy chooses an action in
each round only by using information of a previous action profile. Furthermore, for time-independent memory-one strategies T; of
player j, we introduce the Press-Dyson vectors [6,17,22]

T, (a;la’) :=T; (a;la’) —60/,,0; (Va; € A;,Vd € A), 5)

where §, , is the Kronecker delta. Note that the Press-Dyson vectors describe the difference between the time-independent memory-
one strategy 7; and the strategy which repeats one’s previous action (the Repeat strategy [6]) 6aj a-
A

We remark that, because T} is probability, Press-Dyson vectors generally satisfy
2Ti(ala) =0 (vd') ©)
4j

and

)

Now we introduce zero-determinant strategies in repeated games [1,17,29].

Definition 1. A time-independent memory-one strategy of player j is an (extended) zero-determinant (ZD) strategy controlling the
quantity B : A — R when its Press-Dyson vectors can be written in the form

Y.co T (ajld)=B(d') (Va' €4) (8
a
with some nontrivial coefficients {caj } (that is, not ¢, =---=c,, =const.) and B is not identically zero.
J

Counterintuitively, the ZD strategy unilaterally enforces

(B)" =0, 9)

that is, (B)* = 0 holds independently of the strategies of other players [1,17,29]. Originally, ZD strategies controlling B(a) =
Zjvz 1 @;5;(a) + ay with some coefficients {a f };Vzo have been investigated.
An existence condition of ZD strategies is given by the following proposition:

Pr(;lp(;lsition 1 ([26]). A ZD strategy of player j controlling B exists if and only if there exist two different actions a;, a; € A; of player j
such that

B(aja_;)20 (Va_;)
B(gj,a_j)so (Va_j), (10)

and B is not identically zero.

2.3. Potential games

The concept of potential games was originally introduced in Ref. [52] inspired by physics.

Definition 2. A game G is an (exact) potential game when there exists a common function ®(a) satisfying

si(aj,a

) - sj(a;.,a_j) =®(a;,a_;) - CD(a;,a_j) (Vaj,Va;.,Va_j) 11

for all player j.
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The function @ is called a potential function. It should be noted that the Nash equilibrium a* is defined by the condition

s; (aj,afj) >s; (aj,aij) (Vj,Va;). (12)

For a potential game, since this condition is rewritten as
£ * * .
<I><aj,a_j>2(b<aj,a_j> (V). Va,), (13)

Nash equilibria are realized as local maxima of a potential function. A sequence of actions improving the payoffs can be regarded as
that increasing the value of a potential function.

For subsets VA C N, we write ay :=(a j)je v and Ay i=]];c v A;. Ui proved that a potential function can be described as
the sum of interaction potentials.

Proposition 2 ([53]). G is a potential game if and only if there exist interaction potentials {qb Nl T Ay > RN CN } such that

jeN’

si@= ) ¢y (ay) a4
N'TN

forall j € N and all a € A. A potential function is given by

D(@)= Y by (an). (15)
NN

3. Realization of ZD strategies by one-dimensional transition probability
3.1. Main result

First, we prove that, if ZD strategies exist, they can be implemented by one-dimensional transition probability. Here, we call

transition probability of a; one-dimensional when transition of a; occurs only between nearest neighbor sites in a;-coordinate. We

consider the situation that a ZD strategy of player j controlling B exists. We can relabel the name of actions of player j from
L; —

{b;.l), ,b; ’)} to {1,-,L;} so as to satisfy a; = 1 and a; = L; in Eq. (10). (The rest of actions is renamed arbitrarily.) Below we

redefine A; = {1,-~-,Lj}.

Theorem 1. If a ZD strategy of player j controlling B exists, it can be realized by one-dimensional transition probability.
Proof. According to Proposition 1, a necessary and sufficient condition for the existence of a ZD strategy is given by Eq. (10), that
is,
B(la;)20 (Va)
B(Lja_;)<0 (Va_;) (16)

and B is not identically zero. Below we write the total number of action profiles as M := HkN: | L. For simplicity, we introduce a
vector notation of the quantity D : A - R by D :=(D(a)),c4 € RM _ 1t should be noted that a trivial identity

D)= Y Y D@)dD@)>0)d, =a) 17)

a;€A; d==+1

holds for all @’ € A, where [(-++) is an indicator function which returns 1 if --- holds, and 0 otherwise. By using the above vector
notation, this identity is rewritten as

D= Z 2 [D]aj,sgn(d) > (1s)

a; d=+1
where we have defined
[D],, senie) 1= <D(a')|](dD(a') > 0)l(d, = aj))a’eA
(a;€A;defl,-1}). 19

For the quantity B € RM, our assumption (16) implies

B= ) Y (Bl +Bl,_+[Bl .. (20)
a;#1,L; d=+1
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We also collectively write the Press-Dyson vectors of player j by T' [ (a j) :

= (T, (a;1a@")) , foralla; € A;.
We remark that the quantity

W = B
Z“eail (a)|

(21
satisfies W # 0 because of our assumption that B is not identically zero. We now consider the following strategy of player j:
T,()= - (- (Bl [BL,)
T, (a)) = 5 (~[Bly o + (B, -~ [Bl, o1 +1Bl, 1)
(2<a;<L;-1)
T, (L) = i([B]L ~+IBl ). 22)

It should be noted that this strategy is different from a strategy originally introduced in Ref. [26] for the proof of Proposition 1, which

is not one-dimensional. We check that Eq. (22) is indeed Press-Dyson vectors of some strategy. By the definitions (19) and (21), it
satisfies Eq. (7). Furthermore, we obtain

Lj-1

27 (a) =5 |- S 181, ot Z Bl

a—l a—2

L;-1 L;
= 2 [Blysi—+ D [Bly i
aj=1 aj=2

=0, (23)
which implies Eq. (6).
Next, we show that Eq. (22) is a ZD strategy. By calculating
Lj-1 L;

ajTj (a;) = — Z a;[Bl, 1 + Z a;[Bl,, -

j aj:l aj:2

L;j-1 L;
- 2 4By + ), a;[Bl .
aj=1 gj=2

s|-

, 24
W 24
we can check that the strategy is indeed a ZD strategy (Definition 1).

Finally, we check that Eq. (22) is realized by one-dimensional transition probability. It is trivial from the definition (19) and the
definition of the Press-Dyson vectors. Explicitly, each component of the transition probability of the ZD strategy (22) is

T, (1) =614 + 52 (|B < +|B(@) )<0)520)
1
T (a)la’) = 64,0 + 77 (=B (@)] 60,0 + | B (a)]| 1BG@) <006, 11
+|B (@) 1B@) > 006, 1)
(2<a;<L;-1)
1
Tj(lea’)Z(sLj,a;"'W( |B /+|B )>0)5L la ) (25)

which is one-dimensional. []

We remark that {CTJ- (aj)}a A with 0 < C < 1, where {Tj(aj)} A is given by Eq. (22), is also a ZD strategy, due to Definition 1.

J J J
In addition, the ZD strategy (25) increases a ; when B(a’) > 0 in the previous round and decreases a ; when B(a') < 0 in the previous
round under the boundary condition (16). This fact, which is similar to feedback control, provides an interpretation why a ZD strategy

can unilaterally enforce Eq. (9). We also remark that each element of the transition probability (25) depends only on the quantity at
the previous state a’, like the trap model [54].
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3.2. Continuum limit

Although informal, here we consider the continuum limit of this one-dimensional stochastic process. When all players use time-
independent memory-one strategies, the time evolution is described by the Markov chain

P,+1(a)=ZT(a|a')P,(a’) (26)

with the total transition probability

N
T (ala’) :=HTj(aj|a’). (27)
=1

We first consider the continuous time limit and then the continuous space limit. For this purpose, we assume that transition in 7}
occurs with probability of order At for all j:

Tj(ajla’):éajqa; +AIR; (a;]d’), (28)

where R; is the transition rate. It should be noted that this assumption provides the meaning of the Press-Dyson vectors (5):

T, (a;la’) = AtR, (a;]a’). (29)

According to Definition 1, as far as ZD strategies are concerned, multiplying a constant to the Press-Dyson vectors does not change
properties of ZD strategies. Therefore, we can identify TJ and R;.
By taking Az — 0 in Eq. (26), we obtain

N
oP
E(a;t):ZZRj (ajla;,a_j>P(a;,a_j;t), (30)
j=1d.
J
where P (a;t) is the probability distribution of a at real time t € R. We remark that the transition rate satisfies
Y R;(a;la’) =0 (vj.¥a"), (31)
4aj

due to the normalization condition of Eq. (28).
Next, we assume that player j uses a ZD strategy, and consider the continuous space limit of Eq. (30) with respect to a;. When R;
is given by the ZD strategy (22) with 1/W replaced by p > 0, the j-th term in the right-hand side of Eq. (30) is explicitly written as

ZRJ (ajla;,a_j> P (a;,a_j;t>
a,
J
% |-[p(s.0) {(B(dvay) <0) 8, 11
7
3 (a0 ) (B () > 0) 8y vy P ()

=0 |-|Blapa,)| P(apayit)

+|B (4 + 1.a;)|1(B(a;+1.a_;) <0) P(a;+1.a_j51)

60y +'B(a;,a_j)

+)B(aj - 1,a_j)| I (B (aj - l,a_j) >0) P(aj - l,a_j;t)] (32)

for2 <a; < L; - 1. Here, we regard the length between two nearest neighbor sites in a;-coordinate as Aa, and define z; :=a;Aa. Fur-

~ J T
thermore, we redefine the probability distribution of (z;,a_;) by P(z;,a_;;1) := P(a;,a_;;t)/Aa, and the quantity B by B(z;,a_;) 1=

B(a;,a_;). We assume that the function B is smooth with respect to z ; in the limit Aa — 0 with L ; =L;Aa and j := pAa fixed.
Then, Eq. (32) is rewritten as

ZRJ (ajla;,a_j) P (a;Aa,a_j;t)
a
J

=P[—|E(Zr“—j>|i’(zra—j?’)
+ |l§ (zj +Aa,a_j)‘ I (E(zj +Aa,a_j) <0) ﬁ(zj +Aa,a_j;t)
+)l~3 (zj —Aa,a_j)) 0 (f? (zj —Aa,a_j) >0)13(zj —Aa,a_j;t)]

6
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A 2 62 - -
Tag (‘B(Zj’a—j)|P(Zj’a—j;t)> +(9(Aa3)] 33
=5 (B(za,) P20 yit)) (Ba—0) @4

Therefore, in the limit Aa — 0, we find that the dynamics of z; is described by the time evolution equation:
2, =pB(z;a_;). (35)
Note that, when we calculate lim__,  1/7 fOT dt of both sides, this equation becomes
T
0=7lim < [ diB (z;(®).a_;) (36)
700 T
0

because 0 < z; < L ;- This is why our ZD strategy unilaterally enforces (B)* = 0 irrespective of strategies of other players.
4. Existence of ZD strategies in two-player potential games
4.1. Main result

Next, we prove that ZD strategies controlling payoffs exist in two-player non-trivial potential games. According to Proposition 2,
for two-player potential games, the payoffs and a potential is explicitly described as

sp@=¢q (a1) + ¢p12) (a1,a2)

sy (@) =y (02) + 12 (ar,ay) (37)
and

@ =dy+ ¢ (a1) + i) (a2) + b1y (a1.a2) - (38)

Theorem 2. For every two-player potential game with ¢, # const. or ¢, # const., there exists a ZD strategy controlling

byt N byt
2 2

sy (a) — s, (a) — (39)

)

where we have defined
by =maxpy;) (a;) (V)
J

d){_ i=ming; (aj) V). (40)
—{j} a;

Proof. We first define
a; i=argmax by (a) (V)
J
a, :=argming,; (a;) (V). (41)

J

where ties may be broken arbitrarily. We consider the following two cases separately.

@D by =, 2 b -9,
We consider the quantity

b+, bto,
B(a) :=s,(a)— sy (a) — 5 + 5 . (42)

By using the property of potential games (37), this quantity is rewritten as

b+, Py to,

B@=¢ (a1) = dp) (a2) - ) + 2 ’ “
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Then we find that

by — ¢ b+
_ (1) Z(2)
B(al,az):T_(p{z} (az)+T (44)
by —¢ b+
—{1} —{2}
B(ﬂl’QZ)Z_T_d){Z} (ay) + 5 (45)
By the definition of the maximum and the minimum, we obtain
B (51,512) > B (51,52)
2y P gy,
B 2 2
>0 (46)
B(a).a;) <B(a).4,)
P —gy, . b2y =9
2 2
<0 47)

for all a,. Furthermore, B (a) is identically zero only if ¢(;, and ¢, are constant functions. Such situations are excluded by
the assumption of theorem. Therefore, the two actions a; and g, can be regarded as those in Proposition 1, and a ZD strategy of
player 1 exists.
(D) ¢y _9{1} <épy _9{2}
We consider the quantity
by +d,,  buyte,
B(a) :=s,(a)— s, (a)— 3 + 3 . (48)
By using the property of potential games (37), this quantity is rewritten as

boytd,, Pyt

B@=¢p) (@) -¢n) (@) - —F——+—F—— (49)
Then we find that
by — ¢ by + ¢
— () 2
B(a1.0y) = — =gy () + 5 = (50)
5{2} - 5{1} +¢
—{2} —{1}
B(al’ﬂz)=—ﬁ—¢m(al)+f~ (51)
By the definition of the maximum and the minimum, we obtain
B(a).ay) > B (a;.a,)
_Pe 78y tmdy,
2 2
>0 (52)
B(a.a,) < B(a,.a))
P =2y, . by -2,
2 2
<0 (53)

for all a,. Furthermore, B(a) is identically zero only if ¢, and ¢,, are constant functions. Such situations are excluded by
the assumption of theorem. Therefore, the two actions a, and a, can be regarded as those in Proposition 1, and a ZD strategy of
player 2 exists.

Thus, we conclude that at least one ZD strategy exists under the assumption. We note that a linear relation enforced by the ZD strategy
is

<

mt+e b+ ¢

(s1)" - MLBECI () = ———— (54)
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or equivalently,

by + ¢ b+

* 21y * Z{2)

<¢{1}> - =<¢{2}> -—— O (55)
2 2

We remark that for the case ¢, = const. and ¢,, = const., the payoffs and the potential are

sp(@=¢10+ b1 (a1,a2)

sr(@) =0+ P12 (ay,a,) 0
and

D(@)=dy+ P12 (01"12)~ ©7

Such situation is called as a common interest game. For common interest games, vectors {s;,s,,1} are not linearly independent,
where 1 is the vector of all ones. Additional analysis is needed for investigating the existence of ZD strategies controlling payoffs for
common interest games. For example, a two-player two-action common interest game s; =5, =®=(1,-1,—1, 1)T does not contain
any ZD strategies controlling payoffs.

We also note that the linear relation (54) may be regarded as an extension of fairness condition (s,)* = (s,)* in two-player
symmetric potential games [42]. Therefore, such ZD strategies may be regarded as an extension of unbeatable strategies in two-
player symmetric games to asymmetric cases.

4.2. Asymmetric prisoner’s dilemma

As an example, we consider an asymmetric prisoner’s dilemma game. The game is described as N =2, A, = A, = {C, D}, and

51 1= (51(C,C),5,(C. D), (D, C),5,(D, D)) = (R, S.T}. Py) "
53 1= (55(C, ©),55(C, D), 55(D, C),55(D, D)) = (Ry, Ty, Sy, Py) " (58)

with T; > R; > P; > S; (j = 1,2). (The actions C and D imply cooperation and defection, respectively.) If this game is a potential
game, according to Definition 2, a potential function ® satisfies

R, -T, =®(C,C)—-d(D,C)

S, - P,=®(C,D)—-®(D, D)

R, — T, =®(C,C) — ®(C, D)

S, — P, =®(D,C) - d(D, D). (59)
Therefore, for such ® to exist, the payoffs must satisfy

R —T,—S,+P,=Ry—T, — S, + P,. (60)
Under this condition, the potential is determined as

D(C,C)=9,

O(C,D)=Py+T1, —R,

(D, C)=Py+ T, — R,

O(D,D)=®y+T, — R, + P -5, (61)

where @, is an arbitrary constant.
According to Egs. (37) and (38),

D(a)—s;(a) =g+ Py (a2)
®(a) - sy (@) =g+ ) (ar). ©2)

It should be noted that such property that the right-hand sides depend only on the opponent’s action is called coordination-dummy
separability [55]. Then, we obtain

¢} (C) =Dy — Ry — ¢y
by D)=y +T| — Ry =5 —dy
P2y (C) =Dy — R; — ¢y
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$12) (D) =@y +T, = Ry = §) — ¢y. ©3)
By using the definition (40) and (41), we find a; =a, = D, a,=a,=C,and

b1y =Po+T) — Ry — 5, — ¢y
®, =P~ Ry =y

G2y =P+ T, — Ry — S| — ¢y

Py =Po = Ri=dy. (64)
Therefore, according to Theorem 2, a ZD strategy unilaterally enforcing
« N+S5 « L+8
¥ _ = - 65
(1) = A = () - 22 (65)
exists. _
We remark that, as shown in the proof of Theorem 2, which player can use the ZD strategy depends on the values ¢, — ¢ 1 and

—f
b2y — ¢{2}. For the ZD strategy of player 1 to exist, the inequality ¢ — ¢{1} > — ¢{2} must hold, which is equivalent to
R,—P,>R, —P,. (66)

Similarly, for the ZD strategy of player 2 to exist, the inequality

R,—P,>R,-P, (67)

must hold. The concrete transition probability of the ZD strategy is constructed by using Theorem 1. Explicitly, when the inequality
(66) holds, the ZD strategy of player 1 is given by

T\(C|C,O)
T\(C|C, D)
T,(C|D,C)
T,(C|D, D)
Ry —P,—Ry+P

1 2
1 1 SI_TI_T2+SZ
— 2
=lo|™* w | n=si=sn | (68)
0 Pl—R12P2+R2
2
where
Ri— P —Ry+ P,
2

’ 2

} . (69)

It should be noted that, for the symmetric case (Rl, S, T, P ) = (Rz, S,.T,, P,), this ZD strategy is reduced to the Tit-for-Tat strategy
[1]. The ZD strategy of player 2 when the inequality (67) holds is obtained similarly.

5. Discussion

In this section, we discuss a relation between our Theorem 1 and previous studies. In Ref. [17], McAvoy and Hauert proved the
following proposition, which holds even if the action spaces are arbitrary (not limited to finite sets).

Proposition 3 ([17]). Suppose that there exist two actions QJ.,E ; €A; and W >0 such that

-W <B(apa,)<0 (Ya €A
0<B(aja_;)<W (Va_j€A_). (70)

{a »a; }, the memory-one strategy of player j

Then, when we restrict the action set of player j from A; to A; =14

Tj(aj|a')=p(a')5av’g‘+(1—p(a’))5a_av (71)

4 R

with

B(aja_;) (Va_;€A_) (72)

10
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is a ZD strategy unilaterally enforcing (B)* = 0.

Indeed, we can find
A 1
7 (qla)=3-B(a) (vajed,vd ea ). 73)

They called such ZD strategies two-point autocratic strategies.

Interestingly, the condition (70) is exactly the same as Eq. (10), which is a necessary and sufficient condition for the existence
of ZD strategies when an action space of each player is a finite set [26]. Because two-point autocratic strategies are ZD strategies
with A; consisting of two actions, they satisfy the necessary condition in Ref. [26]. Therefore, the condition (70) is also a necessary
and sufficient condition for the existence of two-point autocratic strategies when all action spaces are finite sets. These facts are
summarized to the following theorem.

Theorem 3. If A, is a finite set for all k € N, the following three conditions are equivalent.

(i) A ZD strategy of player j controlling B exists.
(i) A two-point autocratic strategy of player j controlling B exists.
(iii) There exist two different actions a;, a; € A; of player j such that

B(a;,a_;)>0 (Va_;)
B<Qj,a_j>50 (Va_j), 74)

and B is not identically zero.

By definition, two-point autocratic strategies are one-dimensional. However, it should be noted that a strategy (71) is not a ZD
strategy in the sense of Definition 1, since Eq. (8) holds not for Va’' € A, but for Va; € A;,Va’_ ; €A_;. Theorem 1 claims that, when
a ZD strategy exists, it can be expressed by one-dimensional transition probability using the whole action space A;. In Ref. [17], it
was pointed out that, if we use two-point autocratic strategies, feasible payoff regions are restricted because a two-point autocratic
strategy uses only two actions. Our one-dimensional ZD strategies can be useful for bypassing the problem of shrinkage of feasible
payoff regions.

6. Concluding remarks

In this paper, we proved two theorems (Theorems 1 and 2) which can be useful for implementation of ZD strategies in repeated
games. The first theorem shows that ZD strategies, if exist, can be realized by one-dimensional transition probability. This result can
be useful when an action space has one-dimensional structure. The second theorem claims that ZD strategies controlling payoffs exist
in two-player non-trivial potential games. We explained this result in the asymmetric prisoner’s dilemma game as an example.

Before ending this paper, we make two remarks. The first remark is related to extension of Theorem 2 to the case N > 2. Since the
proof of Theorem 2 relies on the fact N =2, we cannot straightforwardly extend its proof to N > 2 case. Existence of ZD strategies
controlling payoffs in potential games may be a specific result in N =2 case. Further investigation is needed to clarify whether
extension of our result to N > 2 is possible or not.

The second remark is related to the implication of Theorem 1. The form of the transition probability (25) is simple, and, as
discussed in Section 3, each element depends only on the quantity at the previous action profile a’. Although this property is similar
to that of the trap model, the stationary probability distribution cannot be written as a simple form, because the total dynamics is
determined by strategies of all players. We would like to investigate mathematical properties of the transition probability (25) in
future. Furthermore, specifying situations where one-dimensional implementation (25) of a ZD strategy is necessary is an interesting
future problem.
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