9.4.2

The 37th Symposium on Information Theory
and its Applications (SITA2014)
Unazuki, Toyama, Japan, Dec. 09-12, 2014

000000 ooOo0Oo0O0000000aoan
Non-Hermitian Type Uncertainty Relation and its Application
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Abstract— In quantum mechanics it is well known that
Heisenberg/Schrédinger uncertainty relations hold for two
non-commutative observables and density operator. These
are some kinds of trace inequalities. Recently Dou and Du
[5, 6] obtained several uncertainty relations for two non-
commutative non-hermitian observables and density oper-
ator. In this paper we show that their results can be given
as corollaries of our non-hermitian type uncertainty rela-
tions for generalized metric adjusted skew informations or
generalized metric adjusted correlation measures.
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mation, metric adjusted correlation measure

1 Introduction

M, (C) O n x n complex matrices 0 0, M, 4 (C) O
n x n self-adjoint matrices 0O, M, +(C) O M,(C)
000 strictly positive elements 000, M, +1(C) O
strictly positive density matrices 00, 00O 00O
My +1(C) = {p € My(C)|Tr[p] = 1,p > 0}. OOO
00000 faithful states O0D0O0O0OD0OO0O0OOO
0 p>00000M,(C) OO Hilbert-Schmidt 0 0 O
(A,B) =Tr[A*B]00 00000 Wigner-Yanase 0 0
00 (skew information) O [22) 0000000000

o1 (o)) ]

TrlpH?| — Tr[p'/?Hp'/? H].

1,(H)

00000000 pe M, +:1(C)0000 H € M, 4(C)
doobooobooooobooooooooooa
00000 commutator O [X,Y] = XY —-YX 00O
OO0 000000 DysonDOOOOODOOOOOOO
0 O Wigner-Yanase-Dyson skew information 0 0 0O O
goon

STl HY) Gl )]
TrlpH?| = Tr[p”Hp'~"H], o € [0,1]

ILo(H)O p00000000000 EH.Lieb[17]00

O0000000000000000ODOWigner-Yanase

*0o0op0oooopooooaon,
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skew information 0 uncertainty relation 00 OO [19].
000000000 OO0 Wigner-Yanase-Dyson skew
information O uncertainty relation 00000000
[15,23) 0000000000 OO0 [23,24 0000
0000000000 0O0000,0000 uncertainty
relation 00000000 [25| 00000000000
two parameter [0 0 O uncertainty relation 00O 0 OO
000000 [27)00000000oo0oo

2 Dou-Dul0000ODOOOODOONO Uncer-
tainty Relations
00 Dou-Du [5,6]0000000000000O0O0O

O O Heisenberg/Schrédinger uncertainty relations O
oooooo

00 2.1 A,B € M,(C),p € M,1(C)000000
ggoooooo
(1) [A,B)® = 3([4, B] + [4*, BY)),
000 [A B]=AB - BA.
(2) {4, B}’ = ;({A, B} +{4*,B"}),
000 {A B} =AB+ BA.
(3) [Vary|(A) = Tr[pAj Ao,
000 Ag=A-—Tr[pA]l.
(4) [Varg|(4) = 3([Var,|(A) + [Var,|(A")).

obooooooooon

00 2.1 A,Be M,(C),pe M, +1(C)00DOOOO
uncertainty relattons 00 00 00O

(1) |Var2\(A)|Var2| B) >

(B) = 1|Tr[plA, B])|.
(2) [Varp|(A)Vary|(B) =
(

1|T7[p{ Ao, Bo}]J*.
(3) |Va7‘2\(A)|Var2| B)

> 1|Tr[plA, BI°]|? + ;|Tr[p{ Ao, Bo}°]|*.
(4) U, |(A)|U,|(B) > ;|Tr[p[A, B])?,

ooo

Upl(A) = \/(IVCWSI(A))2 = ([Varg|(4) = [1,[(A))?,

1,1(4) = STrl(lpM, ANl A]).



3 Oooooogd

00 f:(0,+00) > ROODODOO neNOO<A<B
000000 A,B € M, (C)0O0D00 0< f(A) <
f(B)DOOOO0OO0OO0UOO0OO0OOOO (operator monotone)
0 O O Ooperator monotone function 0 f(z) = zf(z~ 1)
O0000O00Osymmetric0000000 f(1)=10
O000D DO normarized 0 000

00 3.1 F,00000000000 f:(0,400) —
(0,+0c0)0000OODO
1 f(1) =
2. tf(t7) = f(1),
3. f O operator monotone.
031 F/,00000000000000
2 Vi+1\?
fRLD(x)*mv fWY(fU)( B >7
r—1 x+1
ferM(z) = Togz’ fsip(z) = 5
(z—1)
=a(l— 1).
fWYD(x) Oé( a)(l‘a—l)(l‘l_a—l), CMG(O, )

Remark 3.1 fc 7, 00000000000
2z z+1
< <
= <) < T
feF,, 0000 f(0)=1lim,o f(x) 000000 reg-
uler 0000000 non-reqgular 0000000000
oooooooo

x> 0.

Fop = {f € Foplf(0) # 0}, F, = {f € Fop| f(0) = 0}

DO000ooooooooooon Fop=FaUFg,.

00 3.2 feF, 0000 f00000000000
sy 1 f(0)
f(z)-i (1:—!—1)—(:1:—1)2% , ©>0.

00 3.1 ([8], [10], [16]) f— f O
00000O0O0Oooo

Fr, 0 FLO000

4 Generalized Quasi-Metric Adjusted Skew

Information and Generalized Quasi-

Metric Adjusted correlation Measure
0000000000000 0O0000 (mean) 00O
000000 (operator monotone function) O 0O O O
0000000000000 D0D0O0D0O00O0OA,B €
M, (C)0000

my(A, B) = AY2f(A71/2BAT1/2)AY/2,
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000000000000 OO monotone metrics(quantum
Fisher informations 0 0 00)0000000000O0O
oooooo

(A, B)p,r =Tr(A -mg(Ly, Rp)il(B))a

000 L,(A) = pA,R,(A) = Ap.00000D0A,BO
0Op0000000 M,+1(C)00 tangent vectors O
000000 (200, [100000).

00 4.1 ([11]) ¢g.f€F, 000 k>00000

gboooog

00 4.2 A,B€ M,(C), pe M, ,,(C)000D000
0oooo

Corrf,(g’f)(A B) = k(ilp, Al,i[p, B]) .

I9)(A) = Corrs@) (A, A),
CZ(A B) =Tr[A-my(L,, R,)B,
Cl(A) = CI(A,A),
U@ (a) = (C3(4) + 2 () (Ca) - P (ay),

1$90(A), Corry @) (A, By00DDDO generalized quasi-
metric adjusted skew information, generalized quasi-

metric adjusted correlation measure 00 0000

00 4.1 A,B € M,(C), p € M,,1(C) 000OD
000000000000 A4y = A—Tr[pAll, By =
B —Tr[pB|I.
s

I(yf)(A) gf)(Ao) CPAQ
2. 750D (4) = C3(Ao) + C) ?(Ao),
3. U (4) = ¢NM) 19D (4).
4. Corrpgf)(A B) = Corr), s(9:f) (Ao, Bo).

C@(Ao) (Ao),

00 4.1 f €
00

Fp0ooboooooooooooon

y 5 s(g, 2
]l()g f)(A) . ]F()g f)(B) > |C’orrp(9 f)(A,B)| ,

000 A, Be M,(C), pe M, 4+1(C).



00 4.2000. X,Y € M,(C) 0000
Corrs\ 9 D(X,Y) = k(i[p, X],ilp, Y])p.z-
0000

Corr;(g’f) (X,Y)
KTr((ilp., X)) m(Ly, Ry)~ilp, Y1)
KTr((i(Lp — Rp)X) my(Ly, Rp)_li(Lp —R,)Y)

Tr(X*mg(L,,R,)Y) — Tr(X*mAg (Lp, Rp)Y),

000 Corry (X, Y)0O M,(C)DDODDOOODOOO
00000 Schwarz inequality 0000 O0O0O0O0OOO
afufalaluls o

0042 fer,0000,00¢6>000000

g(z) + Al (z) > tf(x) (4.2)

oobooboooooboboooooboooon

U@D(A) - Ul (B) > kU Tr(plA, B))%,  (4.3)

oo A,BEMn(C),pGMm_A,_,l((C).
00 42000000000000000000

00 4.1 (41)0 (42)00000000000000
0ooooo

mg(xay)z - mAg(x,y)Q 2 ké(l’ - y)2

00 41000: (4.1), (42)00

() — R EYS
mpg(,y) = my(z,y) kmﬂayy (4.4)
mg(xﬂy) + mAg (x,y) > ﬁmf(ﬂc,y), (4.5)

00000 (44), (45)00

my(,9)* = g (,9)°
{mat@,y) = myy @)} {my(,9) +myy @)}

f0)(= —y)?
2my(z,y)
kl(x — y).

tmy(z,y)

O
0041000 my, 0000, 189(4), 79 (4),
ve(4)0oooo0ooo00oooono
00 4.2 {|¢1),|¢2),-+,|¢n)} 0 pO0 00000000
00000000, 00000000 {A, s s An}
O0O00a = (¢jldo|dk),bjx = (#5|Bolox), D OO
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A7B S Mn((C), p € Mn$+71((C) goon AO = A -
TrlpAll, By= B—Tr[pB)l 00000000000
good

100 (4) = 37 {my (g M) = miag (0 40) | lasu?.
7.k

TS (A) = 37 {mg s Ae) +mgg gy ) il
7,k
00 42000: 00000 (43)0000
Tr(p[A, B]) = > _(A\j — Ak)ajibi;,
7,k
Tr(p[A, BD)| < 1A — Allajl[be].
7,k

oooboooO 4100

kO Tr(p[A, B])]?

2
< D VRN = Axllagrl[br]
J.k
2
1/2
< {Z (mg()‘ja M) = mpg (X, /\k)2> aijbkj}
J.k
= {Z (mg()\j, Ak) — mAg(/\ju,/\k)) Iajk|2}
J.k
> (mg()\j, Ak) + mAg(/\jv/\k)> b |
J.k
— ],(Jg,f) (A)J‘gg,f) (B)
googon

199)(B)J9D (A) = ed|Tr(plA, B))2.

000000000 43)0000

5 00000 Dou-Du 00O
g(2), f(z),k, (0000000000

z+1
9() = ——,

—all—a (x —1)2 .
f(x)_ (1 >(£L'a71)($170‘7]_)’ (O< < 1)’
k=£§! (=2

ogooa
z—1)2
Af(z) = g(x) e f(ml)) = (" + 27 >0



2(z> = 1)(xt~> = 1)
{(** = 1)z —1) —da(l — a)(z — 1)}}
> 0.

00 a=1/2000

[191(4) = 19| (Ay)

1 1
= §T’I” + §T’r

0 5.1 (Dou-Du (4)) 000 A,B€ M,(C)0000
peM,,.,(C)000D000O0DOOO

[pAoAj] [pA5Ao] — Trlp'/? Agp'/? Ag).

|Up|(A) : |Up|(B)
2>

v

LTro[A, B > {|Tm TriplA, B

2

O~ =

STrlolA, Bl) - T4 B

%Tr[p[A, B] + %Tr[p[A*,B*H

|

[A, B] + [A*, B*]]|?

2

Tr

p

[l B B N

21T lol4, BY)P.

0 5.2 (Dou-Du (1),(2)) 000 A,Be M,(C)O0O
00 peM,1(C)000000OO0DOO
(1) Vo[(A) - [V,[(B) = [U,[(A) - [Up|(B)

> i\Tr[p[A,BmQ.l
(2) [V,[(A4) - [V,[(B) = 7[Tr(p{Ao, Bo}]|*.
(2)0000000 A, BeM,(C)0000 flz) =2
0Do0oo00, M,(C)ooood

(A, B) =Tr[Agmy(L,, R,)Bo).
000000 Schwarz’s inequality O O

(A, B)|* < (A, A)(B, B).

gooon
2 Lo+ Ry ?
[(A,B)|* = |Tr [A02B0}
1 1 ?
= iTr[AE‘;pBO] + gTT[ASBOP]
1 1 ?
= §TT[PBOA8] + §TT[PASBO]

1 *
LTrp{A5, Bop)
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oo
(A,A) = Tr {A;;LP;R”AO}
1 . 1 X
= iTT'[AOpAo] + iTT[AoAOP]
1 w1 . 1
= §Tr[pA0AO] + §Tr[pA0A0] = §|Va7“2|(14)
goooo

Tr[p{Ag, Bo}]|* < [Varg|(A) - [Vary|(B).
A0000D0 A*0000
| Tr[p{Ao, Bo}]|” < [Varp|(A®) - [Var)|(B).

[Varf|(A) = [Vard|(A*) 00000000000

6 Remark
Dou-Du 000 (3) 0000O0DOO0
\Varg|(A) . |Var2|(B) (6.1)
> ITrlolA, BIIP + {Trlp{ Ao, Bo)]P”
0 s10000000o0o
|Var2|(A) . |Va7'2 (B) (6.2)

> [UI(A) - 1U,1(B) > {ITr{plA, B

<
g

000 (6.1)000 > (62)000.0
000000000000000000000000

go

g

ugoo
ooo

200000000000 00

)

(6.1)000 < (62)000.

0 1

).

7

0 1
2 0

(]

O klw

).
).

1
4

0
-1 0

NI

o
= O
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