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In the ring theory, the study of modules, which extract information for the ring structure, is
significant. Lifting modules play important roles in the studies of several rings such as
(semi)perfect rings, quasi-Frobenius rings, Harada rings and Nakayama rings. Therefore, the
study of lifting modules is important.

There are some unsolved fundamental questions of lifting modules. For example, it is still
unknown when is a direct sum of lifting modules to be lifting. For (quasi-)discrete modules
which are types of lifting modules, it is characterized by the relative projectivity that these
modules are closed under direct sums. In general, the relative projectivity implies a condition
that a direct sum of lifting modules is lifting, but the converse does not hold. Therefore, Harada
and Tozaki considered that a direct sum of lifting modules being lifting might be characterized
by some kind of projectivity which is weaker than the relative projectivity, and introduced the
almost projectivity. In 1990, Baba and Harada reported a result associated with direct sums of
certain indecomposable lifting modules using the almost projectivity. After the almost
projectivity was introduced by Harada and Tozaki, Baba introduced the almost injectivity which
is the dual. Following that, in 2002, Hanada, Kuratomi and Oshiro introduced the generalized
injectivity, which is more precise than the almost injectivity, as a necessary and sufficient
condition for a direct sum of extending modules with the finite internal exchange property to be
extending with the finite internal exchange property. In 2004, Mohamed and M uller introduced
the generalized projectivity as the dual of the generalized injectivity, and investigated a direct
sum of lifting modules with the finite internal exchange property under some kind of conditions.
In 2005, Kuratomi proved that [FiENSSINEIE is lifting with the finite internal exchange
property if and only if il is [l projective for each NN, for any lifting modules with
the finite internal exchange property [N = which is a generalization of
Mohamed-Miiller’s result.

In this dissertation, we study decomposition structures of lifting modules. Almost of known
extending modules satisfy the finite internal exchange property, but not all known extending
modules satisfy the finite internal exchange property. However, the existence of lifting modules
which do not satisfy the finite internal exchange property has not been confirmed for a long
time.

In Chapter 1, we give an example of a lifting module which does not satisfy the finite

internal exchange property over a semiperfect ring. First, we give a certain projectivity which is
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different from the almost projectivity and the generalized projectivity, as a necessary and
sufficient condition for the square of a uniserial module to be lifting. Next, we make an example
of a lifting module which does not satisfy the finite internal exchange property over a
semiperfect ring, using the above projectivity.

On the other hand, any lifting module over an artinian ring satisfies the finite internal
exchange property. By this fact and our example, the following new question arose: Does any
lifting module over a right perfect (a semiprimary) ring satisfy the finite internal exchange
property? In 2021, Kuratomi has showed that any lifting module over a right perfect ring is a
direct sum of a dual square free module and a factor square full module such that they have no
nonzero isomorphic factor modules, and any dual square free lifting module over a right perfect
ring is quasi-discrete. In Chapter 2, we first introduce the concepts and fundamental properties
of dual square free and factor square full, and consider a condition for a lifting module over a
right perfect ring to satisfy the finite internal exchange property, applying Kuratomi’s results.

As aforementioned, the almost projectivity and the generalized projectivity are useful for
the study of direct sums of lifting modules. We can easily see that the generalized projectivity
implies the almost projectivity, but the converse does not hold in general. In Chapter 3, we first
give new characterizations of the almost projectivity and generalized projectivity over a right
perfect ring by the projective covers. Moreover, using these characterizations, we investigate the
relationship between the almost projectivity and the generalized projectivity. In addition, we
consider conditions for these projectivities to be closed under direct sums. Finally, we give a
condition for a direct sum of lifting modules over a right perfect ring to be lifting, using these

results.




X9 %)

FRXEBEDRRERUCERAEROBRABESE

Wi O REFE R FBAI R E T 5EH

K % £ H E KX

E E: B B E #

gl E: B B #

FEEZT B g A'A: KA I

B O &#: OB OB OB T

il 'H: K BFE — F

On direct sum decompositions of lifting modules
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