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We discuss on the worldwide famous Sudoku by using mathematical
approach. This paper is the third paper in our series, so we use the same

notations and terminologies in [1] and [2] without any descriptions.

6. Stability in sudoku transformations.

Let K=(K,) and L=(L) be sudoku matices assosiated with (£, 1), i.e,

oze]lXJZ aEhX/z
K,LeSTMX(f,fy). Wesay that L is smaller than K, in notatin L=< K, provided
that L,cK,for eachae ], X J,. Sometimes L< K is denoted by LC K.

Let K=(K,) and L=(L) be sudoku matices assosiated with f, i.e,

otejl)(/2 anl><12
K, LeSTMX(fo)=N{STMX(f,f): f€SOL(fo)}. Wesay that L is smaller than K,
in notatin L=< K, provided that L,c K, for eachae J; X J,. Sometimes LK is

denoted by Lc K.

Wesay thata map T:STMX(f,f)—>STMX(f,f,) is a sudoku transformation
associated with (f,f,) provided that it satisfies the following conditions:
() MK)=K for each KeSTMX(f,f),
(i) MK)=T(L) for each K, LeSTMX(f,fo) with K>L.

Weput STRF(f,f,)={T: T is a sudoku transformation associated with (£, f,)}
and STRF(fo)=N{STRF(f,f): f€SOL(fo)}. Each element TeSTRF(f,)is called
as a sudoku transformation associated with f,and T is denoted by
T:STMX(fo)>STMX(f).

LetT, S:STMX(f,fo)=>STMX(f,f,) be sudoku transformations associated with
(f,fo)- Wesay that T is smaller than S, in notation T<S, provided that

(iii) MK)=S(K) for each KeSTMX(f,f).

Let T, S:STMX(fo)—STMX(f,) be sudoku transformations associated with f,.
Wesay that T is smaller than S, in notation T< S, provided that

(iv) TK)<S(K) for each KeSTMX(f,f,) and for each f€SOL(f,).
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LetT), Ty :STMX(f,f0)>STMX(f,fo) be maps. We definea map
T'NTy:STMX(f,fo)—>STMX(f,f,) as follows:

V) (TyNT)K)=T(K)NTyK) for each KeSTMX(f, /o).

Let T, Ty: STMX(fo)—>STMX( f,) be maps. We definea map
T\NTy:STMX(fo)—>STMX(f) as follows:

(vi) (T'NTo)(K)=T\(K)NTyK) for each KeSTMX(f,f,) and each feSOL(f,).
Wesay that themap T, N T, is theintersection map of {T}, T5}.

Proposition 19. Let Ty, Ty, T5: STM X( £, f0)—>STMX( f,f,) be sudoku
transformations. Then we have the followings:

(a) Theidentity map 1:STMX(f, fo)=>STMX(f,f,) is a sudoku
transformation.

(b) The composition map TyoT1:STMX(f,fo)—=>STMX(f,f,) is a sudoku
transformation such that 1oT, =T, T1o1=T; and (T30T5)oT1=T30(TT).

(c) Theintersection map T\ NTy:STMX(f,f0)=>STMX(f,fo) is a sudoku
transformation such that T\NT,<T, and T'NT,<T,.

Proof. Oviously we have (a) by the definition.

We show (b). Takeany KeSTMX(f,f,) . SinceT; is a sudoku transformation,
by (i) we have

(1) T(K)=K.
Since T, is a sudoku transformation, by (ii) and (1) we have

@) TyT{K)ST,K).
Since T, is a sudoku transformation, by (i) we have

(3) THK)=K.
By (1),2),(3) we have (TyoT1)(K)=TyT\(K)) =Ty K)=<K, ie,

(4) (T T\ K)=K.
Thus (4) means that T,0T; has the property (i).

Next, wetakeeach K, LeSTMX(f,f,) with K=L. Since T is a sudoku
transformation, by (ii) we have

() T(K)=T\(L).
Since T, is a sudoku transformation, by (ii) and (5) we have

(6) TATy(K) = ToT(L)).
Since TyTy(K))=(T2oT,)(K) and TyT (L))=(T,°T;)(L), by (6) we have

(7) (Tyo Ty K)=(Toe Ty L).
Thus, (7) means that T, T, has the property (ii). Therefore, TyoT; is a sudoku

transformation.
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We can easily show that 1eT\ =T, Tic1=T; and (T30Ty)oT)=T30(ToT).

Weshow (c). Takeany KeSTMX(f,f,). SinceT; T, are sudoku
transformations, we have that T\(K), Ty K)eSTMX(f,f,). By Proposition 1 we
have T\(K)NTyK)eSTMX(f,fo). This means that the intersection map
T\NTy:STMX(f,fo)>STMX(f,fo) is well—defined.

By (1), (3) we have

@) (T'NTy)(K)=T{(K)NT{K)<K.
Thus (8) means that T,N T, has the property (i).

Takeany K, LeSTMX(f,f,) with K=L . SinceT, is a sudoku transformation,
by (ii) we have

9) ToK)=THL).
By 5)and (9) wehave T\(K)NTyK)DT(L)NTyL), ie,

(10) (T'NTo)K)=T{(K)NTAK)DT(L)NToL)=(T,NT,)(L).
Thus, (10) menas that T,N T, has the property (ii). HenceT,NT, is a sudoku
transformation.

By definitions we have

(1) (T)NTy(K)=T(K)NT{(K)=<T|(K), and

12) (T\NTo)(K)=T(K)NTHK)<THK).
Thus, by (11) and (12) we have

(13) T'NT, =T, and T\ NT,=T,.
Thus, by (13), TN T, has the required properties. Hence, we have Proposition 19.

Proposition 20. Let Ty, Ty, T5: STM X( fo)—STM X( f,) be sudoku
transformations. Then we have the followings:

(a) Theidentity map 1:STMX(fo)—>STMX(f,) is a sudoku
transformation.

(b) The composition map TyoT,:STMX( fo)—>STMX(f)is a sudoku
transformation such that 1oT, =T, T01=T; and (T30T5)o T =T30(T 30 T}).

(c) Theintersection map Ty NT,: STMX(fo)—>STMX(f,) is a sudoku
transformation suchthat T\'NT,<T; and T'NT, =T,

We can easily show Proposition 20 by Proposition 19 and definitions.

Let TOOLCSTREF(f,f,) be a subset of STRF(f,f,). Wesay LeSTMX(f,f) is
TOOL—stable provided that it satisfies the following condition:

(ST) ML)=L for eachTeTOOL.

Similarly, let TOOLCSTRF(f,) be a subset of STRF(f,). Wesay that
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LeSTMX(f,) is TOOL—stable provided that it satisfies the following condition:
(ST) TM(L)=L for eachTeTOOLCSTRF(f,fy) and for each feSOL(f).

Proposition 21. Let TOOLCSTRF(f,f,) be a subset of STRF(f,f,). Then we
have a sudoku transformation STBLT?°*:STMX(f,f)—>STMX(f,f,) with the
following properties:

(a) STBLT°°L(K) is TOO L—stable for each K& STMX(f, )

(b) If LeSTMX(f,f,) is TOOL—stable, then STBLTO%L()=L.

Proposition 22. Let TOOLCSTRF(f,) be a subset of STRF(f;). Then we have
a sudoku transformation STBLT?%:STM X(f,)—>STMX( f,) with the following
properties:

(a) STBLT°°L(K) is TOO L—stable for each KeSTMX(f,f,) and for each
fESOL(fy).

(b) If LeSTMX(f,) is TOOL—stable, then STBLTO%L(L)=L.

When TOOL = ¢, we can take the identity map 1:SMTX(f,fo)—>SMTX(f,f)
and 1:SMTX(f))—>SMTX(f,) as STBL?*:SMTX(f,f,—»SMTX(f,f,) and
STBL?:SMTX(f))—>SMTX(f,), respectively. Therefore, in the follwing

discussin we can assume that TOOL x ¢.

For our proofs of Proposition 21 and Proposition 22 we need many steps.

Proposition 23. Let V be a finite set. If VoV, oV,5..0V,;DV,;,;D... isa

decreasing sequence of sets, then there exists an »,suchthatV,=V, foreach
n=nyand henceV,=nZ,\V;=V, .

Proof. If V=¢, wecan choosen,=1. So in the following discussion we assume
that Vxo.

We assume that the conclusion does not hold. Thus there exists an increasing
sequence of integers such that

1) 1 <n, <o <n; <mj 1 <o

2 V,> ﬂ;V”M for eachi>1.

By (2) wecan takea pni_eV,,l_—Vni+1 for eachi>1, and put P={pni:igl}. Thus

we have that
(3) PcV and
(4) P is infinite.
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We show (3). Takeany i. since PniEVniCV, then p,,ieV. Thus we have (3).
We show (4). Weassume that P is finite. Then there exist i,j=1 such that
6) j>iand p, = p, .
By (5)and our construction we havethat p, €V, =V, ., bnE V=V, 41 thatis,
6) ., &V, 11 and
T) pa, €V,
By (1)and j>i, n;=#»;+1 and then
®) V412V, .
By (6) and (8)
9) 5,8V, .
Since we have (5), (7) and (9) make a contradiction. Hence, (4) is true.

By (3),we havethat |P|<|V]| <, thatis, Pis finite. This contadicts to(4).
Hence, we have Proposition 23.

Proposition 24. Let K and K; be sudoku matrices associated with (£, fo),
i=12,... f K=K, =2K,>..2K,=2K, =.. isa decreasing sequence of sudoku

matices, then there exists an nysuch that K, =K, for eachn=n,and hence
K.=n2K,=K, .

Proof. Let K =(K,) and K,=(K,.) eSMTX(f,f,)- By the

XE 1 %7, sy 7,

assumption we have

(1) KioK142..DK,D K}y 140.... for eachae ] X J,.
For eachae J, X J,, since|K,| <9, by (1) and Proposition 23 there exists an #,
such that

2) K,«=K, o for eachnz=n,.

We put ny=max{n,:acJ; X J,}. By (2) we have that

3) K, oe=K, for eachn>=#n,and eachacsJ, X J,.

(3) means that K, = K, for eachn>=n,. Hence we have Proposition 24.

Proposition 25. Let K and K; be sudoku matrices associated with f,. If K=K,
>K,>..2K,=>K, =... isadecreasing sequence of sudoku matices, then there
exists an nyosuchthat K, =K, foreachnz=n,andhenceK . .=n;2,K;=K, .

Proof. Since STMX(fo)= N{STMX(f,fo): f€SOL(f,)} and the assumption, for
each feSOL(f,) wehavethat
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1K=zK,2zK,=>..2K,;>K,,,=... isadecreasing sequence in STMX(f,f).
By (1) and Proposition 24, there exists an #nf)such that
2) K,=K,  in STMX(f,f,) for eachn=n(f).
Since SOL(f) is finite, we can put ny=max{n f): f€SOL(f,)}. By (2) we have
@) K,=K,, in STMX(f,f,) for eachn=n, and each feSOL(f).

Thus we have Proposition 25.

Proposition 26. Let TOOL be a non—empty subset of STRF(f,f;). Then
there exists a finite sequence T = (Tl, T2,...,T,10) in TOOL with the following

property:
(a) (TnooTno_lo...oTl)(K) is TOOL —stable for each KeSTMX(f,f).

Proposition 27. Let TOOL be a non—empty subset of STRF(f,). Then there
exists a finite sequence T = (Tl, TZ,...,T,,,()) in TOOL with the following property:

(a) (TnooTno_lo...oTl)(K) is TOO L —stable for each KeSTMX(f,f,) and for each

fESOL(fy).
(b) (Tn,o Ty 10T K) is TOOL—stable for each K& STMX( o).

To prove Proposition 26 and Proposition 27 we need some propositions.

Let TOOL be a non—empty finite set. We take an infinite sequence T
=(T,Ty....,T;T;1,...) in TOOL, thatis, eachT;€TOOL. Wesay
T=(T,Ty...T,T;,1,..)is fullin TOOL provided that it satisfies the following full
condition:

(FUL) For each n,n=1, {T;:j=n}=TOOL.

Proposition 28. Let TOOL be a non—empty set. Then there exists an infinite
sequence T =(Ty, Ty,..,T;,...) in TOOL, which is full in TOOL.

Proof. Since TOOL is finite. We put

(1) TOOL={S, Sy, .., S}, m=1.
We make an infinite sequence T = (T}, Ty,..., T}, ...) as follows:

2) T;=S, whichi=um+k, 0<kZm.

Takeany integer s>0. Sinces<ms<ms+1<ms+2<...<ms+m , wehave

B) {S1SseesS} ={Tpiss T mssores Tonsom) C{T ;1 7= S} C{T ;2 j=1,2,..} ={S1, SppeeerSii}
By (1) and (3) we have that
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@) (T;:j=s}={S1, S, ...,.S,,}=TOOL.
Thus, T is fullin TOOL. Hence we have Proposition 28.

Proposition 29. Let TOOL be a subset of STRF(f,f,). Let T=(T,T5,...T;,T; 1,.-.)
be an infinite sequence in TOOL. If T is fullin TOOL, then there exists an #,

such that
(a) (TnooTno_lo....oTl)(K) is TOOL —stable for each KeSTMX(f,f,).
Proposition 30. Let TOOL be subset of STRF(f,). Let T=(T,Ts,...T;,T;,1,-..) is
an infinite sequence in TOOL. If T is fullin TOOL, then there exists an m,

such that
(a) (TmooT,,,o_lo....oTl>(K) is TOOL—stable for each KeSTMX(f,f,) and for

each feSOL(f,) and
(b) (Tmoono,lo....oTl)(K) is TOOL—stable for each KeSTMX(f)

Proof of Proposition 29. Since TOOL is a subset of STRF(f,f), then for each &,
T,:STMX(f,fo)>STMX(f,f)is a sudoku transformation. For each i,j with j>i
=1weputT; ;=T ;oT; 0..0T;:STMX(f,fo)—>STMX(f,fo), whichis the
composition of sudoku transformations T,: STMX(f,fo)=>STMX(f,fo), iSk= .

Takeany KeSTMX(f,f,). Weput T(K),=T, (K) for each j, j=1 and thus we
have a decreasing sequence of sudoku matrices as follows:

(1) KoT(K)DT(K);2....0T(K),DT,; (T(K);)=T(K);{1D...
Wedenote T(K).= N, T(K);. By Proposition 21 there exists an integer
n(T,TOOL,K,f,f,) such that

2) T(K);=T(K),r,TooLk, s, foreach;jzn(T,TOOL,K,ff).

By (2) we have that

3) T(K)e=T(K), (1 r00L K\ (1.1, -

Since STMX(f,f,) is finite, we can put

@) ny=n(T,TOOL,(f,fo)=max{n(T,TOOL,K, f,fo): KeSTMX(f,fo)}
Thus by (2) and (3) we have that

) T(K);=T(K),, for each j=n,and each KeSTMX(f,f),

J
6) T(K)..,=T(K),, for each KeSTMX(f, o).
Since T is fullin TOOL, we have
(7) {T;:izny+1}=TOOL.
Takeany TeTOOL, thus by (7) there exists an i, such that
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@) T=T; and ig=n,+1.
Since Ty, =T;0°T; 10...cT,p0..oTy=T;Ty; 1, wehavethat
9) K>5..0T(K), 2..2T(K); 2T, (T(K); ,)=TK),, .

By (8) we have

(10) g, ig—1=ny

By (5) and (10) we have

1) T(K);,=T(K);, 1=T(K),,

By (8),(9) and (10) we have

12) T(T(K),)=T,(T(K); .)=T(K);, =T(K),

0 0o "
Thus, (12) means that

(13) T(K)nO is TOOL —stable for each KeSTMX(f,f,)
Note, by (6) and (13) we have

(14) T(K)., is TOOL—stable for each KeSTMX(f, /).

Hence we have Proposition 29.

Proof of Proposition 30. Since TOOLCSTRF(f,)=N{STRF(f,f,): f€SOL(f)}
and STMX(fy)=N{STMX(f,f,): f€SOL(f,)}, then TOOLCSTRF(f,f,) for each
f€SOL(f,). Thus by Proposition 29 we havean »(T,TOOL,f,f,)) for each
feSOL(fy). Since SOL(f) is finite, we can put

(1) my=m(T,TOOL, fo)=max{n(T,TOOL,f,f,): fESOL(f,)}

By (13) in the proof of Proposition 29, and (1) we can easily show that
(2) T(K),, is TOO L —stable for each KeSTMX(f,f,) and for each feSOL(f).

Thus, by (2) we have
@) T(K),, is TOO L —stable for each KeSTMX( fy).

Note, by (14) in the proof of Proposition 29, (2),(3) we have the followings:
(4) T(K).. is TOOL—stable for each KeSTMX(f,f,) and for each feSOL(f).
(5) T(K)., is TOOL—stable for each KeSTMX(f,).

Hence we have Poposition 30.

Proofs of Proposition 26 and Proposition 27.

Since STRF(f,f,) is a finite set, then TOOL is also finite. Hence, Proposition 26
comes from Proposition 28 and Proposition 29.

Since STRF(f,) is a finite set, then TOOL is also finite. Hence, Proposition 27
comes from Proposition 28 and Proposition 30. Therefore we complete the

proofs of Propositions 26 and 27.
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Proposition 31. Let TOOL be a non—empty subset of STRF(f,f,). Let T
=(Ty,TysT,) and T'=(T,Ty,...,T,,) be finite sequences in TOOL. If they
satisfy the followings:

(a) (TnooTno_lo....oTl)(K) is TOO L —stable for each KeSTMX(f,f,) and

(b) (T,’,IOT;,I,IO....OTi)(K) is TOOL—stable for each KeSTMX(f,f,),

then we hve that
(c) TnooT,,O,lo...oTl=T;,loT;,1,lo...oTi.

Proposition 32. Let TOOL be a non—empty subset of STRF(f,). LetT
=(TyTysT,,) and T’ = (Ti,Té,...,T;,l) be finite sequences in TOOL. If they
satisfy the followings:

(@) (T2 Ty 192 T1)K) is TOOL—stable for each KeSTMX(f,)and

(b) (Ty,°Ty,—10-oT1)(K) is TOO L—stable for each KeSTMX(fy),

then we hve that
(C) TWOOTﬂO—lO‘“OTlZT;ZIOT;I—IO'“OTi .

To prove Proposition 31 and Proposition 32 we need some discussions.
Proposition 33. Let TOOL and TOOL' bea non—empty subsets of STRF(f,f).

Let T=(Ty, Ty...T;, ...) and T'=(Ty, T,..., T}, ...) be infinite sequences in TOOL and
in TOOL’, respectively. If T;<T, for each i, then we have that
(a) T'K)..<T(K)., for each KeSTMX(f,f).

Proposition 34. Let TOOL and TOOL’ be a non—empty subsets of STRF(f,).
Let T=(T), Ty...T;, ...) and T’ =(Ty, Ty,...,T;, ...) be infinite sequences in TOOL and
in TOOL’, respectively. If T;<T, for eachi, then we have that

(a) T"K).=T(K)., for each KeSTMX(f,).

Proofs of Propositions 33 and 34.

We show Proposition 33. We use the same notations as in the proof of
Proposition 29. Takeany KeSTMX(f,f,). We show the following commutative
diagram (D):

K oT(K), o T(K); ... T(K); D T(K)j;; D ...

(D) U U U U

K DT K), D T'K); 2...2 T'K); > T'(K); 41 D .. .
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To prove (D), we consider the following commutative diagram (D7) for each i,
K >DT(K), o T(K); o...0 T(K);
(Di) u U U
K oT/K), o T'K), o...o T'(K);.
First, we show (DI). Since T, T; are sudoku transformations, we have
(1) T(K),=TyK)cK and T'(K),=TK)cK.
Since T{<T;, we have
(2) T(K)CT(K).
By (1) and (2) we have (D1I)as follows:
K o T(K),
(DI) U
K o T/(K).
Secondly we assume that (Di) holds. We show that (D(i+1)) holds. By (Di) we
have
3) T(K),cT(K);.
Since T, is a sudoku transformation, by (3) we have
@) T; (T (K),))cT; «(T(K);)=T(K); .1 T(K),.
SinceT;,1<T;,; and T;,, is a sudoku transformation, we have
(5) TNK); 2T (K); 1 =T; (T"K);)CTi((T"(K),).
By (4) and (5) we have
T(K); > T(K);y
(D) U U
TK); > T'(K)iy -
By (Di) and (D’) we have (D(i+1)). Hence by the matematical induction we have
thediagram (D).
By thediagram (D) we have
6) T'(K)e= N0 T(K);,cni T(K);=T(K).
(6) implies (a). Hence we have Proposition 33. By the same way we can show
Proposition 34.

Proofs of Propositions 21,22,31 and 32.

We show Proposition 31. Since STRF(f,f,) is finite, TOOL is also finite. Thus
we can put

(1) TOOL={S,,S,...,S,,}, m=1.
Since each S; is a sudoku transformation, by Proposition 19 we have

(2) P=S:nS5,N..NS,,:STMX(f,fo)>STMX(f,fo) is a sudoku transformation,
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(3) PLS,; for eachi, 1Zi<m.
Let TOOL*={P} and let P=(P,,P,,..,P,,P;,,,..) be the infinite sequence with P;

=P for eachi. Since P is TOOL*—full, by the proof of Proposition 29 there
exists an integer p, such that

4) P(K);=P(K),, for each j= p, and for each Ke STMX(f,fo),
(5) P(K), is TOOL*—stable for each Ke STMX(f, /).

Let p;, be another integer p, such that
4’) P(K);=P(K), for each j=p, and for each KeSTMX(/,f0),

(5%) P(K)‘,,1 is TOOL*—stable for each KeSTMX(f,f).

Now, let p,= po+ p;. By (4) and (4’) we have that
(6) P(K),,=P(K),=P(K), for each KeSTMX(f,fy).

Since P(K),,=(Py,° P, 1°..o P\ K)=(PoPo..P\K)=P"(K) and P(K),

= (PploPpl_lo...oPl)(K)z (PoPo..P K)= PPI(K) , by (6) we have the following:

Claim 1. P"=P" and P"(K)=P(K),, for each K€ STMX(f,fo).

Wecan definea map P.,:STMX(f,fo)>STMX(f,fo) as follows:

() P.,=P".
Claim 1 means that P, is well—defined. Since P(K)..= N 7,P(K);, by (4) we have
PK). = P(K)po. By Claim 1 we have that Pm(K)=Pp"(K):P(K)[,O:P(K)m. Since

Pis a sudoku transformation, by Proposition 19 P_=P" isalsoa sudoku

transformation. Thus we have the following Claim 2.

Claim 2. P:STMX(f,fo)>STMX(f,fo) is a sudoku transformation and
P_(K)=P(K)..,=P(K), for each KeSTMX(f,f).

Claim 3. P_(K) is TOO L —stable for each KeSTMX(f,f).

Proof of Claim 3. We assume that Claim 3 does not hold. Thus there exists a
KeSTMX(f,fo) such that P_(K) is not TOO L —stable. Since P _(K)=P(K).,
= P(K)170 by Claim 2, there existsa SioeTOOL such that

8) Si(P(K),)>*CP(K), .

iy
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Thus, by (2) and (8), we have
9) P(P(K)po)z(Sl nS;N...N Sm)(P(K)pO)CS,-O(P(K)p0>ﬁc CPK), .

By (5) we have
(10) P(P(K)p0)=P(K)l, .

0

By (9) and (10) we have
(11) P(K), > CcP(K),, .

Since(11)is a contradiction, we have Claim 3.

Claim 4. If KeSTMX(f,f,)is TOOL—stable, then P (K)=K.
Proof of Claim 4. Let KeSTMX(f,f,) be TOOL—stable. Thus we have
(12) S{K)=K for eachi, 1<i<m.

By (2) and (12) we have that
P(K)=(S:nS;Nn..nS,(K)=S(K)nSyK)Nn..NnS,(K)=K, i.e.,
(13) AK)=K.

By Claim 2 and (13) we have that
(14) P(K)=P(K)=P(K)y =(PyoP) 1°..0P)K)=(PoPo..o.PK)=K .

Hence, by (14), we have Claim 4.

Claim 5. Let K, Le STMX(f,fo). f K=L>=P . (K) and L is TOOL—stable, then
L=P_(K).

Proof of Claim 5. Since P, is a sudoku transformation by Claim 2, by the
assumption K>L=>P _(K) induces that P (K)=P (L)=P . (P.(K)). Thus we
have

(15) P (K)DP . (L)DP.(P.(K)).

By Claim 3 we have

(16) P_(K)is TOOL—stable.
By (16) and Claim 4 we have

(17) P (P (K))=P (K).

By (15) and (17) we have

(18) P (K)=P (L).

Since L is TOO L —stable by the assumption, by Claim 4 we have

19 P (L)=L.

Thus, by (18) and (19) we have

(20) P (K)=L.

By (20) we have Claim 5.
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By the assumptions of Proposition 31 we have finite sequences T = (Tl,Tz,...,T,i())

and T’ = (Ti,Té,...,T,;l) in TOOL with the properties (a) and (b), respectively.

Claim 6. For each KeSTMX(f,f,), we have

@1) Ko(T, T 100 T1\K)D P (K),

(22) K:)(T;loT;,l,lo....oTi)(K)DPw(K).

Proof of Claim 6. We show (21). We make an infinite sequence T*

=(T3, T5,...,T},... ) as follows:

(23) T;=T, for i,1<i<mn,and

(24) T;=S, for eachi,i=n,+1.
SinceT is a sequencein TOOL, by (23)T;=T,=TOOL for i,1<i<n, and by (24)
T;=8,€TOOL for eachi,i=ny,+1. Thus we hve

(25) T*is an infinite sequence in TOOL.
By (2) and (25) we have

(26) P<T; for eachi.
By (26) and Proposition 33, we have
27) P (K)=P(K)..<T*(K)...

Claim 7. TYK)o=T"(K),,=(T»,°Ts,1°--oT1)K) .
Proof of Claim 7. By (23) we have
(28) T*(K),, (T* 0T, —10- oT}‘)(K):(T oT,,1°..oT\)K) .
We show that
(29) TK);=T"(K),, for each j, j=n,.
When j=mn,, clearly (29) holds. Takeany j, j=#n,+1. Thus by (24) we have
(30) T*(K),-=<TjoTj,lo...on,0+1)<T*( ),,0> =(S108;0. oSl)<T*(K)no)
By (28) and (a) we have
(31) T*(K)n0 is TOOL —stable.
Since S;eTOOL, by (31) we have
(32) S(T*(K) ) TYK),
By (32) we have
(33) (Sloslo...osl)(T*(K),,o)=T*(K)n .

0

7o *

By (30) and (33) we have (29).
By (29) we have



KITAMOTO Takuya, WATANABE Tadashi

34) TK)ow=N;uTHK);=T"K),
By (34), (28) we have Claim 7.

0

By (27) and Claim 7 we have

(35 P (K)=P(K),CTK)., =T"(K),,=(T,,° Ty, 1°--T1\K) .
SinceeachT;,1<i<mn,, is a sudoku transformation, by Proposition 19
T,,°T,, 1°..oT; is also a sudoku transformation. Thus, we have

(36) (T, 2Ty, 100 T K)CK.
By (35) and (36) we have (21).

By the same way we can show (22). Hence we have Claim 6.

By Claim 6 we have
37) Kg(TnooTnO,lo....oTl)(K)gPm(K) and

(38) Kg(T;loT,',l_lo....oT{>(K)gPOO(K).
Since (TnooT,lo_lo....oTl)(K) is TOO L —stable by (a) in Proposition 31, we have the
following by (37) and Claim 5
B9 (T Thy-10wnoTh)K) =P oK)
Since (T,;loT;,l,lo....oTi)(K) is TOO L —stable by (b), we have the following by (38)
and Claim 5
(40) (T;zloT;,l,lo....oTi)(K):PM(K).
By (39) and (40) we have
A1) (T, 2T,y 10T K) =P (K)= (T;,loT;,l,lo....oTi)(K)
Hence we have, by (41), the following:
Claim8. T, T, _io.0T1=T, T, _io..oT=P,,.
Claim 8 is (c) in Proposition 31. Hence we complete the proof of Proposition 31.
By Claim 8 we can define STBLT?*=T, T, _io..oTy=T, °T, _io..cT1=P.,.

By Claims 2,3,4 it has the required properties in Proposition 21.

By the same way we can prove Proposition 32 and Proposition 22.
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