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KITAMOTO Takuya, WATANABE Tadashi *

(Received September 29, 2017)

We discuss on the worldwide famous Sudoku by
using mathematical approach. This paper is the 8th
paper in our series, so we use the same notations
and terminologies in [1], [2] without any descriptions.

13. A block coordinate system and a block
structural system.

In this section we introduce a new useful coordi—
nate system in Sudoku.

Ordinally we use the following notations and
terminologies as follows:

We alreday use the basic notation
J=1{1,2,3,4,5,6,7,8,9}. However, we change it as
J=1{0,1,2,3,4,5,6,7,8}. By this change, we does not
change our previous arguments and proofs in our
Propositions.

Let Z={0,1,2}, Z=Z,=Z, and U= Z,Xx Z,. We define
maps DEC, EXP as follows:
DEC: ] =1{0,1,2,3,4,5,6,78|-U=Z,X Z;
DEC(n)=(ngyn,) foreachne]
n=3Xny,+n, 0<n,<2,0=<n,<2
EXP:U=27,x Z,—]={0,1,2,3,4,5,6,7,8}
EXP(nyn,)=3Xny+ n, for each (ny,n,)eU.

We can easily show the following:

Proposition 76.
DEC-EXP=1 and EXP-DEC=1.

Wevput J1=/,=],Zoy=Zup=2Z0n=2Zp2=2. We
define maps as follows:
DEC,: J\=»U,=Zy3X Zy,),
DEC;: J:>U,=Z55 X Z1
DEC(i)=(isi,), i=3X1i,+1,0<0,<2,0<6, <2
DECH j)=(j211), 1=3X jo+j1, 05/, =<2,0< 5, <2
EXP:U=Z5X Zo1—]1s
EXPyUy=ZypyX Zp1—],
EXP1(iyi)=3Xi,+1i,
EXPyjoJ1)=3X j2+ jr.

*Emeritus professor Yamaguchi University,Yamagichi City,
753, Japan.

Next we define the map:
IXEXCo3 X 1:ZXZXZXZ—ZXZXZIXZ
IX EXCoo5 X Uty t ot gts) = (Lt atats)
for each (¢,tptst)EZXZXZXZ

Now we define By=Z,5X Zg9, Bi=Z X Zyand
maps
BDEC: ], X J,—>By;X By,
BEXP:By;X B1—] X J; by
BDEC=(1XEXC 3 X1)o(DEC, X DEC,),
BEXP=(EXP X EXP,)o(1X EXCpy3X1).

More clearly we can show that
BDEC(i,j)=((i2J2), (11,11)),
1=3X1y+1,0=54,<2,0<54, <52
J=3X o+ 71, 0=7,=<2,0< ;=<2
BEXP((i3,72)(i1,71) = (3 X @5+, 3X jo+ J1)-

By Proposition 76 we can easily show that

Proposition 77.
BEXP-BDEC=1 and BDEC-BEXP=1.

Let J,=J;=], we define maps,
DEC,: ] —By=Zy2 X Zyy,
DECs5:Js—>B1=24,X Z;, by

DEC (u)=(uyu,),
u=3Xuy+u;, 05u,<2,0<u,<2,
DECSv)=(vyv,),
v=3Xv,4+v,0=0,52,050, 52,
EXP:By=Zy X Zop—]ss
EXP5:B\=Zy X Zo1— 5
EXP (i5,)) =3X1iy+ jo
EXPyiy,j1)=3X i1+ ji.

We define maps:
DEC*=DEC,X DECy: ], X Js—ByX B,
EXP*=EXP,X EXPs: By X B1—>J,;X Js.

And also we define maps:
CDEX=EXP*cBDEC:J,X J,—>J4X J5
CEXP=BEXP-DEC": J, X Js—>]J1X ],

Let TRS: XX Y—Y X X be a trasposed map.

TRS(x,y)=(y,x) for each (x,y)e XX Y.
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We define maps CDEC(]; ><{ '}> ={fpiz+3,7:+6] X {jnj1+3,71+6].
CTDEX=TRS-CDEC-TRS: J,X ]\ —=]5X ], (d) CTDEC(B(s))= ], X [3X 51+ 53},
CTEXP=TRS-CEXPoTRS: Jsx J (—];X J;. CTDEC({i }>< jz) {4 3,y + 6) X {ig,iy + 3,15+ 6)

CTDEC(J, % {j})=B(3X j,+ jy).
More clearly we can show that Proof.
CDEC(i,j)=(3X iy+ jo 3X i1+ jy) We show (a).
CEXP(u,v) =(3X tty+ 033Xty +v) DEC(I(i,))
CTDEC(i,j)=(3X j,+1i1, 3X jp+i5) =DEC({3xi,+0,3Xi,4+1,3Xi,+2))
CTEXP(u,v)=(3X vy +uy, 3X 05+ tt,) =(DEC(3 X i,), DEC(3X i,+1), DEC(3X i,+2)}
for i,juve ], i=3Xi,+1y, j=3X jo+ jy, ={(i5,0), (i51), (i2,2)} ={is) X Z3,

uZBXu2+u1,U:3X1)2+Ul.

YU I(2))
I(1))UDEC(I(2))
={0}x Z,u{l}x Z,U{2}x Z,=2Z,X Z,,

DEC(])=DEC(I(0)U I(1
By definitions, we can easily show that =DEC(I0))u DEC(

Proposition 78.
(a) EXP*oDEC*=1and DEC"-EXP"=1. EXP({iZ}XZl)=EXP({(i2,0), (iz,l), <i2’2)}>
<b) CEXPOCDEC:]. and CDECOCEXP:].. ={3 X i2+0, 3 X 12+ 1’ 3 X12+2} =I<lz),
(c) CEXP=CDEC.
(d) CTEXP-CTDEC=1, CTDEC-CTEXP=1. EXP{Z,x{i\}}= EXP({(0,,), (1,4,), (2,i)})
(

e) CTEXP=CTDEC. =(BX0+i,3X1+i,3X 24141} ={ii,+3,i,+6],
We say that ]4)( ]5 is a block coordinate System, EXP(szzl) =EXP<{0} ><Z1 U{l}X ZlU{Z} le)

and B, X B, is a block structual system. B,X B; has =I0)UI)UI2)=].
more rich mathematical structures than J,X Js.

We show (b).
Usually, we use the following notations: By (a) we have that
Let 1(0)={0,1,2}, I(1)= {345} 12)=1{6,7.8}, BDEC(I(b;))= BDEC(I(i5) X I(7,))
B0)=10)x 1(0), B(l)=10)x I[1), B2)=10)x 1(2), =(1X EXCyy5 X 1)(DEC(I(i,)) X DEC(1(j,))
B(3)=1I(1)x () B(4)=11)x 1(1), B(5)=1(1)x 1(2), —(1XEXC. o X V(i) X Z X [iVX Z
BU6)=I2) x 110), B7)= 12)x (1), B8) = I(2) X I(2). 0 X D({i2} X Ziy X {72} X Zia1)

(
{ig) X{jo} X Zyy X Zg )
={(

These notations are formulated as following inJo)} X Zay X Zioyy=1{bs} X By,

simple rules:
Ii)={3%i,4+0,3%i,+1,3%i,+2}, for each 0<i,<2, BDEC(i}X1(},))

1(iy) X I(j;) = B(3 X i3+ j,) for each by =(iy,j5) € B, =X EXCq3 X 1)(DEC(i), DEC(I(j>)))
Therefore, we use the notation: =(1X EXCq X 1)({(i21)} X {J2} X Zi21))
I<b2) :I<12) X I(]Z) = B<EXP<b2>) == {(22,]2)} X {Zl} X Z<2'1): {22} X {fz} X {21} X Z(Q,D'

for each b,={(i,,j,) €B,.
Since J,=I1(0)UI(1)U I(2), by (2) we have that
Proposition 79. BDEC({i} X J,)
Leti,js€ ], DEC(i)=(iy, i,),DEC(j)= (j;..),DEC(s) = BDEC({i} x I(0)U{i} X I1)U{i} x I(2))

=(s3, 1) ,bz.:(iz,jzl)eBz. We have that = BDEC({i}x I(0)U BDEC({i} x I(1))
(a) DEC(I(i,))={i)) X Z;, DEC\])=Z,X Z,,

EXP(i)) x Zy) = I(i), {UZDE}C {{} sz Ul L)} X (i) X Z

EXP(Zyx{i\})={i), i1+3, i, 46}, U{2<’lz,2)} X {iy} ><<221<>2,1> ’ 1 .
N iﬁéz{ﬁ? {i X, ={(i2,0), (i 1), (i2)) X {11} X Zig1,

BDEC(: (i) X Zoy X (1) X Zo s ={ig} X Zgg X {i1} X Z 5

BDEC(]1 )= a2 X {7} X Zo X {1}, BDEC(1(iz) X 1{J})

(c) CDEC(B(s))={s} X ]5

CDEC(i} X J,) =(1X EXC 3 X 1)(DEC(I(i,)), DEC{;}))
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=(1X EXC g3 X 1){is} X Zyy X {(j2i1)}) (a) CDEC: J, X J,— ], X Js has the properties:
={ig} X {jo} X Z i1y X {71} ={(i272)} X Z10) X {3} (i) Allrows are transformed into blocks.
(i) All blocks are trnsformed into rows.
Since J,=1(0)UI(1)U I(2), we have (b) CTDEC: J, X Jy—J,% Js has the properties:
BDEC(], X{ '}) (i) All columns are transformed into blocks.
= BDEC(I { HUBDEC(I(1)X {j}) (ii) All blocks are trnsformed into columns.
U BDEC X {7}
=1{(0,7,)} x Z<1,1> X U{(L72)} X Z 1y X {71)

U{(2,79)} X Zq, 1 X {71} 14. Basic sets.
={(0,72), (1,72), (2,72)} X Z 1,1 X {71} Let TCJ,x J,. A set Tis a basic set provided that it

2y X)X Zoy X1 satisfies the following condition:
G®) @D (BA) | TnS| =1 for eachSeBLK.
We show (@) Then, we put that TnS={#S)} for eachS€ BLK.

We can take by =(s35)€ B, and EXP(by) =s. By (b) Here, BLK =vrOWUcOLUbLK, which is the

we have that collection of all rows, all columns and all 3x 3blocks

BDEC(I(by)) = (b3} X By. in J,X /.
By Proposition 79, we have that Now, for each b,=(i,,j,) € B, we put
CDEC(B(s))=CDEC(I(by)) I(by)=1(i) X I(j)) © J1 X J» - Then bLK ={I(b):b,& B,}.
=(EXPX EXP)s BDEC(I(by))

Proposition 81.
If Tis a basic set, then we have that
(i) T={HS):SebLK}, where TNnS={#S)} for each

=(EXP X EXP){by} X By)
={EXP(by)} X EXP(B,)={s} X J5.

CDEC({i}x J;)=(EXPx EXP)o BDEC({i}x ],) Sfiiﬁ% _g
=(EXPX EXP{io} X Zop X (i1} X Za) Proof. Since we have 9 blocks, by (BA) for each

= EXP({ig} X Zop) X EXP({i7} X Z4) block S, | SNT| =1. Thus

= {(iy) X I(iy) = B3X iy +1y) = Bli). (1) SNT={#S)} for each block SEbLK.
CDEC(],x{j)=(EXPx EXP)o BDEC(],x{j}) Claim 1.

=(EXPX EXP)Z3X{j2} X Zy,1 X {71}) T={#S):SebLK}

=EXP(Z 9 X{jo}) X EXP(Z 11, X {71}) For each block S, by (1) we have that

={Jy, jo+3, Jo+ 6} X{jy, j1+3, j1+6}. (2) {#(S):SebLK]CT.
We show (d). We show that
CTDEX(B(s))= TRScCDEC-TRS(I(s,) x I(s1)) (8) Tc{#S): SEbLK].

=TRS<CDEC(I(s}) X I(s,)) We assume that (3) does not hold. Then we have a

= TRSeCDEC(B(3X 51+ 5,)) fo€T such that

=TRS([3X 51+ 55} X J5) = [, X {3X 5, +55). @) t4ET—{4S):SELK).

Since t,&Tc J, X J,, thereisa block S;,ebLK such

CTDEC({i}x J,)=TRSo-CDEC-TRS({i} X J,) that

=TRS-CDED(], x{i}) (5) HES,.

= TRS({iy, iy+3, iy+6) X {i1, i+ 3, i, +6)) By (1), we have that

= (i3 i143,i146) X iy i,+3, i,+6). 6) {S)eSyNT.

By (5), (6) we have that
CTDEX(J,x{j})=TRS-CDEC-TRS(],X{j}) (7) 1, 4Se)ESNT.
=TRS°CDEC({j} X J;)=TRS(B())) By (BA) and (7) we have that
=TRS(I(j2) X 1(71)) = I(j1) X I(J2) = B(3X j1+ ja)- (8) to=1Sy).
o . By (4) we have that ¢, &{#S):SebLK]}, thus

By Proposition 79 we have the following: 9) ty=4S,).

. (9) contradicts to (8). Hence we have (3).
Proposition 80. By (2) and (3) we have Claim 1.
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We show that
(10) #S,)=#S,) for blocks S;, S,ebLK with S;=S,.

We assume that (10) does not hold.

Then we have blocks S;, S;ebLK such that
(11) S;=S, and
(12) #S1) = 4(Sy).
y (1), (12) we have that S;24S,)=
(13) SiNS,=¢.

By (11) we have that
(14) S\nS,=¢.

(14) contradicts to (13). Hence, (10) does hold.

#S)€S,. Thus

By (10) we have that
(15) | {#S):SebLK}| = | bLK | =9.
By (15) and Claim 1 we have that
) | T =9.
Hence, we have Proposition 81.

Let B= B, X B; be the block structual system.
HereB1=Z;,X Zy1 and BDEC: J; X J,—B,
BEXP:B—J,X J,are the block decomposition map,
the block expansion map, respectively.

Proposition 82.

Let T be a basic set. There is the unique map
9Jr:B,—B; such that

TN(I(iy) X 1) ={BEXP(by3(b,)
for each b,=(ij,) € B,.

Proof. Takeany b,=(iy,jo)€By=Z13X Zp,. Let
1(b,)=1(iy) X I(j,) be the block in J; X J,. We put
TNT(by) ={#b,)}. Thus

) TOL(by)=TN(Liy) X (7)) =
each b,=(iyj,)€bLK.
Since t(b;)e ], X J, we put

(2) 1(by) =(i(b2), (b)), 0=1i(by) =8, 0=(by) =8.
Since #(by) =(i(b,),4(by)) € 1(iy) X I(j,), we have

(3) i(by) 1(iy), Kby)EI()y):

Since I(iy) ={3X iy 3Xiy+1, 3Xi,+2} and

I(72) ={3X jo 3X jo+1,3X j,+2}, by (3) we have the
following decompositions:

(4) i(by)=3Xiy+1i1(by), 0=<iy(b,y)<2

(5) J(bo)=3X jo+ji(bs), 0=jy(bs)=2.

By (4)and (5) we have that
6) DEC(i(b,)) =iz i1(by)), and
) DEC(f(b3)=(J2 71(b2))-
By (6)and (7) we have that
8) BDEC(#(b,))=((i2J2), (i1(b2),1(b2) € By X By
We put #,(by) =(i1(by), j
9) BDEC(#(b3)=(b3 t

{#(i5,72)) ={(by)} for

1(by))€ B;. By (8) we have
1(b2))-

By (9) and Proposition 76 we have that
(10) BEXP(b,, t1(b,))=1(b,).

Therefore, we can define a map ¥ : B,— B, by

(11) ¥r(by)=t¢,(b,) for each b, € B,.
By (1), (10), (11) we have that

(12) TN(I(iy) X I(j,)) ={BEXP(by9r(by))} for each
by=/(izJs) € B,
Thus, by (12), our map ¥ has the required property.

Next, we show the uniqueness of 9.

Let Q: B,—» B, be a map with

(13) TN (1(iy) X I(j,)) ={BEXP(b,Q(b,))} for each
by=(i372) € B,

Claim 1.
P=Q.
Take any b,=(iy,j;)€B,. By (12)and (13) we have
that
(14) BEXP(by,¥(b,)) =
By (14) we have that
(15) BDEC(BEXP(b,Yr(by)))
= BDEC(BEXP(5,Q(b,))).
By Proposition 8—3 we have that
(16) BDEC(BEXP(b,9r(by))),
= BDECoBEXP(b,, (b))
(17) BDEC(BEXP(b,Q(b,)))
= BDEC-BEXP(b,Q(b,)) =(b,.Q(by)).
By (15), (16), (17) we have that
(18) (b2,9(b2)) = (b2 QAb2)).
By (18) we have that
(19) Yr(b2) =Q(by).
Then, by (19)
(20) ¥r=0Q.
Hence, we have Claim 1.
Therefore, we show Proposition 82.

BEXP(b,Q(b,))

=(b2.Y(b3)),

Let projx: X XY—X and projy,: XX Y—Y be
projections. That is,
projxx,y)=x and projyx,y)=
(x,y)EXXY.

y for each

Proposition 83.
Let T be a basic set. There are unique bijective
maps
7,  Zo2—Za, for each €2,

such that
proj; o BEXP(by, Y(by) =

for each b,=(iy,7,) € B,.

EXP(iy, 7))

Proof. We use the same notations and statements
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(1)—(20) in the proof of Proposition 82. = proj; (BEXP(b3,4(b3))).
For eachi,eZ,, we define a map By (10), (36) we have that
T, Zoa—Zay (37) proj;(t(by)=proj;(b3)).
as follows: By (2) we have that
21) 7 {72)= P10z, (Wi i) Tor each joe Zoy. (38) Hbo)=(ilb). #b2), #63)=(ib3) A63):

By (37), (38) we have that

Since "l"(bz)ztl(bz):(ll(bQ), ]1(b2)) by <11), we haVe that (39) l(b2)=l(b§)=u

(22) projz, (W(bs)=i(by) for each by=(ij) € By.

By (21),(22) we have that Let {u)={(u,)): j€ ]} be the u—th row in J; X J,. By
(23) m;(j2) =11(i272) (38), (39) we have that
By (4),(23) we have that (40) #(b,), H{bs)Er(n).
(24) EXP(iy, ;o)) =3X iy +T; (fy) - By (1) we have that
=3 iy +iy(ig o) =iz ). (41) #(b,), (b3)<T.
By (2), (10), (11) we have that By (40),(41) we have that
(25) proj; (BEXP(byyr(by)) (42) #(b,), Hb3)eru)NT.
= pr0j; (BEXP(byt (b)) = proj, 1(by) By (BA) we have that
) 43) | Aw)NT | =1.
= P70,y (i(b2),(b2) = i(by) = ilin o). By (42), 43) we have that
By (24), (25) we have that (44) 1by) =1(b3).

(26) proj; (BEXP(by¥r(by)) = EXP(iy, 7; () -
Thus, =;, has the required property.

(44) contradicts to (34). Hence, we have Claim 2

Claim 3.
Claim 2. 7;, Zop—Zy,y is surjective for each i,eZ,,,
7, Zop—Za,y 1sinjective for each i,€Z,, Take any i,€Z,,5and any v,€Z, ;. We put
We assume that Claim 2 does not hold. Then we (45)v=3Xi,+v,E].
have an i,eZ,, such that Let {v)={(v,)): je J;} be the v—th row of J; X J,. By
(27) ;1 Zp5—Z ) is not injective. (BA)we have at,e ], X J,such that

(46) no)NT={¢,}.
Since ¢,e7(v) by (46), we can put
47) t,=(v,w).
Since we J,, we have the decomposition
48) w=3Xw,+w,, 0Zw,<2, 0w, <2.
By (45), (47),48) we have that
49) t,=(v,w)E1(iy) X [(w,).
Since ¢t,€T by (46), by (49) we have that
(50) t,eTN(iy) X [(wy)).

By (27) we have j,, jseZ,, such that
(28) jox=j5 and
(29) ﬂiz(j2>=77i2(j§>-

By (28) we have that

(30) ()N 1(j3)=.
By (30) we have that

(B1) I(iy) X I(75) N I(i5) X I(73)=¢.
By (31) we have that

(32) (TN(1L(iz) X I(72)) N(T N(L(ip) X I(53))) = - Let b3 = (ipwy) € By By (1) we have that
We put by =(45,45), b3="(i573)E B,y By (1),(32) we have (51) TN(I(i5) X Twy) = {Hb3)).

2

that By (50), (51) we have that
(33) {t(b,)}N{t(b3)} = 6. (52) ¢, =4{b3).
By (33) we have that By (52) we have that
(34) t(by) > 1(b3). (53) v=i(b3"),
By (29) we have that 54 w=7b7).
35) EXPlipm, i) EXP(in 5:(73) By (43)(53) we have that
(55) vy =1,(b3").

By (26), (35) we have that

1
(36) proj; (BEXP(byr(by)) By (48), (54) we have that

(56) w1 =j(b5).
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By (11), (65), (56) we have that

(57) P(b3") =(vy, wy).
Thus, by (21),(57) we have that

(58) @;(wy)=projz,, Wiy wy)=projz, ¥(by)
=pr0jz, (V1W1) =01 .
Then, by (58), we have thatr;,

Hence, we have Claim 3.

is surjective.

Claim 4.
The uniquess of z;, for eachi,eZ, .

Takeany i,€Z,,. Wetakeany map #}:Z,5—Zq,
such that
(59) proj;c BEXP((bs), ¥(bs)) = EXP(is
each by,=(iyj, €B,.
Take any j,€Z,, and put b,=(i5,j,) €B,. We put
(60) n=proj; 0 BEXP((by), ¥(by).
By (26), (59), (60) we have that
(61) n=EXP(iy 7;(j)=3Xiz+7;(]s) ,
(62) n= EXP(iZ, rr}‘z(jz)) =3X iy +mi(],).

73,7,) for

7;(j2)EZ4,, We have that
T (1) =2, 0= 7} (5, <2.

62), (63) we have that

Jo)= iz(]2>~

e have that

Since 7; (j,),

Hence, by (65) we have Claim 4.

Therefore, by Claim 1, Claim 2, Claim 3, Claim 4, we
have Proposition 83.

For each j,=Z,,, we can define a map
0j,:Za2—Zan by

0 (ia) =70z, (¥(isjz) for eachi,eZy,,

By the similar way as the proof of Proposition 83,
we can show Proposition 84.

Proposition 84.
Let T be a basic set. There are unique bijective
maps p;,:Zq2—Z sy for each j,€Z,, such that

pf'onZOBEXP(bZ,’l/r(bz)) =EXP(j2, ,0]«2(1'2)> for each
b2=(i2,j2)EBz.

We define maps &,: B,—J; and &,: B,— ], by
&1(by) = EXP(iy, w;(js)) for by=(izj2) E By,
Ea(by) = EXP(jy 0;i5)) fOr by=(iyJ,) E By

And we define block—graphs of £, and &, by
BGRP(&1)= U{{&1(i2,72)} X 1(J2): ba=(is,Jo) EBa} CJ1X J,
BGRP(&5) = U{(i5) X {Exin o)} bo=(inir) EB} T J1 X Js.

Proposition 85.
I(by)N BGRP(&1) ={&1(by)} X I(j,) for each
by=(iJ,) E By
Proof. Take any byy=(i,7z)€ B;. First, we show
Claim 1:

Claim 1.
1(b30) N BGRP(&1) C{&1(b20)} X L( f20)-
Take any point p such that
(1) p=(pups)E1(b2) N BGRP(§,).
Thus, we have
(2) p=(b1, o) E1(by) = 1(in) X I(jno), and
(3) p=(pups) € BGRP(&))
= U{{&1(i2,72)} X I(15): by=(i2]5) € By}
By (2) we have that
(4) predliy)
(5) p2€1(jx)
By (3) we have a by, =(iy,7,1)€ B, such that
(6) p=(P1,02) E{E1(i21,721)} X L Ja)-
By (6) we have that
(7) P1=El(i21,j21),
8) po€1(J2)-
By (5), (8) we have that
(9) I(730) N L(jon) = @
By (9) we have that
(10) jao= Jjor-
By (7) we have that
(1) pr=¢& iz, Jo1) = EXP(iy, ;,(j2))
=3Xiyn+7;,(joa)EL(iy).
By (4), (11) we have that
(12) L(in) N L(iz1) > ¢.
By (12) we have that
(13) i =1y.
By (10), (13) we have that
(14) by =(i21,721) = (205 J20) =
By (11), (14) we have that
(15) pr=261(b21) =&1(b3)-
By (5), (15) we have that
(16) p=(P1, P2 E(E1(b20)} X L(J20)-
By (16) we have Claim 1.

bzo.

Claim 2.

I(b30) N BGRP(&1) D{&1(b20)} X I( J0)
By the definitions we have that
(17) &1(by) = EXP(iz, 7;,( 20))
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=3X g+ 7, (J20) € L)
By (17) we have that
(18) {£1(b20)} X L(J20) CI(iz0) X I(jo0) =
By the definitions, we have
(19) {£1(b20)} X I(j2o) € BGRP(&,).
By (18), (19) we have Claim 2.

1(by).

Hence by Claim 1 and Claim 2 we have Proposition
85.

By the similar way as Proposition 85, we can show
the following Proposition 86.

Proposition 86.
I(b,)N BGRP(&;) =
by=(i3J)EB;.

I(i,) X {&4(by)} for each

Proposition 87.

(@) I(b2) N BGRP(§1) N BGRP(&5) ={(£1(by), §2(b2))} for
each by,=(iyj,) EB,
(b) BGRP(£1) N BGRP(,) ={(£1(by), £4(5)):02E€ By

Proof. First, we show (a).
Take any b,=(i,,j,) € B,. By Proposition 85,
Proposition 86 we have that
1(b;)N BGRP(¢,)N BGRP(&,)
= (I(by) N BGRP(£1))N(I(b,) N BGRP(&,))
=({&(b )} X I(Jz) N(1(i2) X {£5(b2)})
={(£1(0, b))

Thus, we have (a

)
J-
)

Next, we show (b).

Since J; X J,= U{I(b,):b,€ By}, we have that
BGRP(&,)N BGRP(¢&,)
=(J1X J2) N BGRP(¢,) N BGRP(&»)
=(U(1(b,):b,€ By))N BGRP(¢;)N BGRP(&)
= U{I(by)) N BGRP(&,)N BGRP(&,):b,€ B,
={(£1(b2), £4(b2) ): by E By).
Thus, we have (b).
Hence, we have Proposition 87.

Proposition 88.
BGRP(&;)N BGRP(&,)=T
Proof. Take any b,=(i5j,) €EB,
By Propositions 83 and 84, we have
(1) proj; (BEXP(by¥r(by)))
= EXP(iy, 7, (j2))=&1(b2)
(2) proj; (BEXP(by¥(by)))
=EXP(jp 0,(12))=E4(b2) -
By (1), (2) we have that
(3) BEXP(b,, P(b,) =

(E1(b2), E2(b2))-

By Proposition 82
(4) TN 1(b;) ={BEXP(byy¥(by)).
By Proposition 81 we have that
(5) TNI(by)={#(1(by)))-
By (4) and (5) we have that
(6) #(I(b2)=BEXP(by, ¥(by)).
Thus by (3), (6), Propositions 81 and 87, we have that
(7) T={t(1(by)): I(b) EbLK}
={BEXP(by, ¥(by)):0,E By}
={(&1(b2),64(]y) ):b,€ By
= BGRP(&,)N BGRP(&)).
Thus, by (7) we have Proposition 88.

Proposition 89.
P(b,) =<TL',~2(jz), P;‘Z(iz)) for each b,=(i,,j,) EB,.
Proof.
We can define a map ¥ *: B,—~B,; by
(1) P (by) =(m;(ja), 0;,(iz)) fOr each by=(iyJ,) EBy.
Take any b,=(i,,7,)€ B, we have that
(2) BEXP(by, ¥(b5))
= BEXP( i3 J2)s (7712( J2)s 0,12 ))
=(EXP(iy, w;(j2)) EXP(j5, 0;,i5)))

=(&1(b2), &2(b2))-
By (3) in the proof of Proposition 88, we have

(3) BEXP(by, ¥(b2)) =(£1(b2), E2(by))-
By (2), (3) we have that

(4) BEXP(be 11’*<b2))=BEXP<b2, Y¥(by)-
By the uniquness of Proposition 82 we have that

@) ="

Hence, we have Proposition 89.

By our observations in this section we have the
following:

Proposition 90.
Let Tc J, X J, be a basic set. Then we have the

followings:
(i) unique bijection maps ;1 Zy,—Zy ) for i,€Z,,
(i) unique bijective maps p;,:Zy5—Zyy fOr j,E€Z4,
(iii) the unique map ¥ :B,—B, , defined by
Y(by)=(mi(72), 0;is)) for each by=(i,j,) E By,
such that
(iv) TNI(by)={BEXP(by, ¥(b,))} for each b, B,.
Moreover, we have
(v) maps &;:B,—J, and &,: B,—J, defined by
£1(by)= EXP(iy, 7, (jy)) for by=(ini) € By,
E3(b2) = EXP(jy 0 i) fOr by=(isjo)E B,
such that
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(vi) T=BGRP(&,)N BGRP(&,).
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