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Non-Hermitian Extension, of Uncertainty Relation
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x Introduction

Wigner-Yanase skew informatieR

Ip(H) =
 STr[(i [pi12,ff])2]

= Tr[pH'2] -- Tr[pi/2Hpi12H]

was eefuied in lll]. This quantity cati be considered as a kind ef the degree for nori-

cornmutativity between a quantum seate p and an eb$ervab}e H. Here we dengte the
eemmutator by [X, Y] ou XY - YX. ']?his quantity was generalized by Dyson

             l.,.(ff) =: gTTI(iipa,H])(iipi--cr,H])l

                     = Tr [pU2] - Tr [pex Hpi""H] , cr G [C, 1]

which is known as the Wigner-Yana$e-Dyson skew infermatien. Reeently it is shewk
that these skew information$ a]re connected to special choices of quantum Fisher
information in [3i. The family of all quantum Fisher informatioms is paramenized
by a eertain cla$$ of operator moBetone functions JZr,rp whic}i were justified in i9],

The Wigner-Yamase skew information and Wigner-YanaseDyson skew information
are given by the feRowing operator mokotoRe functions

          ,                       fwy(x) me (VEi2+ 1)2,

            fwyD(x) =`y(i - nv) (.. .in(f)il.ll2. ". I): cM G (e,1),

re$pectively. In particular the opeTator monotonicity of the function fwyD was
proved in [101, On the other hand the uneertainky relatien related te Wigrker-Yanase
skew information wErs giveB by Luo I8] ax}d the uncertainty relation related to Wigner-

Yanase-Dy$on slÅqew information was given by YarLagi [12], respeeeively. Aise these
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unÅëertainty re}atioms were generalized to the uncertainty reiatioms related te qllan-
tum Fisher informations by using (generalized) metric adjusted skew informatioR er
correlation measure in I13, 14, 15]. In this paper we don't assume that observables are

herrnitian, Then we give the corresponding uncertainty relations by using generalized

quasi•-metric adjusted skew informations and generalized quasi-adjusted eorrelatien
measures. !n partieular we shew how is the corresponding variance represented.

2 Operator Monotone ]Erttnctions

Let M.(C)(resp. Mn,,.(Åë)) be the set of all n Å~ n complex matrices (resp. all n Å~ n

self-adjoint matrices), endowed with the Hilbert-Schmidt scalar produet ÅqA, BÅr =
Tr(A"B), Let M.,+(C) be the set of strictly positive elements of M. (ÅëÅr and M.,+,i(Åë)

be the set of stricly positive density matrices, that is Mn,+,i(C) = {p E Mn(Åë)iTrp =:

1,p År O}. If it is not othellvise specified, frorn now on we shall treat the case of faith-

ful states, that is p År O,

   A funckion f : (O,+oo) --År R is said operator monotone if, for any n G N, a[nd

A,B E M. such that O S A S B, the inequalities O $ f(A) S f(B) hold. An
operator monotone function i$ said symmetric if f(x) = : xf(x-i) and normalized if
f(1) == 1.

Definition 2.1 .7rop is the class offunctions f:(e,+oe) --År (O,+oe) such that

 (i? f(i) =- 1,

 (2? tf(t-i) :f(t),

 (S? f is operator monotone.

Example 2.1 Examples of eiements of1op are given by the follewing li$t

        fRLv(x) ma .2+Xi, fvvy(x) == (Vhi2+ i)2, fBKM(x) = f.ilS,

     fsm(x) = X il i, fvvyD(x) xx dv(i - a) (.. --(l)?.ll2. - i), ev G (o, i)

Remark 2.1 Any f ff Xop satisfi'es

                      2x                                  xÅÄ2                     .+1S f(X) S 2 , XÅr O.

   For f G Xop define f(O) = 1irn..of(x). We introduce tlie set$ of regularr and
non-Tegular functions

             Jr:.r - {f 6 x.lf(o) f o}, 7.!} {f G F.If(o) : o}

and notiee that trivially Fop =xx .JucTop U JZ !.!.,



Definitien 2.2 Let g, f E .7 .rp satislv

                               Åqx - 1)2
                                                           (2.1)                         g(x) 2 k'
                                 f(x)

forsemekÅre. We defc'ne

                                (x - 1)2                   A.f(x) =: gÅqx) - ls                                       E JFop
                                  f(x)

3 Generalized Quasi-Metric Adusted Skew Infor-
    mation and Correlation Measure
IR Kube-ARde theery cf matrix means one associates a mean to each operator moncp
tone fuRctieR f E -op by the forifiula

                 mf(A, B) = Ai12f(Ami12BArmi!2)Ai/2,

where A,B E M.,+(Åë). g$ing ghe notion of matrix me&us one may define the class
ef meReteRe metrics (al$e $aid qgantum Fishei informtions) by the following formu!a

                 ÅqA, BÅrp,f = Tr(A" mf(L., R.)di(B)),

where A, B E M.(ÅëÅr, L.(A) = pA, R,(A) = Ap.
  Now we defuie gekeyalized qua$S-metric adjusted $kew SnforTnation arhd correlation
measure fer nek-hermitiait matrices Mn(Åë).

Definition 3.1 Rer A,B E M.ÅqÅë) and p E M.,+,i(Åë), we deLfine the following
guEntities;

     ICerrSg'f)I(A, B) = kÅqilp,A],ilp,B]År,,f, ily'f)l(A) = lCorrS"'f)1(A,A),

          IC,k(A,B) - Tr[A'mf(L,, R.)B], lellÅqA) - lC,'l(A, A),

         IuEgJ)I(A)- (Ie7,K.A)+lc,"g'l(A))(lc,gl(A)-lc,"g'l(A)),

The guantity IISg'f)l(A) and ICorrSg'fÅrl(A,B) are said generalized guasi-metric ad-

1'usted sK"ew informatien aRd geReralized gua$i-met?fiic adjusted correlation measure,

respeetively.

  Thell we have the fo}}owing proposition.

Propositien 3.1 For A,B E M.(Åë) and p E M.,ÅÄ,i(Åë), we have the following
relatiens, where we pat Ac =: A- TrlpA]I and Be = B- TrlpB].
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 (1) IJEg")1(A) -1dv")l(Ao) =lc,gl(Ao)-lc,"g'1(A,),

 (2) IJSg'f)1(A) == lc,gl(A,) + lc,"g' l(A,),

 (3)IUSg•f)l(A)=- IISg"f)l(A)•IJS9•f)1(A).

 (4) lCorrSg'f)l(A,B) - 1CorrSg'f)1(Ao,Bo).

Theorem 3.1 For f E .7 :.r , it holds

             1 IS9 'f) l (A) • l IS9'f) I (B) 2 l I CoT rSg'f) 1 (A, B) l2,

where A,BE M.(C) andpE Mn,+,i(C)•

Proof of Theorem 3.1. We define for X, Y E M.(C)

               ICorrÅíg'f)l(X, Y) - kÅqi[p, X],i[p, Y]År,,f.

Since

     ICorrSg'f)t(X,Y) = kTr((i[p,X])'mf(L,,R,)-'i[p,Y])

                 = kTr((i(Lp - Rp)X)'Mf (Lp, Rp)-'i(Lp - Rp)Y)

                 = Tr(X*m,(L,,R,)Y)-Tr(X'm.g(L,,R,)Y),

it is easy to show that ICorrSg'f)l(X, Y) is an inner product in M.(C). Then we can

get the result by using Schwarz inequality. D
Theorem 3.2 For f E .7 T., if

                    g(x)+A,' (x) )ef (x) (3.1)
for some e År O, then it hoZds

              IUSg•f)I(A)•IUSg•f)l(B) År- kelTr(p[A,B])12, (3.2)

where A, B E M. (C) and p E Mn,+,i (C) •

  In order to prove Theorem 3.2, we need the following lemmas

Lemma 3.1 If (2.1? and (3.1? are sutisjfZ'ed, then we have the follozving inequality:

               mg(x, y)2 - mA,f (x, y)2 ) ke(x - y)2.



Proof of Lemma 3.1: By (2.1) and (3.1), we have

                               (x - y)2               m.,f (x, y) = m,(x,y) - k.f(., y) •

               mg(x,y) + mA; (x, y) 2 emf(x, y),

Therefore by (3.3), (3.4)

             mg (x, y)2 - mAl (x, y)2

          == {Mg (X, Y) - MAi (X, Y) } {Mg (X, Y) + MAI (X, Y) }

              (x - y)2
          2 k.f (., y) emf (x, y)

          = ke(x - y)2.

(3.3)

(3.4)

o
Lemma 3.2 Let {1ipiÅr,Idi2År,•••,lip.År} be a basis of eigenvectors ofp, corresponding
to the eigenvalues {Ai,A2,•••,A.}. We put ajk = ÅqipjIAolipkÅr,b,•le == Åqdi,•IBolipicÅr, where

Ao =- A- Tr[pA]I and Bo =- B- Tr[pB]I for A,B E M.(C) and p E M.,+,i(C)•
Then we have

        l ISg 'f) l (A) = 2 mg (A3• , Ak)l aj•k 12 - 2 mA,f (Aj , Ak)l a2•h I2

                  j"ic ik               = 22 {(mg(Aj , Ak) - mA,f (Aj , Ak)} 1aJh12,

                  J'Åqk

        1 JS9'f) l(A) == 2 m, (A,• , Ah)l ao•hl2 + 2 mA,f (Ao• , Ak)IaJk12

                  ik j,k               l}l 2 2 {mg(Aj , Ak) + mA,f (Ao i Ak)} la2k12,

                  j'Åqk

and

lUSg•f)l(A) 2= 2
j'le

m,(A,, Ak)laik12) 2 - (ll.l?,k

MA,f (AJ'i Ak)1ao'k1

ICorrSg'f) 1 (A, B)

Åí Mg (A2' , Ak)oj'i;k bjk - 2 MA,f (AJ' , Ak)iZJ'i;k bjh

2 (Mg(Aj i Ah) - MA,f (Aj , Ak)) IIJT, bok + 2 (Mg(Ak, Aj) ' MA,' (A

,)2

h, A,)) diEibk, •
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  We are now in a position to prove Theorem 3.2.

Proof of Theorem 3.2: At first we prove (3.3). Since

               Tr(p[A,B]) = 2(AJ ' Ak)aJkbbj,

                        ik
              ITr(p[A, B])1 S 2IAj- - Akllajkllblejl•

                        ik
Then by Lemma 3.1, we have

   neITr(p[A, B])l2
 S{ (ll.l],, "/ElilAj-Ak1{ajk"b,al)2

 S{ ( ]III. il), le (mg (AJ , Ak)2 - mAg (A, , Ak )2) i12 la,k"bk, t )2

 E{l ( ]l. i?,, (Mg (Aj i Ah) - MA.f (AJ U, Ah)) l "jkl2 ) ( lll,?, (Mg(AJ i Ak) + mA,f (A

 - IISg•f)1(A)IJSg•f)1(B).

By the similar way, we aJso have

             1ISg•f)1(B)1JSg•f)1(A) ) kelTr(p[A, B])12.

Hence we have the desired inequality (3.2).

4 Examples
Example 4.1 When

                          (x - 1)2                                       f(o)        x+1         2 ' f(X) = or(1 - cr) (xa - 1)(.i-a - 1)' k= 2 , e= 2,   g(x) -

and A,B E M.(C), we give the following:

           A,f(x) == g(x) -k(Xf?.l)2 = S(xa + x'-a) ) o.

      g(x) + A,' (x) - ef(x)

            1   = 2(xa - 1)(xid. - 1){(x2a - 1)(x2(i'cr) - 1) - 4or(1 - ev)(x . 1)2} ) o.

,, Ak)) 1b,, 12)

o



Then

       lrg•g)l(A) == 1ty•g)i(A,)

    = iTr[pAoA6] + 5Tr[pA6Ao] - iTr[pcrAop'-aA6] - 5Tr[pcrA6p'-"Ao].

In particular for a = 1/2,

   IISf'g)I(A) == IISf'g)l(Ao) - 3Tr[pAoA6] + STr[pA6Ao] - Tr[pi12Aop'12A6].

Then the coTresponding variance is given by

                  IVpl(A) = iTr[p(IAo12 + IA612)].

Example 4.2 IWLen

         g(x) = (VEE2+ 1)2, f(x) == cM(1 - cM) (.. d(f)?.22a - 1)'

and A,B E M.(C), we assume k = f(O)/8 and e = 3/2, then we have the following.

      A,f (.) = g(.) m k(Xf?.i)2 = (1 +2V7)2 . g(.a - 1)(.i-a - 1)

           = g{(1 + .lil)2 + (xa!2 +.(i-a)12)2} ) o.

                  g(x) + A,f(x) - ef(x)

               - 2g(x) - g(xa - 1)(xi-or - 1) - gf(x)

                  11               ) Eg(x) - g(xa - 1)(x'-a - 1)

                  1               .. g(.a!2 + .(i-a)!2)2 ) o.

Example 4.3 W7ben

         g(x) = (Xor 2+ 1) ilor (2 s7 s 1), f(.) = (vii2+ 1)2,

                          f(o)
                      k= 4, e= 2,
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and A,B G M.(Åë), we give the follozving.` Let

               F(x,r) = (1 mF2 x')V' .

Since F(x,r) is eoncave in r E [112,1] (see tZ51),

               31 11             F(t, 4) ) iF(t, i) + iF(t, i).

Then
          2FÅqx, r) 2 2F(x, g) ) FÅqx, 1) ÅÄF(x, i),

That ts
         2 (1 +2 xr)i/' - (Viii2-- 1)2 År 2 (vtzii2+ 1)2.

Then since
           Ae(.År .. (i +2x')'k -.. (Vlil2- i)2,

we have
               g(x) + A,f(x) 2 2f(x).

Example 4.4 When
            g(.) = (1 +2x')il', (g s.s 1)

         f(.) ,., (1 ÅÄ2VZil)2, k = f(se) = ii;t , e- 2•

tve give the foglowing. Sinee F(x,r) ts concave in r G III2,314] (see lf57],

                  1 11            F(x, g) ) si7Åqx, sÅr + iF(x, 2)•

Then
          2i7(.,.) k 2i7(., g) ) F(., g) + F(., 2)

        ) F(., S) ÅÄ $ (xg z + (vff2+ 1)2)

        = ;(V7E,+i)2.gxgi

        = g (Vli2i- 1)2+g((vGi2-- 1)2ÅÄ (fi2+ 1)21

        = 2 (vEE2ÅÄ 1)2 + g ( vliy2- i)2



Thus we have
g(x) + A,i(x) ) 2f(x).
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