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Abstract—In quantum mechanics it is well known that ob-
servables are represented by hermitian matrices (or operators).
Uncertainty relations are represented as some kinds of trace
inequalities satisfied by two observables and one density matrix
(or operator). Now we try to release the hermitian restriction
on observables. This is only a mathematical interest. In this case
we give several non-hermitian extensions of the Schrodinger type
uncertainty relation for generalized skew information under some
conditions.

I. INTRODUCTION

Wigner-Yanase skew information

I,(H) = ;TrKi [;ﬂ”,H}ﬂ
= TrlpH?) = Trlp'/*Hp'/*H]

was defined in [15]. This quantity can be considered as a kind
of the degree for non-commutativity between a quantum state
p and an observable H. Here we denote the commutator by
[X,Y] = XY —Y X. This quantity was generalized by Dyson

IoalH) = STrlGl™ H) il H])]
= TrlpH? —Tr[p“Hp' °H],a € [0,1]

which is known as the Wigner-Yanase-Dyson skew informa-

tion. Recently it is shown that these skew informations are

connected to special choices of quantum Fisher information

in [7]. The family of all quantum Fisher informations is

parametrized by a certain class of operator monotone functions

Fop which were justified in [13]. The Wigner-Yanase skew

information and Wigner-Yanase-Dyson skew information are
given by the following operator monotone functions

2

fwy (z) = (ﬁ; 1) ;

(z —1)°
o — 1)<x17a _

respectively. In particular the operator monotonicity of the
function fyyp was proved in [14]. See also [5]. On the
other hand the uncertainty relation related to Wigner-Yanase

fwyp(x) =a(l — Oz)( 1), a € (0,1),

Du proposed the release the restriction on operators which
are observables. And they defined the corresponding Wigner-
Yanase-Dyson skew information and studied some properties
of them in [1], [2]. Also they obtained non-hermitian exten-
sions of Heisenberg or Schrodinger uncertainty relations which
is a generalization of Luo’s theorem. In this paper we give
several kinds of non-hermitian extensions of Schrodinger type
uncertainty relations which correspond to the results given in
[3], [4], [18] in the case of hermitian observables.

II. NON-HERMITIAN EXTENSION I

Let M, (C)(resp. M, s,(C)) be the set of all n x n complex
matrices (resp. all n x n self-adjoint matrices), endowed with
the Hilbert-Schmidt scalar product (A, B) = Tr(A*B). Let
M,, +(C) be the set of strictly positive elements of M,,(C)
and M, 4 1(C) be the set of stricly positive density matrices,
that is M,, 4+ 1(C) = {p € M, (C)|Trp =1,p > 0}. If it is
not otherwise specified, from now on we shall treat the case
of faithful states, that is p > 0.

Definition 2.1: For X € M, (C) and p € M,, 4+ 1(C), non-
hermitian Wigner-Yanase skew information is defined by

I,1(xX)
= STl X2, X))

1 1

We remark that |I,|(X) = |I,|(Xo), where Xq =
Tr[pX]I. We also define

|p|(X)
- %Tr[{plﬂ,XS}{pl/Q,Xo}]

X —

1 1
= STrlpXXo] 4 STrlpXoX3)+ Trlp X502 o),
where {X,Y} = XY + Y X is anti-commutator. If we define

U (X) = /11| (X) - [Tp](X),

then we have

0 < [L|(X) < [U,[(X) < [V,[(X) < [Jp[(X),

skew information was given by Luo [12] and the uncertainty here

relation related to Wigner-Yanase-Dyson skew information 1 i 1 .

was given by Yanagi [16], respectively. Recently Dou and Vol(X) = iTT[PXoXO] + iTT[PXOXo]
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is non-hermitian variance. And also we define for X,Y €
M, (C)

|Corr,|(X,Y)
= TrlpXsYo] — Trip'/* X5 p'*Yo],
and
|C’0rr2|(X, Y)

1 1 .
= §|Corrp|(X,Y)+§\Co7“rp|(X ,Y™).

Now we have the following theorem which is non-hermitian
extension of Theorem 1 given by Furuichi [3].
Theorem 2.1: For X,Y € M,(C) and p € M, 4+ 1(C)
Up|(X) - [U(Y) > [|Corrg (X, V)2,

Proof. Let p = >, Nil@i)(dil,aij = (d:] X|o;),bi; =
(¢:|Y]¢;). It is easy to show that

_1 /2
—QZ(AZ-

9

|1,](X) A2)2

|ajil?,

1
Tl () = 5 D %+ NP asl?,

(2%

|Corrd|(X,Y) = ANy,

*Z
+5 Z AN azib;.
Since

1 1/2 | \1/2\,1/2 1 2
1Corrl(X. Y)Y < 5 Do 4+ AN = X2 lagillbil,
i

we have

ICorrg|(X,Y)[?

1 172 \1/24(41/2 2
< AN = N il
1
< AN PHY G+ A bl
%) i,
= LX) - [ 7,](Y)

by using Schwarz’s inequality. Similarly
[Corrpl(X,Y)|* < [LI(Y) - | 7,1(X).

Then we have the result.
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III. NON-HERMITIAN EXTENSION II

Definition 3.1: For X € M,(C), a € [0,1] and p €
M,, +.1(C), non-hermitian Wigner-Yanase-Dyson skew infor-
mation is defined by

p,ol(X)

(G

1 1
= §Tr[pX*X] + QTT[pXX*}

1
7§T7’[an*p17aX] _

, X (ilp' =, X))

1
§Tr[p170‘X*p°‘X].

We remark that |I,,|(X) =
Tr[pX]I. We also define

[ Jp,al(X)
1
= STrl{r", XgHp' ™", Xo}]

1 * 1 *
= ETT[PXO Xo] + §T7’[pX0XO]

1 * 1—a 1 —ayv* o
+5Trlp"Xgp' = Xo] + 5 Tr[p"™* X5 p" Xo).

2
If we define
=i,
then we have
Lol (X) < |Upal(X) < [V,[(X
And also we define for X,Y € M, (C)

|Corrp.o|(X,Y)
= Tr[pXgYo] — Trp*X5p' Yo,

11, 0|(Xo), where Xo = X —

Up.al(X (X) - [0l (X)),

0<| ) < [Jpal(X).

and

|Corr0

pal(X,Y)

1 1
= 5|C0rrp7a|(X, Y)+ i\Corrp7a|(X*,Y*).

Now we have the following theorem which is non-hermitian
extension of Theorem 2.1 given by Furuichi-Yanagi [4].

Theorem 3.1: For X,Y € M,(C) and p € M,, 4+ 1(C), if
1/2 < a <1, then

Up,al(X) - Upal (V) Z da(1 = a)||Corry

2
pal (XY

Proof. 1t is easy to show that

1 « [e% —Q —Q
pal(X) = 3 308 = XA = A7 )lagif?,

i,J
1 - -
[Tl (X) = 5 D_OF + A1)+ Azl
.7
1
Cormpal(X,Y) = 5D (A= AN ajibsi

g

1 ayl—a T
+§ Z()\] - )‘j )\11 )ajibji.

.3
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Since
1 « @ —Q —
|Corr) (X, Y)] < 3 DO+ AT = AT lagillbjil,
1,J
we have

4a(1 — a)|\00rr27a|(X,Y)|2

< all—a){ D OF AN = A lagil b}
]
< D Vall—a) A7 = Afllajil b}
2%
1 -
< Z{Z(AaAl—aAgAT—a)lm|a’ji||bji|}2
(2]
1 CA—
< Z{Zﬁaﬁl_a|aﬂ\2}{zAIAT_NM\Q}
(2¥] 4,J
= |Lpal(X) - 1Jp.al(Y)
by using Schwarz’s inequality, where
+ _ ya a + _ Y1« 11—«
Ay = AT 2AY, AT, =TT
Similarly
da(1 = a)||Corry (X, Y)[* < [Lpal(Y) - [Jp.al(X).

Then we have the result.

IV. OPERATOR MONOTONE FUNCTIONS

A function f : (0,+00) — R is said operator monotone if,
for any n € N, and A, B € M,, +(C) such that 0 < A < B,
the inequalities 0 < f(A4) < f(B) hold. An operator
monotone function is said symmetric if f(z) = zf(z~!) and
normalized if f(1) = 1.

Definition 4.1: F,, is the class of functions f : (0, +o0) —
(0, +00) such that

D f(1) =1,

2) tf(t7h) = f (D),

3) f is operator monotone.

Example 4.1: Examples of elements of F,, are given by
the following list

2
ranle) = 20 fwla) = (Y5
forarle) = o forn(e) = o

Y
fwyp(@) = a(l — a) 21 e (0,1).

@ =Dt -1 "
Remark 4.1: Any f € F,, satisfies

2x r+1
x+1*f() 5 x> 0.

For f € F,p, define f(0) = lim,_,o f(z). We introduce the
sets of regular and non-regular functions

Fop ={f € Foplf(0) # 0}, Fo, = {f € Fopl £(0) = 0}
and notice that trivially F,, = ,ng U ]-‘glp_
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» We set
2£(0)
f(x)

Theorem 4.1 ([6], [7]): The correspondence f— fisa
bijection between F,, and F,,

Definition 4.2: For f € F,

f@) =3 |@+n-@-1

, x> 0.

V. NON-HERMITIAN EXTENSION III

In Kubo-Ando theory [11] of matrix means one associates
a mean to each operator monotone function f € F,, by the
formula

my(A,B) = A2 f(AV2PBAT?) AN,

where A, B € M, 4,(C). Using the notion of matrix means
one may define the class of monotone metrics (also said
quantum Fisher informtions) by the following formula

(X,Y)pp=Tr(X"- mf(Lp7Rp)71(Y))a

where X,Y € M,(C),L,(X) = pX,R,(X) = Xp. In the
hermitian case one has to think of A, B € M, 5,(C) as tangent
vectors to the manifold M, + 1(C) at the point p (see [13],
[7D.

Definition 5.1: For X € M, (C) and p € M, 1 1(C), we
define the following quantities:

1 1
(X)) = STrlpX"X]+ S Tr[pX X"
fTr[X*mf(Lp,Rp)X],
We remark that \Iif|(X) =
Tr[pX]I. We also define

1

|Ig|(X0), where Xg = X —

« 1 .
X)) = STrlpXgXo] + 5 TrlpXoXG]
+Tr[Xgmf(Lp7Rp)X0]
If we define
US1(X) = 1 1(X) - 174 (X),

then we have
0 < |IJ|(X) < [USI(X) < [V,|(X) < [J]](X).
And also we define for X,Y € M, (C)
|Corr, ¢|(X,Y)
= TrpXg Yl - TrlXgm(Ly, Ry)Yo),
and
|Cor7"2’f|(X,Y)
1 1 . s
= §\Corrp7f|(X,Y)+§\Corrp7f|(X Y™,

Now we have the following theorem which is non-hermitian
extension of Theorem 3 given by Yanagi-Furuichi-Kuriyama
[18].

Theorem 5.1: For X,Y € M, (C) and p € M,, + 1(C), if

T ) 2 25 @),
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then we have

Ut 1(X) - [Up £ |[(Y) = 4f(0)[|Corry ¢|(X,Y)[%.

Proof. 1t is easy to show that

Ai + _
1I1(X) = Z{TJ —mi(Ai, Aj) Yajiasi,
%,J
A +/\
|Jf| Z{ +myz (>\27>\ )}a]lajlv
i,
Corrd|(X,Y) = 72 — 5O Ayt
+- Z j )\1,)\ ))aﬂa
Since
||Cor1"f|(X Y)|
< fZ i = m (N M)+ 1Ay = m (N, X))l bl
= §Z|Ai_)\j‘|a]‘i||b]‘i|,
%,J
we have
£(0)] |Corr (X,Y)?
1 2
< 7 m (i, Aj) Hagil

+m (i, Aj) }bjal®

Ai + Aj
(75
i,j
o Z Ai +)\
i,
1
= L0 1LY,
by using Schwarz’s inequality. Similarly
Af(0)||CorrJ (X, Y)? < |I]I(Y) - |T] (X

Then we have the result.

Remark 5.1: In Theorem 5.1 we let f(z) = fwyp(z).
Then we have the result in Theorem 3.1. In particular for
o= % we have the result in Theorem 2.1.

VI. NON-HERMITIAN EXTENSION IV

Definition 6.1: For X € M,(C) and p € M, 1 1(C), we
define the following quantities:

IO itp, x1,1l0. X1).

= %TT[pX*X} + %Tr[pXX*]
—Tr[X*ms(L,, R,)X].

17Ix) =
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We remark that |I7](X) [I|(Xo), where X = X —
Tr[pX]I. And also we define for X,Y € M, (C)

1), ,
T<Z[P, X1, ilp, Y]>P’f'

Now we have the following theorem which is non-hermitian
extension of Theorem 2 given by Yanagi-Furuichi-Kuriyama
[18].

Theorem 6.1: For X,Y € M, (C) and p € M,, 1 1(C),

[II1(X) - |I]](Y) > [|Corrp, ¢ | (X, Y)[*.

|Corr, ¢|(X,Y) =

Proof. |Corr, ¢|(X,Y) is an inner product on M,(C).
Then by Schwarz’s inequality, we have
||Corr, (|(X,Y)|? < |Corr, ¢|(X,X)-|Corr, f|(Y,Y)

= |71(X) - |J]I(Y).
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