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The two-dimensional Green-Naghdi (GN) shallow-water model for surface gravity waves is extended to
incorporate the arbitrary higher-order dispersive effects. The linear dispersion relation for the extended
GN system is then explored in detail. As illustrative examples of approximate model equations, we derive
a higher-order model which is accurate to the fourth power of the dispersion parameter in the case of
a flat bottom topography. Subsequently, the extended GN system presented here is shown to have the
same Hamiltonian structure as that of the original GN system. Last, we demonstrate that Zakharov’s
Hamiltonian formulation of surface gravity waves is equivalent to that of the extended GN system by
rewriting the former system in terms of the momentum density instead of the velocity potential at the
free surface.

1. Introduction

Recently, we extended the Green-Naghdi (GN) shallow-water model equations to incorporate the
arbitrary higher-order dispersive effects while preserving the full nonlinearity (Matsuno (2015)). Here,
we extend it to the two-dimensional (2D) system by making use of a novel asymptotic analysis, and
show that it has the same Hamiltonian structure as that of the original 2D GN system. We consider the
three-dimensional irrotational flow of an incompressible and inviscid fluid of variable depth. The effect of
surface tension is neglected since it has no appreciable influence on the current water wave phenomena.
It can be, however, incorporated in our formulation without difficulty. The governing equation of the
water wave problem is given in terms of the dimensionless variables by

PV2%p+ .. =0, —1+pb<z<en, (1.1)
e+ eV Vn = %@7 z=en, (1.2)
b+ 355 (Vo) + 62} 40 =0, z=aen, (1.3)
B8°Vb-Vo=¢,, z=—1+pb, (1.4)
subjected to the boundary conditions
‘wl‘igloo Vo(x,z,t) =0, |:c1|i£>noo O (x,2,t) =0, —14+0b<z<en, |:1:1|i£>noo n(x,t) = 0. (1.5)

Here, ¢ = ¢(x, z,t) is the velocity potential with © = (z,y) being a vector in the horizontal plane and
z the vertical coordinate pointing upwards, V = (9/0x,9/0y) is the 2D gradient operator, n = n(x,t)
is the profile of the free surface, b = b(x) specifies the bottom topography, and the subscripts z and ¢
appended to ¢ and 7 denote partial differentiations.

The dimensional quantities, with tildes, are related to the corresponding dimensionless ones by the
relations & = [z, Z = hoz,t = (I/co)t, il = an, ¢ = (gla/cy)¢ and b = byb, where I, hg, a, and by denote
a characteristic wavelength, water depth, wave amplitude and bottom profile, respectively. g is the
acceleration due to the gravity, and ¢y = v/ghyg is the long wave phase velocity. There arise the following
three independent dimensionless parameters from the above scalings of the variables:

a ho bo
€ I] o

— 1.
ho’ 1’ (16)



The nonlinearity parameter e characterizes the magnitude of nonlinearity whereas the dispersion param-
eter 0 characterizes the dispersion or shallowness, and the parameter § measures the variation of the
bottom topography. What is meant by ”full nonlinearity” is that no restriction is imposed on the mag-
nitude of €. Actually, € is assumed to be of order 1 in our analysis. On the other hand, we impose the
condition § < 1 for the dispersion parameter which features the shallow water model equations.

In §2, we reformulate the water wave problem posed by equations. (1.1)-(1.5) in terms of the total
depth of fluid h and the depth-averaged horizontal velocity w which will be defined later. The system of
equations thus constructed consists of the exact evolution equation for h and an infinite-order Boussinesq-
type equation for @t. By truncating the latter equation at order 62", we obtain the extended GN equations
which are accurate to §2", where n is an arbitrary positive integer. We call it the 62" model hereafter.
The lowest-order approximation n = 1 yields the GN equations. We then derive the linear dispersion
relation for the extended GN system, and investigate its characteristics in detail. In §3, we derive, as
illustrative examples, various approximate model equations which include the 2D §* model with a flat
bottom topography and the 2D 62 model (or the GN model) with an uneven bottom topography. The
1D 65 model with a flat bottom topography is briefly described. In §4, we show that the extended GN
equations can be formulated as a Hamiltonian form by introducing an appropriate Lie-Poisson bracket
as well as the momentum density in place of @, and they have the same Hamiltonian structure as that of
the GN equations. In §5, we demonstrate that the extended GN equations are equivalent to Zakharov’s
equations of motion for surface gravity waves. Finally, §6 is devoted to conclusion.

2. Derivation of the extended Green-Naghdi equations

2.1. Extended GN system
The GN model is a system of equations for the total depth of fluid A and the depth-averaged (or mean)
horizontal velocity w = (@, v). The latter variable is defined by

1 [
u = f/ Vo(x,z,t)dz, h=1+en— Gb. (2.1)
hJ 1vpp

The horizontal component u = (u,v) and verical component w of the surface velocity are given respec-
tively by
w(xz,t) = Vo(x, 2,t) | szey,  w(x,t) = d.(, 2,1)|2=en- (2.2)

First, we derive the equation for h. It follows from (1.1), (1.4) and (2.1) that
w = 6*{—V-(ha) + eu-Vn}. (2.3)
Substituting (2.3) into (1.2), we obtain the evolution equation for h = h(x,t)
hi +€V-(ha) = 0. (2.4)

It is important that (2.4) is an ezact equation without any approximation.
The equation for @ can be derived from the equation for w. A direct computation yields

\Y (¢t|z:en) =u + thvﬁ - Eﬁtvw- (25)

We apply the gradient operator to (1.3) and use (2.5) together with the definition of w and w. This leads
to

1
us + ewVn + %Vu2 +e (nt + 62w> Vw+ Vn=0. (2.6)

It follows by eliminating the term V- (ha) from (2.3) and (2.4) that —n; + 53w = eu- V1. If we substitute
this expression into the fourth term on the left-hand side of (2.6), we arrive at the evolution equation for
w:

us + ewVn + gVu2 + % (u-Vn)Vw + Vi = 0. (2.7)



Now, we introduce the new quantity V by
V =u+ewVn. (2.8)

It then turns out from (2.7) that the evolution equation for V' can be written in the form
Vi — ewVn + gVu2 + 2 (u-Vn)Vw + Vn = 0. (2.9)

Last, we substitute the relations

1

—wVn, = ewV(u-Vn) 552

Vuw?,  e(u-Vn)w =u-V —u? (2.10)
which follow from (1.2) and (2.8), respectively, into the corresponding terms in (2.9) to obtain an alter-
native form of the evolution equation for V:

1 1 n

ViteV(uV—cu?— ——Suw+ -] =0. 2.11

the (u 2% 252w+e> (2.11)

Equation (2.11) represents an exact conservation law for the vector V. To interpret the physical
meaning of V', we introduce the velocity potential evaluated at the free surface

bla, 1) = dla, en,b). (2.12)
In view of the definition (2.2) of the surface velocity, the gradient of ¢ is found to be
Vi) = (Vo +€p.Vn)|.zey = u + ewV. (2.13)
It immediately follows from (2.12) and (2.13) that
V =Vy, (2.14)

implying that V is equal to the 2D gradient of the velocity potential evaluated at the free surface, and
it lies in the (x,y) plane.

The system of equations (2.4) and (2.7) (or (2.11)) is a consequence deduced from the basic Euler
system (1.1)-(1.4). The extended GN equations are obtained if one can express the variables u,w in
equation (2.7) in terms of h and w. As will be shown below, this is always possible. Consequently, the
evolution equation for @ can be recast in the form of an infinite-order Boussinesq-type equation

o0

=Y K, (215)

n=0

where K,, € R? are vector functions of h and V-, V-, as well as the spatial derivatives of these
variables. If one truncates the right-hand side of equation (2.15) at order 67, then equation (2.15) yields
the evolution equation for @ which is accurate to 62*. The special case n = 1 coupled with equation (2.4)
reduces to the original GN equations. In accordance with this fact, we call the system of equations (2.4)
and (2.7) (or (2.11), (2.15)) with h and @ being the dependent variables the extended GN system.

2.2. Expressions of the velocities w,w and V in terms of h and u
2.2.1. Flat bottom topography
Under the assumption §2 < 1 which is relevant to the shallow water models, the solution of equation
(1.1) subjected to the boubdary condition (1.4) with b = 0 can be written explicitly in the form of an
infinite series

X 1 \ns2n
B, z,t) =Y Enre™ (Q)n)‘ (z + 1)V f, (2.16)
n=0 :



where f = f(x,t) is the velocity potential at the fluid bottom. We substitute this expression into (2.1)
and perform the integration with respect to z to obtain

o n52n h2n
Z VVf  h=1+en (2.17)
Using the formula V2f = V - (Vf), we can rewrite (2.17) in an alternative form
n52nh2n

:— 2(n—1) .
w— Z:: CTE \YAY (V-Vf). (2.18)

To derive the expansion of Vf in terms of h and u, we look for the solution in the form of an infinite
series in §2

(—1)"6*"F,, (2.19)

NE

Vf=a-+

n=1

where F,, € R? are unknown vector functions to be determined below. Substituting this expression into
(2.18) and comparing the coefficients of 62 (n = 1,2, ...) on both sides, we obtain F,,, first three of which
read

h? ht h?
F=-= V(V-u), F;= fﬁovv%v-a) + —VV-{h2V(V-a)},
F3=— e VV4(V-u) — h—QV(V-F) h—VVQ(V Fy). (2.20)
57 5040 6 > 7120 ! '

The series expansions of u, w and V' can be derived simply by substituting (2.18) with F;, from (2.20)
into (2.2)and (2.8), respectively. We write them up to order §* for later use:

2
w—- % B2AV(V-@) 4+ 54 —%hQVV-{hQV(V-ﬁ)} L HVVA(Vea)| £ (), (2.21)
54
w=—6°hV-t — — hQVh “V(V-a) + 0(89), (2.22)
V=u- > V(h*V-u) — 5— V[V-{r*°V(V-a)}] + O(5%) (2.23)
3h 45h ' '

2.2.2.  Uneven bottom topography

The effect of an uneven bottom topography on the propagation characteristics of water waves is
prominent in the coastal zone. Here, we provide the formulas of uw,w and V in terms of h,w and b. In
this case, the solution of the Laplace equation (1.1) subjected to the boundary condition (1.5) can be

written in the form
o0

$(@,2,0) =Y (2+1—Bb)"du(w,1), (2:24)

n=0

where the orders of unknown functions ¢, are to be determined. Performing the similar procedure to
that has been done for the flat bottom case, we obtain the approximate expressions of u, w and V in
terms of u, h and b:

u=u+ 6 {?V(V-u) + g{hV(Vb-ﬁ) + (WV-@)Vb} | 4+ O(8%), (2.25)

w = §2(—=hV-a + fVb-u) + O(5*). (2.26)



V=ua+ 5—; —%V(h?’v-a) + g{V(hQVb-ﬁ) — h2Vb(V-a)} + B2hVb(Vb-a) | + O(5%). (2.27)

2.3. Linear dispersion relation for the extended GN system

Here, we show that the exact linear dispersion relation for the current water wave problem can be derived
from the extended GN system, and discuss its structure. We consider the flat bottom case for simplicity.
Linearization of equations (2.4) and (2.7) about the uniform state h = 1 and @ = 0 yields the system of
linear equations for n and w. Explicitly, n, + V-u =0, wu; + Vn = 0. We eliminate the variable n from
this system of equations and obtain the linear wave equation for

In the linear approximation, the expression u corresponding to (2.21) can be written in the form

] n—1
1 Oy
& 1 n52n{ n—r } 2(n—1) -1 , 2.29
u u+;( ) T ;) @) \AY (V-a) (2.29)
where a,, are unknown constants which are determined by the recursion relation
« *—1 o *—#—fu n>2 (2.30)
6 T @n+)! & @ 7T '

In order to examine the linear dispersion characteristics of equation (2.28) with w from (2.29), we
assume the solution of the form @ = @ e ¥ *~“  where @y is a 2D constant vector, k is the 2D
wavenumber vector and w is the angular frequency. We substitute (2.29) into equation (2.28) and find
that the linear dispersion relation takes the form

2 k2 - 2n 1 nilanfr
“* = iy (k=1kl), D(ké) =1+ (ko) {(%)!Jr;)(zr)!}. (2.31)

n=1
Using (2.30), we can derive the relation D(kd) = kd coth ké which, substituted into (2.31), leads to the
linear dispersion relation for the extended GN system

w? = gtanh ké. (2.32)

The above expression coincides perfectly with that derived from the linearized system of equations for
the current water wave problem (1.1)-(1.5).

The 62" GN model incorporates the dispersive terms of order §2". Referring to equations (2.4) and
(2.15), one can write it in the form

hi+€eV-(ha) =0, @ =Y 6Ky, (2.33)
m=0
To detail the dispersion characteristics of this model, we introduce the function Da, (k) by

" (—1)r 1 202r) o= 1
Don(k) =1+ ((%Brn”, B, = 22r) > r>1, (2.34)
r=1 :

27T>27- jTr’

—~

j=1

where B, are Bernoulli’s numbers. The linear dispersion relation for the §2* model (2.33) is represented
by
k2
2 2.35
“ 7 Don(k0) (2:35)



Using the inequality for the Bernoulli numbers, we can show that Ds, with odd n are positive for all
kd. More precisely, they have a lower bound 1. As a result, an estimate w/k < 1 for k§ > 0 follows.
Consequently, the 62” models with odd n have a nice property as long as the linear dispersion characteristic
is concerned. Actually, they have smooth dispersion relations without any singularities, and possess an
important feature that the exact linear dispersion relation has, i.e., w/k = y/tanh ké/kd < 1 for k§ > 0.
On the other hand, Ds,, models with even n exhibit single positive zero. For example, the positive zeros
of Dy, Dg and Dy, are found to be 4.19,3.63 and 3.33, respectively. An asymptotic analysis shows that
the zero of Ds, with even n approaches a constant value 7 as n tends to infinity. These results imply
that w from (2.35) has a singularity and becomes pure imaginary for values of kJ exceeding the zero. It
turns out that the 62" models with even n exhibit an unphysical dispersion characteristic which leads to
the ill-posedness result for the linearized systems of equations, and may cause instabilities in short wave
solutions in practical numerical computations. In accordance with these observations, the §2” models
with odd n may be more tractable as the practical model equations than the 62" models with even n.

3. Approximate model equations
3.1. The 6* model

3.1.1. Derivation of the §* model with a flat bottom topography

For the purpose of deriving the 64 model with a flat bottom topography, we only need the evolution
equation for u since the equation for h is already at hand, as indicated by equation (2.4). The procedure
for obtaining the equation for @ can be performed straightforwardly. Actually, substituting the expres-
sions (2.21)-(2.23) into equation (2.11) and rearranging terms, we finally arrive at the evolution equation
for u:

wy + e(u-V)a + Vn = 62Ry + 6* Ry + O(89), (3.1a)
with
Ry = %V[h?’{v-ﬁt + (V) (V-u) — (Vow)?}], (3.10)
Ry = ﬁV[V-{hE’V(VH&t} + eh®(V*(V-@))u — 5eh°(V-a)V(V-@) + eVh® x (@ x V(V-a))}
€ 5
—2eh5{V(V.a)}2} - = [V-{hW(V-a)}V(v-a) + %V{V(voa)}ﬂ. (3.1¢)

Various reductions are possible for the §* model. Indeed, if we neglect the §* terms in equation (3.1),
then it reduces to the 2D GN system when coupled with equation (2.4)

hi +€V-(hat) =0, @+ e(u-V)u+ Vn = g—Zv [W*{V- 1, + e(u-V)(V-a) — e(V-u)’}], (3.2)

whereas the §% model reduces to the classical 2D Boussinesq system

52
hi +eV-(hu) =0, u;+e(u-V)u+Vn= §V(V-ﬁt), (3.3)

after neglecting the €52 and higher-order terms. On the other hand, the 1D forms of equations (2.4) and
(3.1) become

hy + e(ht), = 0, (3.4a)
2
i+ €ty + 1l = o (B gy + eliliag — ea) },
M {1 (et + €Uty — Seliyling) )} — 3eh®a2,] + O0(35) (3.40)
45h ot Toe wlaz)fy ez, ’ '

which are in agreement with equations (2.5) and (2.21) of Matsuno (2015), respectively.



3.1.2. Conservation laws
The 6% model derived here exhibits the following four conservation laws:

M= [ (h-1)da, (3.5)
RQ
P= [ hade, (3.6)
RQ
H= 622/]1@ [huz + ?h?’(v-ﬁf - %fﬁ{wv-m}? + é(h - 1)2] dz, (3.7)
L= e/Rz [u - %V(mv-a) - fB—hv [V-{hE’V(V-u}]} dx, (3.8)

where we have used the notation [, F(z,t)de = [*_ [* F(z,t)dazdy for any function F decreasing

rapidly at infinity. The factors €2 and e attached in front of the integral sign in H and L, respectively
are only for convenience. The quantities M, P and H represent the conservation of the mass, momentum
and total energy, respectively, which can be confirmed directly by using equations (2.4) and (3.1). The
fourth conservation law L follows from (2.11) and (2.23). The geometrical interpretation of L has been
discussed in detail in the 1D case. See Remark 6 of Matsuno (2015).

3.2. The GN model with an uneven bottom topography
In accordance with the method developed in §2, let us derive the GN model which takes into account
an uneven bottom topography. Since its derivation is almost parallel to that of the flat bottom case, we
describe only the final result. The evolution equation for # can be written in the form

(1 + 5—2£(h b)) Uy + e(u-V)a + Vn = ﬁV[hS{(ﬁ-V)V-ﬁ - (V-ﬂ)Q}} + €6%Q (3.9a)
B 3h ’
with
Q= —% [V{hQa-V(Vb-a)} ~ RH{a-V(Vea) — (V-ﬁ)Q}Vb] ~ B {(a-V)2b) Vb, (3.90)

where L(h,b) is a linear differential operator defined by
1
L(h,b)f = —§V(h3v-f) + g{v(hQVb-f) — h2Vb(V- )} + B2hVb(Vb- f), (3.9¢)

for any vector function f € R2. This equation coincides perfectly with that obtained by different methods.
See Green & Naghdi (1976), Miles & Salmon (1985), Bazdenkov et al. (1987), Lannes & Bonneton (2009)
and Lannes (2013).

3.3. Remark

As already demonstrated in §2.3, the §2" models with even n have singularities in their linear dispersion
relations, although the dispersion characteristics for small values of the dispersion parameter have been
improved considerably when compared with those of the original GN model. The simplest extended GN
model which avoids this undesirable behavior in higher wavenumber is the 1D §° model with a flat bottom
topography. Its derivation can be made straightforwardly by means of the procedure developed in this
section.

The evolution equation for % which extends equation (3.4b) to order §° can now be written in the
form

52 54

Uy + €lilly + 12 = o {h3(lgr + €titigy — eu2)}  + ) ({1 (gt + €llllgny — Selizllas)}, — 36h5ﬂfm]x



56
+945h {h7(2armrzt + 2€aﬂzzmmm - 14672%&1%%% - 30€ﬂxzﬁ'prr)}z

H{hh, (14Tt + 146Uy — 112€Upl 0y + 42€t2,) Yo

{15 (hhy) o (Tlget + T€lliypy — 63€lplipg) e + e{10R 02, — 35h5(hhx)wam}} : (3.10)
The linear dispersion relation for the system of equations (3.4a) and (3.10) is then given by
]€2
w? = (3.11)

L+ 1(k6)2 — L (k0)* + 52 (k6)S

Obviously, the singularity does not occur in w for arbitrary values of kd, as opposed to the 64 model.
This ensures the well-posedness of the system of linearized equations for the model. Various features of
the ¢ model are worth studying in comparison with those of the §* model, as well as those of the 2 (or
GN) model.

4. Hamiltonian structure

4.1. Hamiltonian
In this section, we show that the 2D extended GN system derived in §2 can be formulated as a Hamiltonian
form. First, recall that the basic Euler system of equations (1.1)-(1.4) conserves the total energy (or
Hamiltonian) H which is the sum of the kinetic energy K and the potential energy U:

€2 n 1 €2
H=K+U=— [/ {(v¢)2+2¢3}dz} dz+ — [ n’dz. (4.1)
Using (1.1) and (1.4), this Hamiltonian can be put into a simple form

H= E/Rg {hu-vw+€12(h—1+5b)2} de, (4.2)

Inserting the expression of Vi)(= V') from (2.27) into (4.2), we obtain a series expansion of H in powers
of §2

H=éY §""H,, (4.3a)
n=0
with the first two of H,, being given by
1 1 1
Hy = 5/ [hﬁz +5(h—1+ ﬁb)ﬂ de, H, = 6/ [h3(v-a)2 —3ﬁh2(Vb-a)v-a+352h(Vb-a)2]dm.
R2 € R2
(4.3b)

4.2. Momentum density
In formulating the extended GN system as a Hamiltonian form, it is crucial to introduce the momentum
density m. It is given by the following relation

o0H
= 4.4
em =~ (4.4)
where the operator /dw is the variational derivative defined by
o .., _ 0H
&H(U"‘GU]HE:O = - ﬁ'w dw, (45)



for arbitrary vector function w € R2. As seen from (4.3) and its higher-order analog, the integrand of
K is quadratic in 4, and hence K obeys the scaling law K (ew,h,b) = €2K(w,h,b). This leads, after
introducing m from (4.4), to the relation K = § fR2 m-udx, so that H is expressed compactly as

H= %/]Rz[em-ﬁJr(hflJrﬁb)ﬂ dz. (4.6)

Comparing (4.2) and (4.6), we obtain the key relation which connects the variable Vi) with the momentum
density m:

m = ehV). (4.7
Note that the kinetic energy obeys the scaling law K(em,h,b) = 2K (m,h,b), and hence K =
% fRz 0H/ém - mdx. This expression must be equal to K = § f m-udx, giving the dual relation to
(4.7)
0H
U=—. 4.8
u = (4.8)

4.3. Evolution equation for the momentum density

To derive the evolution equation for the momentum density m, we first compute the variational derivative
of H with respect to h. It is given by

SH (1 2 _ _ _
T (2 +2§2—u-u—l—hwv.u—ﬁwa-u)+h—1+5b. (4.9)

Now, we proceed to derive the evolution equation for m. We start from the evolution equation for V'
from (2.11). After a few manipulations using (2.4) and (4.7), we obtain

my + eV(u-m) + e(V-u)m + %{(Vh-ﬁ)m (w-m)Vh} + hV (if) =0. (4.10)

Furthermore, if we divide (4.10) by h and use (2.4), we can write it in the form of local conservation law

()9 (%2 5) o a

4.4. Hamiltonian formulation

In this section, we demonstrate that the 2D extended GN system can be formulated as a Hamiltonian
system. To this end, we introduce the noncanonical Lie-Poisson bracket between any pair of smooth
functional F' and G

2

oF oG oF _0G OF oG
F.G} = - 0; + 0; h—V—+4+—V-(h—]|d 4.12
R} /R le S, a0+ Ogma) e Nt S ( §m> © (4.12)
where we have put m = (mq, mg) and 9; = 9/0x, 92 = 9/0y. Note that the partial derivatives 9; (i = 1,2)
operate on all terms they multiply to the right. Then, our main result is given by the following theorem.

Theorem 1. The 2D extended GN system (2.4) and (2.11) (or equivalently, (4.10)) can be written
in the form of Hamilton’s equations

ht = {h, H}, (413@)
mi¢ = {mi,H}, (l = 1, 2). (413b>



We recall that the bracket (4.12) has been introduced by Holm (1988) to formulate the 2D GN
equations as a Hamiltonian system. Combining this fact with Theorem 1, we conclude that the extended
GN system has the same Hamiltonian structure as that of the GN system. Hence, its truncated version
like the 42" model shares the same property.

5. Relation to Zakharov’s Hamiltonian formulation

5.1. Zakharov’s formulation
Zakharov (1968) (see also Zakharov & Kuznetsov (1997)) showed that the water wave problem (1.1)-(1.5)
permits a canonical Hamiltonian formulation. Specifically, the equations of motion for the variables h
and Vi are written in the form

b= Ve, V= T (1)
1 OF 0G OF \ 6G
he ={h,H}, Vi ={Vi,H}. (5:3)

5.2. Transformation of the Zakharov system to the extended GN system
Here, we establish the following theorem.

Theorem 2. Zakharov’s system of equations (5.3) is equivalent to the extended GN system (4.13).

This theorem follows by rewriting the Zakharov system in terms of the variable m in place of Vi
while h remains the common variable for both systems. The proof can be performed by using the relations

oF) _okFp Lok o OF |, 0F (5.4)
ohlgy  Ohl|,  homl|, " §V|,  “eml|, '
0H 0H eum 0H 9 _
oH|  _oH 011 _ g, 5.5
77 P T A S T M (5:5)

6. Conclusion

In this paper, we have developed a systematic procedure for extending the 2D GN model to include
higher-order dispersive effects while preserving full nonlinearity of the original GN model, and presented
various model equations for both flat and uneven bottom topographies. A detailed analysis of the
linearized system of equations for the extended GN models reveals that the linear dispersion relation
for the 6" model coincides with the exact linear dispersion relation for the water wave problem up to
order 62" for small values of the dispersion parameter. For odd n, the dispersion relations have a nice
property in the sense that they exhibit no singularities for all values of the dispersion parameter. It
turns out that the corresponding model equations are linearly well-posed. When n is even, however, the
dispersion relations were found to exhibit a singularity, indicating the possibility of instabilities in short
wave solutions. Although the value of the dispersion parameter at which the singularity occurs is greater
than 7 and hence it is beyond the range of applicability of the extended GN models, they may not be
appropriate to use as the basis for practical applications to real water wave phenomena. Hence, in order
to verify the validity of the models, the rigorous mathematical justification is necessary for the formal
derivation of the models, and it will become an important issue to be pursued in a future work.

We have demonstrated that the extended GN equations have the same Hamiltonian structure as
that of the GN equations. In the process, we have introduced the momentum density in place of the
depth-averaged horizontal velocity, and found a key relation which connects the momentum density with
the gradient of the surface potential. Last, the equivalence of the extended GN system and Zakharov’s
Hamiltonian system was also proved whereby the key relation mentioned above played the central role.
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