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Concavity of an auxiliary mean function and uncertainty relation of

generalized skew information
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Kenjiro Yanagi

Abstract— We give a Heisenberg type or a Schrédinger-
type uncertainty relation for generalized metric adjusted
skew information or generalized metric adjusted correlation
measure. These results generalize our previous result in
[1]. In particular we prove concavity of an auxiliary mean
function and show an example of our result.
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1 Introduction
Wigner-Yanase 0 0 00 (skew information) O [12]
gogoobobboooooobon

376 )) ]

TrlpH?| — Tr[p*/?Hp'/? H].

(H)

00000000 p000D0 HOOOODODOOOOO
0000000000 0000D00000 commutator
0 [X,Y]=XY-YXOOOO 000000 Dyson
OU0D0000D0D0ODOOOO0O0O0 Wigner-Yanase-Dyson
skew information 00000000

Lo o e
Lpa(H) = Trl(ilp ,H))(ilp' ", H))]
= Tr[pH? = Tr[p*Hp'~“H],a € [0,1]
I,o(H)O p00D0D0D0D0D00000 EHLieb [9] OO

O0000000000000000ODOWigner-Yanase
skew information O uncertainty relation O 0 00O [10].
O00D0DDOO0O0O 000 Wigner-Yanase-Dyson skew
information 00 uncertainty relation 0000000 O
7,13 0000000000 OO0O [13,14)0000
00000000000 0000,0000 uncertainty
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relation 00000000 1500000000000
two parameter 0 0 O uncertainty relation 00 00 O
00000000000 metric adjusted skew informa-
tion 0 O O metric adjusted correlation measure 00 O O
000 Fishee 00000000 ODOOOOOOOOO
goooooooobobbbooooooooooooon
goopooooooo.

2 JOOoogadd

M,,(C) O n x n complex matrices 00, M, 4,(C) O
n x n self-adjoint matrices 00, M, +(C) O M,(C)
000 strictly positive elements 000, M, 4+ 1(C) O
strictly positive density matrices 00, 000 0O
M, 4+1(C) = {p € M,(C)|Tr[p) =1,p > 0}. OODO
00000 faithful states 00000000 OOOO
Op>0000000F¢:(,+00)—=ROO000O0
neNDO0<A<BOODOOOOO A,B € M,+(C)
0000 0< f(A) < f(B) 00000000000
00 (operator monotone) O O O O operator monotone
function 0 f(x) = xf(x~1) 0000 O O O symmetric
0000000 f(1)=1000000 0 normarized O
oo

00 2.1 7, 00000000000 f: (0,400) —
(0,+00) 000000

1. f(1) =1,

2. tf(t71) = f(1),

3. f O operator monotone.

021 7/,00000000000000

frip(x) = 1;2—13—61’ Jwy(z) = (\/E;l> ;
ferMm(z) = %7 fsip(r) = z ; 17
B (x —1)2
fWYD(I) = Oz(l — Oé) (:Eo‘ — 1)($1_a — 1), a € (O, 1).

Remark 2.1 fe 5, 00000000000

2x
T+

z+1
2

;= fla) = , x>0.



feFp0ODDO f(0)=limy o f(z) 00D D00 reg- 00 3.1 ([2], [5]) A B € My sa(C), p € My41(C) O
ular 0000000 non-reguler 0000000000  00000000000000 Ag=A-Tr[pA]l and
00000000 By=B-Tr[pBI000O
1. If(A) = I] (Ao)
= TrlpAg] = Tr[Ao - m(Ly, Ry) A
000000000000000 Fyp, = F), UFL,. = Vo(4) = Cf(Ao),
2. JI(A) = Tr[pA% + Tr[A - m (L, Rp)Ao]

Fop = {f € Foplf(0) # 0}, Fg, = {f € Fop| f(0) = 0}

00 22 feF;, 0000 f000D000DOO00O - Ip !
=V,(4) + CJ(Ao),
for= 2o 2f9) as 3 0 < I{(A) < UfA) < Vy(4),

4. UL(A) =\ I} (4) - T (4),

5. Corrg(A,B) = Corrg(Ao,Bo)
0o 2.1 (2], ([3],[8) f—fO0 F, 0 FLO0000 = Tr[pAoBo] — Tr[Ag - m(L,, R,)Bo]
000000000 = Tr[pAoBo] — CJ (Ao, Bo),

6. C’orrz(f)(A,B) = CorTf,(f)(Ao,Bo)
3 Metric Adjusted Skew Information and = LTr[pAgBy] + 1 Tr[pBoAg] — C,f(Ao, By).

Correlation Measure

o0 3.1 fer,00000D00OO0OOOOODOOO
000000000000 000000 (mean) 00O

000000 (operator monotone function) 0 0O OO IZ(A) ~I,f(B) > \COTTZ(f)(A7B)|2,
000000000000 00OO0O0DOO0OAB €
M, (C)0000 000 A,B€ M,s(C), pe M, +1(C).

mf<A, B) — Al/Qf(A_l/QBA_l/Q)A1/2. oo 3.2 ([]‘6}’ [1]) f € ‘Fop goood

r+1 =
0000000000000 O monotone metrics(quantum B + f(z) = 2f(2), (3.1)
Fisher informations 0 0 00)0000000000O0O
Ooooon goooooooooooooooooooooo
f .Ut 2
(ABY, s = To(A- my(Ly, B)-"(B), US(A) - ULB) = JOITr A B)E, (32)
000 Ly(A) = pA,Ry(A) = Ap.000000A, B0 UJ(A)-UJ(B) = 4f(0)|Corr} (A, B)]?,  (3.3)

0p0000000 M,4:(C)0D0 tangent vectors O

000 A,Be M, (C), pe M, +1(C).
0o0oooo (1, [3)000).

00 3.1 A, BEM, ., 0 peM,,,(C)000000

(z—1)
ooooooo fwyp(z) =a(l—a) (zo — )zl —1) a€(0,1),
(A, B) = Tr[pAB] — Tr[A - m:(L B
Corry (A, B) = TrlpAB] = Tr[A-m(Lp, Ry)Bl, 0000000000000000
Corr;(f)(A,B) — f(20) (i[p, Al,i[p, B]) s, 0 3.1 A BeM,,C),peM,+1(C)OOODO,
YD YD 2
I1(A) = Corrf(4, A), Uwye(A)-UWYP(B) > a(l - a)|Tr(p[A, B),

f — .
Cp (A,B) = T?“[A mf<Lp7RP)B]7 UZWYD (A),UZWYD (B) > 404(1705)|CO?“T£WYD (A, B)|2,

f —cf
Cp(A)*Cp(AVA)a oon

UL(A) = \JV,(4)2 = (V,(4) - If ()2,

I[J:(A) O metric adjusted skew informationd C’orr}:(A, B)
O metric adjusted correlation measure 1 000000
0oooao (/s).

Corr,fWYD (A,B) =Tr[pAoBo]

1 —« 1 (e} —a
*iTT[PO‘Aopl By - iTT[P Bop' ™" Ag].
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4 Generalized Metric Adjusted Skew In-

formation and Correlation Measure

000000 3.2000 Heisenberg OO Schrodinger

00000000000000000
00 4.1 ([4]) g.f€F;, 000 k>00000

(z 1)
x) >k
o0 = )
Ogo00oOoOoooooooooo
_ 1)2
A (2) = g(x —k(x eF, 4.1
J(x) = g(x) e p (4.1)
gopoogg
00 4.2 A, BE My 40, pE M, (C)0000000
ogoQono
COTT;(g’f)(Aa B) = k<l[p, A]ai[p’ B]>P7fa
I9)(A) = Corrs@ ) (A, A),
CZ(A, B) =Tr[A-my(L,, R,)B],
CJ(A)=CI(A,A),
f f
U (A) = v (CA) + C2F(A))(CHA) - O (a)),

Igg’f) (A), C’orrf;(g’f) (A,B) 00000 generalized met-
ric adjusted skew information, generalized metric ad-
justed correlation measure 00 0000

00 4.1 A,Be M, (C), pe M, +1(C) 00000
000000000000 Ay = A — Tr[pAll, By =

B —Tr[pB]I.
I = 1507 (40) = O = € (),
2. J5D(4) = Cg(Ay) + G (o),
3. U (9:f) (4) = \/ (9, ,f) J,Eg’f)(A),
4. Corr (g’f)(A B) = Corrs(g’f)(AO,Bo).
o0 4.1 f e F, DDDDDDDDDDDDDDDD
oo

f f s(g,f 2
19D (A) - 199(B) > |Corrs @) (A, B)?,

000 A,Be M, 1(C).
00 41000. X,Y € M,(C)0000

Corrs @9 (X,Y) = kli[p, X],i[p, Y])p.s

oooo
Corrf) DX, Y)
= kTr((ilp, X])*ms(Lp, R,) " Hilp, Y])
= KTr((i(Ly, — Rp) X) my(Ly, Rp)_li(Lp - R,)Y)

Tr(X*mg(L,,R,)Y) — Tr(X*mAg (L,,R))Y),
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000 Corry(X,Y)0 M,(C)0OD0ODOODO0
00000 Schwarz inequality 00 000000000
0ooooo O

o0 42 fer, 0000, 004>000000

g(x) + AJ(x) > (f(x) (4.2)

gbooooboooooboobooooboobo

UoD(A) - USD(B) > kO|Tr(p[A, B)?,  (4.3)

000 A,B € M, 4(C), p € M, 41(C).
o0 4200000000000000000¢0

00 4.1 (4.1)0 (42)00000000000000
0oooooo

mg(,y)* —muy(2,y)* > kl(z —y)*.
00 41000: (4.1), (4.2)00
R Clt
mA_{; (‘T7y) - 9( 7y) kmf(x,y)' (44)
mg(@,y) +mas(,y) 2 tmyp(z,y),  (45)

00000 (44), (45)00

mg($7 y)2 - mAg (IZ’, y)2

{ma(@.p) = myy @)} {my(,9) +myy @)}

O =92,
> oy MY
= kl(z—y)*

Od

0041000 my, 0000, I974), 797 (4),

Ul (A), Corrs9(A,B)00D00OOOOOODO
0o

00 4.2 {|o1),|d2), -, |¢n)} 0 pO0OOOOOODO

00000000, 00000000 {ALde, -, A}
0000ajk = (¢j]A0ldr),bjr = (dj|Boldr), 000
A,B € M, (C), pe M,+:1(C) 0000 Ay = A-
TrpA]l, By = B—Tr[pB)l 00000000000
ogoood

],ggyf)(A)
= ng()\j, )\k)ajkakj — ZmA§ ()\j, )\k)ajkakj
. I
= 237 {mg(0 M) = mag (g ) lagel?,
j<k



f
J@ (A4) 0 4.1

ozt
= > mg(\jy Ak)agrars + D mas (g, Ak)ajrar 9(@) = =5
g,k Jik ( )2
z—1
> 22]:6 {mg(Aj7Ak) +mA£ (Ajv)\k)} |a’jk|2a f(l’) = a(l B Oé) (xoc _ 1)(m1—o¢ _ 1)’ € (07 1)’
i<
po 70 _ 04(1*04)7 /9
) 2 2
goood
UODA? = [ D me(A, Ae)lagel ;
I g9(@) + Ag(z) = 2f(x).
2
=D mas (g M) gl
T 0 41000: [14), [16)000000000 = > 0,
0<ao<10000
Corrs97) (A, B) (4.6) (22 — 122179 ~ 1) > 4a(1 — a)(z — 1)
= m ()\,)\k)akbk — m f()\-,)\k)a-kbk-
;}; g\j J J %}; Ag J J J 00000
=) (mg()\j, Ak) = mpag (A, )\k)) ;i 9(x) + &g () > 2f ().
i<k O
+ Mg(Ag, Nj) — Mas( Ak, Aj) ) aribik.
j;c( g( k J) Ag( k ])) kjYjk 0 4.2
(VEr1Y
00 4.2000: 00000 (43)0000 9(w) = 2 )
Tr(plA, B]) = Z()‘j — Ak )a;be;, flz) =a(l—a) (z — 1)° , a€(0,1),
gk (ze =)@l -1)

f0) _ ol —a) 3
ITr(p[A, B <Y 1A — Akllaje][bj]- k=g = =g (=5

ok 00000<a<10000

oobooboo4100

k|Tr(plA, B])?

2 gooooo
< {Zmp\j—)\k”ajk”bkj} 042000
7.k
2 1/1+ \/5)2 1
1/2 = < — (= 1)zt = 1)
< {Z (mg()‘ja)\k)Q - mAg()‘j7)‘k)2) ajk||bkj} 2\ 2 8
i 1
ik = g(x+2\/§+1—x—1+xa—|—xl_a)
1
< {zk: (mg()\ja)\k) - mAg()\ju,)\k)) |ajk|2} - §(2\/5+xa 4ol
Js
1
_ g(xoz/Z + x(lfoz)/2)2 > 0.
> (mg()\j»)\k) + mA{;()‘jv)‘k)) b |
J.k gogboooboobooooo
— I(g»f)(A)J(gvf)(B). 2 2
p L 1 1 1
2 < +2ﬁ) > g(xo‘ —1)(zte —1)—1—; ( +2\/E> :
gooon
RN
199 (B) 19 (A) = ed|Tr(plA. B)P. )
) (z —1)? < (1t N
000000000 (43) 0000 o =)oy S\ 2 ’

379



ogno

[\]

f(0)

T4 16
0000 g(z)+ Al(z) > 2f(z).
04300000000000000000000

00 43 x> 00000 yOO0ODO0OODOOOOOODOO
Fly) = f(zy) = (

)1/?!
0000 Flyy OOboOoooooo

(i) Fly) 0 ye ROOOOODOODOOO
(i) Fly) D y<00000O (convex) DOODOODO
(iti) F(y) O y > 1/200000 (concave) 0000

ggd.

o0 43000000000000O00O00000DOO
00 proceedings 0 00D O000OO0O0OODOODOODOO
oobooboboooboobooooboobooog
0 4.3000:00 4300

2
(A

1+ 23N\ 142
(1) S
2 2

000000 ye[3/41]0000
1+ Y

()"

00000 ye€[3/4,1]0000
1/y
:(457)

ogdn
()"
2
gooon
f
+AS

—~

k {=2

)

1+ 2Y
2
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2

14234\
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y
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1+ +x
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Appendix F(y) 0000000000000000

O 1: Graph of f(0.1,y)
025}

015}

0.05]

0.1 0.2 0.3 0.4 0.5

O 2: Graph of f(0.00001,y)

0000 y<00O0O convex, y > 000 concave 0O
00000000000 F(yO O0<y<1/20000
Oobo0oooboogdz=0.00001 0000000000
0<y<1/200 convex 0000000
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