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Analysis of Stopping Constellation Distribution for Irregular
Non-binary LDPC Code Ensemble*
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SUMMARY  The fixed points of the belief propagation decoder for non-
binary low-density parity-check (LDPC) codes are referred to as stopping
constellations. In this paper, we give the stopping constellation distribu-
tions for the irregular non-binary LDPC code ensembles defined over the
general linear group. Moreover, we derive the exponential growth rate of
the average stopping constellation distributions in the limit of large code-
length.
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1. Introduction

Gallager invented low-density parity-check (LDPC) codes
[1]. Due to the sparseness of the parity check matrices,
LDPC codes are efficiently decoded by the belief propaga-
tion (BP) decoder. Optimized LDPC codes can exhibit per-
formance very close to the Shannon limit [2]. Davey and
MacKay [3] found that non-binary LDPC codes can outper-
form binary ones.

An LDPC code is defined by a sparse parity check ma-
trix. In this paper, we consider the non-binary LDPC codes
defined over the general linear group. The general linear
group over the binary field of dimension m is the set of all
m X m invertible binary matrices. Each entry of parity check
matrix for non-binary LDPC code defined over the general
linear group is an element of the general linear group. It is
known that LDPC codes defined over general linear groups
outperform LDPC codes defined over finite fields in terms
of the decoding performance [4].

The block and the bit erasure probabilities for binary
LDPC codes over the binary erasure channels (BEC) are de-
termined by the size of the maximal stopping set [5]. The
fixed points of the BP decoder for non-binary LDPC codes
are referred to as stopping constellations [6]. The stopping
constellations for the non-binary LDPC codes correspond
to the stopping sets for the binary LDPC codes. To analyze
the decoding erasure probabilities of the non-binary LDPC
codes over the BEC by the BP decoder, we need to analyze
the stopping constellation. In this paper, as the first step,
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we derive the stopping constellation distribution. In this pa-
per, we also give the exponential growth rates of the average
stopping constellation distributions in the limit of large code
length.

The remainder of this paper is organized as follows. In
Sect. 2, we define the irregular non-binary LDPC code en-
semble and the stopping constellation. In Sect. 3, we show
the relationship between the stopping constellation and the
stopping set. In Sect. 4, we derive the stopping constellation
distributions for irregular non-binary LDPC code ensem-
bles. In Sect.5, we derive the exponential growth rates of
the average stopping constellation distributions in the limit
of large code length. In Sect. 6, we show the numerical ex-
amples for the exponential growth rates of the average stop-
ping constellation distributions.

2. Preliminaries

In this section, we define the irregular non-binary LDPC
code ensemble and the stopping constellation. We introduce
some notations used throughout this paper.

2.1 Non-binary LDPC Code Ensemble

Let F, be the Galois field of order 2. We denote the general
linear group over F, of dimension m, by GL(m, F,). In this
paper, we consider non-binary LDPC codes defined over
GL(m,F,). A non-binary LDPC code is defined by an M XN
parity check matrix. Each entry of the parity check matrices
for non-binary LDPC codes over GL(m, F,) is an element in
GL(m,F,). Denote the (i, j)-th entry of parity check matrix
by H, ;. Let [a, b] be the set of consecutive integers from a
to b, i.e., [a,b] = {a,a+ 1,...,b}. Fori € [1, N], the i-th
symbol x; is represented by an m-tuple defined over F,. The
code is defined as follows:

N
{(:nl,...,a:N) e FHY | ZH,-,jmJT. =0" Vie [l,M]}.
j=1

The Tanner graph for a non-binary LDPC code is repre-
sented by a bipartite graph with variable nodes, check nodes
and labeled edges. The parity-check matrices are repre-
sented by Tanner graphs. Let £ and R be the sets of de-
grees of the variable nodes and the check nodes, respec-
tively. Irregular non-binary LDPC codes are characterized
with the number of variable nodes N, the dimension m of
the general linear group and a pair of degree distribution,
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Ax) = Tiep Aix' ™! and p(x) = Yiegpix’", where A; and p;
are the fractions of the edges connected to the variable nodes
and the check nodes of degree i, respectively.

The total number of edges in the Tanner graph is

1
£:=NJ [ Ax)dx.

Let L; and R; be the fraction of the variable nodes of degree

i and the check nodes of degree j, respectively, i.e.,

L= /(i fy Adx),  R; = pi/(j [ p(dx).

Define the design rate r as follows:

ri= 1—( fol p(x)dx)/( fol /l(x)dx).

Assume that we are given the number of variable nodes
N, the dimension m and the degree distribution pair (4, p). A
non-binary LDPC code ensemble EGL(N, m, 4, p) is defined
in the following way. There exist L;N variable nodes of de-
gree i and R;N(1—r) check nodes of degree j. A node of de-
gree i has i sockets for its connected edges. Consider a per-
mutation 7 on the number of edges. Join the i-th socket on
the variable node side to the 7(i)-th socket on the check node
side. The bipartite graphs are chosen with equal probability
from all the permutations on the number of edges. Each la-
bel in an edge is chosen as an element from GL(m, F,) with
equal probability.

2.2 Stopping Constellation

Consider the transmission over the BEC. For the BEC, we
are able to assume that all-zero codewords were sent without
loss of generality to analyze the decoding erasure probabil-
ity [7]. The indices corresponding to the nonzero entries of
a message arising in the BP decoder forms a linear subspace
in F}'. Thus, each message in the BP decoder is represented
by a linear subspace in F}' [7].

To define the fixed points of the BP decoder for the
non-binary LDPC codes, which are referred to as stopping
constellations [6], we review the states in the peeling de-
coder for non-binary LDPC codes [6].

The peeling decoder for the non-binary LDPC codes
assigns a set of candidate symbols for the decoding re-
sult to each variable node. Such a set is referred to as
state of the variable node v and denoted by E,, where
E, C FJ. It is known that the states of the variable
nodes are also represented by linear subspaces [6]. For
any k linear subspaces {V,-}i.‘:l in F?', we denote Zf-‘zl Vi =
{Zl;:l vi|lvjeV;forje [l,k]}. For a linear subspace V in
FJ' and an m X m invertible binary matrix H, we denote
HV :={Hv|veV}L

Definition 1: [6] Let ‘V be the set of variable nodes. With
some abuse of notation, we identify V and [1, N] hereafter.
We denote the set of variable nodes connecting to the check
node c, by N(c). A stopping constellation {E,}ycy is de-
fined as an assignment of the states such that
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E, c H;}/(ZieN(c)\{v] Hc,iEi), (D)
for any v € V and all the check nodes ¢ connecting to v.

It is known that stopping constellations are fixed points
of the peeling decoder and the BP decoder [6]. In this paper,
for a given stopping constellation we refer to the number of
states whose dimensions are not equal to O as the weight of
the stopping constellation.

3. Stopping Constellation and Stopping Set

In this section, we show the relationship between the stop-
ping constellation and the stopping set. A stopping set S is
a set of variable nodes such that all the neighbors of S are
connected to S at least twice. For a given stopping constel-
lation {Ey }yey, let S be the set of variable nodes such that
the dimensions of the corresponding states are not 0, i.e.,

S:={veV|E,+{0}.

Lemma 1: For a fixed G € EGL(N,m, 4, p) and~a given
stopping constellation, the set of variable nodes S for the
stopping constellation forms a stopping set.

proof: If there exists a check node ¢ which connects to S
once, then for the variable node v € S such that a neighbor
of visc, E, # {0} and HC‘}, Diien(onw HeiEi = {0}. Hence,
the assignment of the states {Ey }ye is not a stopping con-
stellation if there exists a check node which connects to S
once. Thus, all the neighbors of S are connected to S at
least twice. Therefore, the set of variable nodes S for the
stopping constellation forms a stopping set. O

Lemma 2: For a fixed G € EGL(N,m, 4,p) and a given
stopping set S, there exist at least one stopping constellation
with the set of variable nodes S such that S = S.

proof: For a given stopping set S, the assignment of state
{Ev}vey such that E, = F) forall v € S and E, = {0} for all
v € V \ Sis a stopping constellation. O

The stopping constellations of small weight degrade
the decoding erasure rates of non-binary LDPC codes. From
those lemmas, we see that in order to get a code which does
not contain the stopping constellation of small weight, we
need to eliminate the stopping sets of small weight.

4. Stopping Constellation Distribution for Non-binary
LDPC Codes

In this section, we derive the stopping constellation dis-
tributions for irregular non-binary LDPC code ensembles.
We give some lemmas to count constellations of the linear
subspaces satisfying the stopping constellation constraints
Eq. (1) for check nodes.

4.1 Number of Linear Subspaces
It is known that the number of distinct subspaces of dimen-

sion k of the vector space ' is given by the Gaussian bi-
nomial coefficient [8, p. 443]. Define for a non-negative
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integer m

1 if m=0,
(ml =9 )
[me,2 -1 ifm=>1.

The Gaussian binomial coefficient [’Z] is given by [']:'] =

%. We denote the dimension of V;, by dim V;. The fol-
lowing lemma gives the number of the sets of linear sub-
spaces {Vl-}f.‘:1 for a given condition for the dimension of
{Vi }5'6:1-
Lemma 3: Assume that two non-negative integers k, m are
given. For a given set of non-negative integers a; =
{ak(S)}Squk] such that ZSQ[I,I(] ar(S) = m, let Bi(a;) be the
number of the sets of linear subspaces {Vi}i.‘:1 in IF}' which
satisfy

dim(ﬂVi)z Z ar(S), 2
i€S Sc[1,k]:ScS

where Yscpx.5c5 a(S) is the sum of a;(8) over all § ¢
[1,k] such that S C §. Then, we have

[m]

Bi(ay) = —————— 2Tk, (3)
o [Tscrixlax(S)]
where
1
Tii=5 ) adSnasy).
S1,82C[1,k]:
S1€52,51252

The proof of this lemma is in Appendix A.

Lemma 4: Assume that two non-negative integers k, m are
given. Define By(ay) as in Eq. (3). For a given set of non-

negative integers v = {v,~}f:1 where v; € [0,m] for all i €

[1, k], we denote the number of the sets of linear subspaces
{Vi}&, such that V; 2 ey V) and dim V; = v; for all
i € [1,k], by ly(v), i.e.,
Fu(w) := #{{VIY, Vi 2 Njeprana Vs Vi € (1,4,
dimV; = v; Vi € [1,K]},
where #A is the cardinality of a set A. Then,

7(v) = Ya,en; Belaw),
where
D}, = {ay | Tsijes ar(S) = dim V; Vi € [1,4],
Tscig aS) = mau([1KI\ 1i}) = 0 Vi e [1,k1}.

The proof is in Appendix B.

Discussion 1: Assume that two non-negative integers k, m
are given. For a givend = (dy, . ..,dy) such that 3. d; = k
and d; > 0 for i € [0, m], we denote the number of the sets
of linear subspaces {V,-}f.‘=l such that V; 2 (1 jeqi 4 V; for
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all i € [1,k] and the number of subspaces in {Vj}’j.:1 with
dimension m — i is d;, by y(d), i.e.,
hi(d) := #{{Vj}lj-zl Vi 2 Njepriv Vi Vi € [1,k],
#li | dimV; = j} = d; ¥j e [1,m]}.

k

There are ( & dlk P ) choices to the dimensions of {V;};,,

where
k k! S
= = 5 k = dis
(do,dl,u-,dm) izo di! ,Zol

is known as~the multinmpial coeflicient [9]. From Lemma
4, we have I ({v;}* ) = i({vg)}* ) for any permutation 7

i=1 i=1
on k and {v,-}f.‘zl. For j € [1,m], let p; be the smallest integer

such that j < )7’ d;. Hence, we get

hi(d) =( J )izk({vi}ﬁl),

k
do,dy, ...
where v; = m — p; for all i € [i, k]. Thus, we obtain

h(d) = k Z Bu(ay)
S VA A R
areDy
where
Dy = {ay | Tsuies ar(S) = m = p; Vi€ [1,k],
ng[l,k] a(S) = m,ar([1,k]\ {i}) = 0 Vie[1,k]}.

We denote d > 0 if d; > O for all i € [0, m]. The generator
function of i (d) is written as follows:

fwy:= )

d20:3" di=k

() | | ust. )
i=1

Since d depends on dj, - -
drop uy from Eq. (4).

Jdy, e, dy = k= X0 di, we

4.2 Stopping Constellation Distributions for Non-binary
LDPC Codes

Recall that for a given stopping constellation we refer to the
number of the states whose dimensions are not equal to O as
the weight of the stopping constellation. For a given Tan-
ner graph G € EGL(N, m, 4,p), we denote the number of
stopping constellations of weight £ in G by AS(£). For the
ensemble EGL(N, m, 4, p), let A({) be the average stopping
constellations of weight £. Since each code is chosen with
equal probability from EGL(N, m, 4, p), we get

AS(0)

All) = —_—.
© [EGL(N, m, A, p)|

GEEGL(N,m,A.,p)

The following theorem gives the average stopping con-
stellations for irregular non-binary LDPC code ensembles.
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Theorem 1: Define f;(w) as in Eq. (4). The average stop-
ping constellations A(£) of weight ¢ for the non-binary
LDPC code ensemble EGL(N, m, 4, p) is given by

coef((Q(s, P, 1 T2, sul

A(l) =
(bo,bi-.,bnx) HZ’ZI [’Z]bk

b>0:37 bi=¢

(5)
0(s,1) = T 1+ 130 [7]s1)
P(u) := [Trerl fi(w)y07,

where coef(g(s, t, u), ' [T, sf” ul.b" ) is the coeflicient of the
term #* [, sf’ uf’ in the polynomial g(s, 7, u).

proof: First, we count constellations of the linear subspaces
satisfying the stopping constellation constraint Eq. (1) for all
check nodes. Consider a check node c of degree k. We say
that the check node c satisfies the decoding failure criterion
with respect to the state assignment {Ey }yey if

E, C H;L(Zie/v(c)\gv} Hc,iEi)s Yv e N(o).

Substituting E; = H_E; to this, we have

E, C (zieN@\{v} E) Vv € N(c).

For a linear subspace V, denote its dual subspace by V*,
ie., Vt:={8]|{a,B) = 0 Ya € V}, where {a, 8) denotes the
inner product of @ and 8. Using the dual subspaces, we have

E;2 (mieN(c)\{v} E,l)’

We refer to the edges adjacent to the variable node assigned
to state of dimension i as the edges of dimension i. Let d; be
the number of edges of dimension i which are adjacent to the
check node c. From Discussion 1, for a given (dy,...,d,)
such that }}7" ) d; = kand d; > O for all i € [0, m], the number
of the constellations that satisfy the decoding failure crite-
rion for the check node c is written as coef(fi(u), [112, uf").
Let b; be the total number of edges of dimension i. Since
there are Ry(1 — r)N check nodes of degree k, the num-
ber of the constellations that satisfy the stopping constel-

lation constraints for the N(1 — r) check nodes for a given

Vv € N(c).

b = (bO, ey bm) SUCh that 2:10 bi = f and bi 2 0 fOI' all
i€[0,m],is
coef(erva(fk(u))Rk(lf")Na i ”fi)' ©

Secondly, we count constellations of linear subspaces
satisfying the constraints of the variable nodes. Consider a
variable node v of degree k. If the variable node v is as-
signed to state of dimension i, the k edges adjacent to v are
of dimension i. Define the parameter w as 1 if the dimen-
sion of the state of the variable node v is not 0, and other-
wise 0. Denote the number of edges of dimension i adjacent
to the variable node v, by d;. For a given w € {0, 1} and
d = (dy,...,dy) such that 3" d; = k and d; > O for all
i € [0,m], let gi(w, d) be the number of constellations of

IEICE TRANS. FUNDAMENTALS, VOL.E94-A, NO.11 NOVEMBER 2011

linear subspaces satisfying a constraint of variable node of
degree k. Since the number of states of dimension i is [’;.1],
we have

1 w=0,dy=k,dj=0Vje[l,m],
gew,d) =31 w=1.d;=kd;=0Vvje[0,m\ i},
0  otherwise.

The generator function of g,(w, d) is written as follows:

Yw.d gew, )’ [T, S?i =1+13%, ['T]Sf

Since there are ;N variable nodes of degree k, for a given
¢ and b such that 3" b; = £ and b; > O for all i € [0, m],
the number of constellations of linear subspaces satisfying
constraints of the N variable nodes is given by

coef(TTeer(1 + 122 [7]5)*

Thirdly, we count the edge permutation and the edge
labels which satisfy the constellation. For a given b such
that }}7" b; = £ and b; > O for all i € [0, m], the number of
permutations of edges is given by []*, b;! and the number
of edge labels is equal to []i,([m — i1[i])%. Hence, for a
given b such that 3}, b; = £ and b; > O for all i € [1, m], the
number of choices for the permutations of edges and edge
labels is

[T bil(Im = 101" ®)

Finally, the number of Tanner graphs in EGL(N, m, 4, p)
is given by £![m]¢. From Egs. (6), (7) and (8) and the num-
ber of Tanner graphs, the average stopping constellation dis-
tribution for a given ¢ and b such that })*, b; = £and b; > 0
for all i € [0, m], is given by

AT 7). (M

coef((Q(s, HPu)V, 1 TI%, sfl ”fl)

é m [m by
(bn,bl ,,,,, bm) Hk:l [k]
Since A() = Xpso:37, b=¢ A((, b), we get Theorem 1. O

A(L,b) =

5. Asymptotic Analysis

In this section, we investigate the asymptotic behavior of the
average stopping constellation distributions of non-binary
LDPC code ensembles in the limit of large code length. De-
fine the normalized weight w by w := €/N. We define

o1
Ym(w) := l\lflilgo N 10g2 A(wN),

and refer to this as the exponential growth rate or simply
growth rate of the average stopping constellation distribu-
tion. To simplify the notation, we denote logarithms to base
2 as log.

With the growth rate, we can roughly estimate the num-
ber of stopping constellations by

A(wN) ~ 2Ym(@)N ,
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where ay ~ by means that limy_c - 5 log =0.
The number of the terms in Eq. (5) is at most (¢ + 1)™.
Hence, from Eq. (5) we have

max A(£,b) <A < (£+ l)’” max A(f, b).
b>0:3" ) bi=¢ b>0:3" ) bi=¢
Therefore, we get
1 1
hm —logA(é’) = hm — log maX A(C, b).

0:%, bi=¢

To calculate this equation, we introduce the following
lemma.

Lemma 5: [10, Theorem 2] Let y > 0 be some ratio-
nal number and let p(xy, x3,. .., x,;) be a function such that
p(x1,x2,...,X,)” is a multivariate polynomial with non-
negative coefficients. Let @; > 0 be some rational numbers
for k € [1, m] and let n; be the series of all indices j such that
j/v is an integer and coef(p(xi,. .., x,)/, a” cexamhy £ 0.
Then

1
lim — log coef(p(xy,...

14)00

X)), (] X))

P(X1, - Xn)

X1seees Xy >0 x(lll x::;"’

A point (x1, ..., x,) achieves the minimum of the function
p(x1,.... %)/ ( T ... x,m), if and only if it satisfies the fol-
lowing equatlon for all k € [1,m]:

op(xi, ..., xp)”
Xfp—

Y =
an xn)” = 0.

- yagp(xi, ...,

Define B; := b;/N for i € [0,m] and € := £/N. We
denote s > 0 if 5; > O for all i € [1, m]. From Theorem 1
and Lemma 5, we obtain the following theorem.

Theorem 2: The growth rate y,,(w) of the average stop-
ping constellation distributions for the irregular non-binary
LDPC code ensemble EGL(N, m, 4, p) is given by

Ym(w) = sup iglf o {log 0(s,t) —wlogt + log P(u)
>0,

B>0: s>0

anoﬁ[: u

—Zﬁ,log[ sul+Z/3,log } ©)
o it
= sup  Yu(w,P).

B>0:31", Bi=e

A point (u, t, s) which achieves the minimum of the func-
tion y,,(w, 3, s, t,w) is given in a solution of the following
equations for all i € [1, m]:

J[ Jes!

i 00
P =G = 2

PR E— - (10)
rr R R el () O
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J
w:ia—Q—Z [ Jsi , (11)

Q o L 1+’Zk1[]k
u; oP Ui 8f/<
= — = R(l—r) (12)
P P Ou; kzg; k fi(w) (914,
where
R I T
— = Bi(ay).
Oui d>0§dj=k do, . n G;Dk

The point 3 which gives the maximum of y,,(w, 3) needs to
satisfy the stationary condition

sl )(e = Tty Bi) = Beo (13)
fork=1,2,....m

Lemma 6: For a given degree distribution pair (4, p), we
have y,,(w) > y1(w).

proof: We consider a fixed w. Define 8 such that y;(w) =
¥1(w, B). Note that

Y1(w,B7)
_ . Lj ~(1) Rj(l—r)
= S]>1(1)1Jf>0 [Z log l + tS + Z IOg{fk (u1)}
u>0 “jeL JER
+ elog L - r1og LS wlogt], (14)

where f/V(uy) = {(1 + )/ — ju;}. For m > 1, define
B™@G) = (6, ...,6,8 — (m —1)d). For any > 0, we have
Ym(w) = Fm(w, B™(5)). Now, we consider ¥,,(w, B"(5))
for6 > 0. For6 —» 0, we have s;, » Oand u; — 0
for i € [I,m — 1] from Egs. (10) and (12). Note that
few) = (L +u) kit = £ (uyy) for u; — 0 Vi € [1,m~1].
Hence we have

lim 3,,(w, 8(8))

B)7 D logl Vw0

um>0 " J€L JER

+ elog €-h - B log W a)logt}.
€

This equation coincides with Eq.(14). Hence, we have
ym(w) 21 (w) ]

Lemma 7: For ¢ such that t+ > 0, Egs. (10), (11) and (12)
hold, we have

dym
% = —logt.
w
proof: Consider %. From Eq. (9), we have

1 dP
@) oo g LIP @ &
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L L9Q  hBidsi < Bidu
0 dw ~ s; dw P u; dw
idﬂil m 5—221,31‘
- — nsuy|  |————.
i dw i Bi

From Eq. (13), we have ln{siui[':.’](e— > BB} = 0. From
Eq.(12), we have 322 = Lym 0Pdu _ g Bidt; gjp,

ilarly, from Eqgs. (10) and (11), we get 492 = w@d

Qdw ~— 1 dw

; ds; dym(w, :
> Bidsi . Hence, we have 22 @ —logt. This concludes
i=1 5 dw dw

the proof. O
The following theorem shows the growth rate of the
average stopping constellation distributions for small w.

Theorem 3: For the irregular non-binary LDPC code en-
semble EGL(N, m, 4, p) with 2'(0) > 0, the growth rate of
the average stopping constellation distributions of normal-
ized weight w, in the limit of large symbol code length for
w — 0, is given by

Ym(w) =1og[A'(0)p"(D]w + o(w). 15)

proof: From the definition of stopping constellation, we get
A(0) = 1 and y,,(0) = 0. From Lemma 7, we have forw — 0

Ym(w) = —wlog H{w) + o(w).

Recall that ¢ satisfies Egs.(9), (10), (11) and (12). From
Eq.(11), for w — 0, it holds that ;5] — 0 for i € [1,m]
and j € L. By using this and Eq.(10), we have 8; — 0 for
i € [1, m]. Note that

fiwy =1+ 38, G)71]e + oy w)?). (16)

Since §; — 0 for i € [1,m], from Eq.(12) we have u; — 0
for i € [1, m]. From Eqgs.(12) and (16) we get

Bi = Yier Ri(1 - 7)2(]2()['?]“,-2 + 0((2;11 Mi)2)~
Substituting this equation into Eq.(13), we have
si=uip" (1) + o(X1 ;). (17)

Since u; — 0 for i € [1,m], we get s; — 0 fori € [1,m].
From Eq.(10), it holds that

Bi= 2L2['?]tsiz + 0((2;';] s,-)z).
Substituting this equation into Eq.(13), we get

up = A'O)ts; + o(X1, si). (18)
From Eqgs.(17) and (18), we have for w — 0

1 =20)"(Di(w).

Hence, we obtain this theorem. |

Discussion 2: From Theorem 3, the growth rate for w — 0
does not depend on m. The result of Theorem 3 coincides
with the result for the weight distribution of non-binary
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LDPC code ensemble [11]. More precisely, the growth rates
of the stopping constellation distributions and that of the
weight distributions are the same for o — 0. The tech-
niques used in the proofs of Theorem 3 and Lemma 7 are
originally developed in [12].

Define the critical exponent stopping ratio [13] as
g, = inf{w > 0| yn(w) =2 0}, for m=1,2,....

From Lemma 6 and Theorem 3, we have the following
corollary.

Corollary 1: For a given degree distribution pair (4, p)
which satisfies A’(0)p’(1) < 1, the critical exponent stopping

ratio 67 is larger than others, namely, 6] > 6, form > 1.

Recall that the average stopping constellation of weight wN
is approximated by A(wN) ~ 2"“N _ Since y,,(w) < 0 for
w € (0,6;,), there are exponentially few stopping constel-
lations of weight wN for w € (0,6;,). It is known that the
decoding erasure rate for the BEC with small channel era-
sure probability is caused by the stopping constellations of
small weight. Therefore among LDPC codes with the de-
gree distribution pair (4, p) such that 2'(0)p’(1) < 1 over
the BEC, we see from Corollary 1 that the binary (m = 1)
LDPC code ensemble is the best in the sense that there are
exponentially few stopping constellations of weight wN for
w within the widest range (0, 6}) 2 (0, 6;,).

6. Numerical Examples

In this section, we give some numerical examples of growth
rate which illustrate the statement of Theorem 3 and Corol-
lary 1.

Figures 1 and 2 show the growth rates of the aver-
age number of stopping constellations for the (2,4)-regular
non-binary LDPC code ensembles defined over GL(m, F,),
where m = 1,2,3,4. From these figures, especially from
Fig. 2, we see that the growth rate for small w does not de-
pend on the dimension m. Moreover, we see that the gradi-
ent of the growth rate for small w is log 3. Similarly, Figs. 3
and 4 show the growth rates for the (3,6)-regular non-binary
LDPC code ensembles. From these figures, especially from
Fig. 4, we see that the growth rate for small w does not de-
pend on the dimension m even if 2’(0) = 0.

m=1 ——
m=%

[ m=3
4 m=4

growth rate

0.0 0.2 0.4 0.6 0.8 1.0
w

Fig.1 The growth rates of the average stopping constellation distribu-
tions for the (2,4)-regular non-binary LDPC code ensembles defined over
GL(m,F,), where m = 1,2,3,4.
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2.0e-07 |
1.0e-07 t

0.0e+00 - - - -
0.0e+00 1.0e-07 2.0e-07 3.0e-07 4.0e-07 5.0e-07

w

growth rate

Fig.2 The growth rates for w € [0,5 x 1077] of the average stopping
constellation distributions for the (2,4)-regular non-binary LDPC code en-
sembles defined over GL(m, F,), where m = 1,2, 3, 4.

4.5

m=1 ——

35 | m=3
25t

L5 ¢

growth rate
o

05 r

-0.5

0.0 0.2 0.4 0.6 0.8 1.0
w

Fig.3  The growth rates of the average stopping constellation distribu-
tions for the (3,6)-regular non-binary LDPC code ensembles defined over
GL(m,F,), where m = 1,2, 3, 4.
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growth rate

0
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-0.01 - - -
0.000 0.005 0.010 0.015 0.020

w

Fig.4  The growth rates for w € [0, 0.02] of the average stopping constel-
lation distributions for the (3,6)-regular non-binary LDPC code ensembles
defined over GL(m, F,), where m = 1,2,3,4.

0.02
—t
0.015
%
> oot
0.005
0 g
1 2 3 4 5 6

Fig.5  The critical exponent stopping ratio of the average stopping con-
stellation distributions for the (3,6)-regular non-binary LDPC code ensem-
bles defined over GL(m, F;), where m = 1,2, 3,4,5.
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Figure 5 shows the critical exponent stopping ratio for
the (3,6)-regular non-binary LDPC code ensembles defined
over GL(m,F,), where m = 1,2,3,4,5. We see that the
critical exponent stopping ratio monotonically decreases as
the dimension m increases.

7. Conclusion and Future Work

In this paper, we derive the stopping constellation distri-
bution and growth rate for non-binary LDPC code ensem-
bles over general linear groups. We show that the growth
rate does not depend on the dimension of the general linear
group for small normalized weight. Moreover we show that
the binary LDPC code ensemble is the best in terms of the
critical exponent ratio for 2'(0)p’(1) < 1.

As a future work, we will derive the block and the sym-
bol erasure probabilities for non-binary LDPC code ensem-
bles.
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Appendix A: Proof of Lemma 3

To prove Lemma 3, we use mathematical induction. For k =
1, we see that dim V| = a;({1}) and T}, = 0. The number of
distinct subspaces V| of dimension a;({1}) = dim V| is equal
to [al('{"”)] = 7[111({11[),7[](;1([})]' Hence, Eq. (3) holds for k = 1.

We will show that if Eq. (3) holds for k = k&’ — 1, then
Eq. (3) also holds for k = k’. From the induction hypothesis,
we have

Bio—i(law(S) + ap (S UK Dlse ;)
[m]

= 2Te-1 (A1)
[Iscpp-nlaw(S) + ap (S U {k'H]
where
1 ’
To=5 ), (@(S)+aS UKy
S1,8,C[1,k'-1]:
$1¢52,512S2

X (ap(S2) + ap(S2 U {K')).

If we fix Ap (S’ U {k’}) for all S” 2 S, then the number of
Ap (S U {k'}) is given by

[ak/(S) +apS U {k'})}zn/(w (A-2)
ap (S U (k') ’

where Tp(S) = ap(S U k') Tscpin—1).52s aw(S). From
Egs. (A- 1) and (A-2), By (ay ) is given by

LGul +ng[1'k/71] Ty (S).
[Ts e larw (S)]

The exponential part is written as follows:

Ty + Z Ty (S)

SC(Lk—1]
1 ’ q
“Tpy + = au(S UKD Y. aw(d)
Scllk-1] §:528
1 —
+> > ak/(S)~Z ap (S UK}
SCiLi—1] §:Scs

=Ty
This concludes the proof.

Appendix B: Proof of Lemma 4

From Eq.(2), we have g ga(S) = dimV; and
Zscit i a(S) = m. From Eq. (2), we have dim(( je(1 4 V) =
a([1, k1) and dim(( jeq1 i) V) = a1, k1) +a([1, k] \ {i}) for
i € [1, k]. From those equations, we have

dim(N jepiapgy V5) = dim((jerr 9 V) + a1, &1\ {i}).
(A-3)
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Since a([1, k] \ {i}) = 0, we have

dim( jer1 iy Vi) < dim( jerr 9 Vi)- (A-4)

First, we claim that for all i € [1,k], V;
(et Vi if a1 A1\ i) = 0. Since ax([1,k] \ {})
0, we have dlm(ﬂje[l,k]\{i} Vj) = dln:l(ﬂje[l’k] V]), from
Eq (A 3) If Vi 2 mje[l,k]\{i} V,, then dlm(mje[l’k]\[i} V]) >
dim(je14 Vj)- By using this equation and Eq.(A-4),
weE See that ‘/, 2 mle[l,k]\{ll Vj lf dlm(mle[lgk]\m Vj) =
dim(ﬂje[l’k] VJ) Thus, foralli € [1,k], V; 2 ij[l,k]\{i} Vj if
a([1,kI\ {i}) = 0.

Next, we claim that for all i € [1,k], ax([1,k] \
{iH = 0if Vi 2 Njeapny V- I a1\ (i) #
0, we have dlm(ﬂje[l,k]\{i} V/) > dlI.Il(ij[l’k] V]) from
Eq.(A-3). If V; 2 Njep iy Vs then dim(O jepr gy V) =
dim(Nje14 Vj)- By using this equation and Eq.(A-4),
we see that Vi 2 (e Vi if dim( e Vi) >
dlm(ﬂje[l’k] V]) Thus, forall i € [1, k], Vl' 2 mje[l,k]\{i} VJ
if ar([1,k] \ {i}) # 0. Therefore, we have for all i € [1, k],
ar([1, kI\{i}) = 0if V; 2 N jepuvy Vj- Thus, this concludes
the proof.
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