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Introduction

We start from the Heisenberg uncertainty relation [1]:
1 2
VoA)Vp(B) = | Tr [p[A, Bl] |

for a quantum state (density operator) p and two observables (self-adjoint operators) A
and B. The further stronger result was given by Schrédinger in [2,3]:

1
Vp(A)V,(B) — |Re {Cov,(4,B)} |* > 2T [l A, B]] 2,

where the covariance is defined by Cov, (A4, B) = Tr [p (A — Tr [pA]I) (B — Tr [pB]I)] .

The Wigner-Yanase skew information represents a measure for non-commutativity
between a quantum state p and an observable H. Luo introduced the quantity U, (H)
representing a quantum uncertainty excluding the classical mixture [4]:

2
Uy,(H) = \/Vp(H)2 — (Vo(H) — I,(H))",
with the Wigner-Yanase skew information [5]:
1 .
Ip(H) = S Tr [({lp""?, Ho))*] = Tr [pHG) =Tr [p'*Hop'*Hol,  Ho = H — Tr [pH] 1,

and then he successfully showed a new Heisenberg-type uncertainty relation on U, (H)
in [4]:

1
Uy (AU, (B) = L |Tr [o[A, B]|>. (1)
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As stated in [4], the physical meaning of the quantity U/,,(H) can be interpreted as follows.
For a mixed state p, the variance V,(H) has both classical mixture and quantum uncer-
tainty. Also, the Wigner-Yanase skew information I, (H) represents a kind of quantum
uncertainty [6,7]. Thus, the difference V,,(H) — I,(H) has a classical mixture so that we
can regard that the quantity U, (H) has a quantum uncertainty excluding a classical mix-
ture. Therefore, it is meaningful and suitable to study an uncertainty relation for a mixed
state by the use of the quantity U, (H).
Recently, a one-parameter extension of the inequality (1) was given in [8]:

Uy (AU (B) = (1 — )| Tr [p[A, B,
where
Uy (H) =V ()2 — (V,(H) — Lpa(HD)’,

with the Wigner-Yanase-Dyson skew information I, , (H) defined by

1
Lpa(H) = S Tr [(ilp", Ho) ilp" ™, HoD)] = Tr [pHg] =Tr [p" Hop'~*Hol .

It is notable that the convexity of I, o (H) with respect to p was successfully proven by
Lieb in [9]. The further generalization of the Heisenberg-type uncertainty relation on
U, (H) has been given in [10] using the generalized Wigner-Yanase-Dyson skew informa-
tion introduced in [11]. Recently, it is shown that these skew informations are connected
to special choices of quantum Fisher information in [12]. The family of all quantum Fisher
informations is parametrized by a certain class of operator monotone functions JF,, which
were justified in [13]. The Wigner-Yanase skew information and Wigner-Yanase-Dyson
skew information are given by the following operator monotone functions:
Va4 1\’
2 ) ’

Sy (x) = (

(x—1)*
(x* — (x> —1)
respectively. In particular, the operator monotonicity of the function fiyyp was proved in
[14] (see also [15]). On the other hand, the uncertainty relation related to the Wigner-
Yanase skew information was given by Luo [4], and the uncertainty relation related to the

Sfwyp(®) = a(l —a) , o€ (0,1),

Wigner-Yanase-Dyson skew information was given by Yanagi [8]. In this paper, we gen-
eralize these uncertainty relations to the uncertainty relations related to quantum Fisher
informations by using (generalized) metric adjusted skew information or correlation

measure.

Operator monotone functions
Let M, (C) (respectively M, ;,(C)) be the set of all #n x n complex matrices (respectively all
n X n self-adjoint matrices), endowed with the Hilbert-Schmidt scalar product (A, B) =
Tr(A*B). Let M, 4 (C) be the set of strictly positive elements of M, (C) and M, +,1(C) be
the set of stricly positive density matrices, that is M, 1(C) = {p € M,(C)|Trp = 1,
p > 0}. If it is not otherwise specified, from now on, we shall treat the case of faithful
states, thatis p > 0.

A function f : (0,4+00) — R is said to be operator monotone if, for any n € N and
A,B € M, (C) such that 0 < A < B, the inequalities 0 < f(A) < f(B) hold. An operator
monotone function is said to be symmetric if f(x) = x f (x~1) and normalized if f(1)=1.
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Definition 1. F,, is the class of functions f : (0, +-00) — (0, +00) such that

L f()=1,

3. fis operator monotone.

Example 1. Examples of elements of F,, are given by the following list:

2% 1\2
fuan@ = 5 fux() = (ﬂ; > ,
—1 1
Form(@) = ’1‘0? foup (@) = ’%
(x—1)2

fWYD(x) = O[(]. —a) , O € (O) 1)

(=@ =D — 1)

Remark 1. Any f € F,, satisfies

x+1
< < —, 0.
ir1 /W= x>

For f € F,p, define f(0) = lim,_,of(x). We introduce the sets of regular and non-

regular functions
Fop={f € Foplf(0) #0}, Fpty={f € Fopl f(0) =0}

and notice that trivially Fo, = F, U F7,.

Definition 2. For f € F), , we set

f(x):i[(x—kl)—(x—l)zjzgi], x> 0.

Theorem 1. ([12,16,17]) The correspondence f — f is a bijection between ]-":p and ]-"fp.

Metric adjusted skew information and correlation measure
In the Kubo-Ando theory of matrix means, one associates a mean to each operator

monotone function f € F,, by the formula
my(A,B) = AV>f(A71/2BAT%) AL,

where A,B € M, (C). Using the notion of matrix means, one may define the class of
monotone metrics (also called quantum Fisher informations) by the following formula:

(A,B) 5 = THA - mg(Lp, Ry) ™ (B)),

where L,(A) = pA,R,(A) = Ap. In this case, one has to think of A, B as tangent vectors
to the manifold M,, 1 ; (C) at the point p (see [12,13]).

Definition 3. For A,B € M, (C) and p € M, 1(C), we define the following

quantities:

Corrj;,(A,B) = Tr[pAB] —Tr[A - mjz(Lp,Rp)B],
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s 0 . .
Corr)” (4, B) = J% (ilp, AL, ilp, B]) o s

I4) = Corrly (4, 4),
Cl(A,B) = Tr[A - mp(L,,R,)B],
C(A) = CL(A,A),

U 4) = Vo (A)2 — (V) — Py A2,

The quantity IJ; (A) is known as metric adjusted skew information [18], and the metric
adjusted correlation measure Corr{;(A, B) was also previously defined in [18].

Then we have the following proposition.

Proposition 1. ([16,19]) For A,B € M, ,(C) and p € M, 1 1(C), we have the following
relations, where we put Ag = A — Tr [pA]I and By = B — Tr [pB] I:

1.

kR LN

Fy(4) = I (Ag) = Tr [pA2] —Tr [Ao - (L, Rp)A) = V,p(A) — cl (o),
J(A) = Tr [pAZ] +Tr [Ag - mz(Ly, Ry)Ao] = V,,(4) + Cly(Ao),
0 < I,(4) < U)(4) < V,(4),
U (A) =\ F(4) - T (A),
Corr’ (4, B) = Corr’y(Ao, Bo) = Tr [pAoBo] —Tr [Ag - m3(Ly, Ry)Bo),
Corr3"(4,B) = Corr$Y (Ao, By)

= 5 Tr [pAoBo] +5 T [pBoAo] — T [Ag - m(L,, R,)Bo]

= 1Tr[pAoBo] +3 Tr [0BoAo] —C) (Ao, Bo).

Now we modify the uncertainty relation given by [20].

Theorem 2. Forf € F,, it holds

@y - 14®) = |cormi (4, B) 2,

where A,B € My, 3,(C) and p € M, +1(C).

Remark 2. Since Theorem 2 is easily given by using the Schwarz inequality, we omit the

proof. In [20] we gave the uncertainty relation

U’ A) - U, (B) > 4£(0)|Corr’ (4, B)|-

But since 4f(0) < 1 and IJ; (A) < L[J; (A), it is easily given by Theorem 2.

Theorem 3. ([20,21]) For f € fgp, if

x+1

5 +F(x) > 2f (), 2)

then it holds

U’ (A) - U, (B) > £(0)|Tr (oA, B2, 3)

U (A) - U (B) > 4£(0)|Corrly (A, B) %, (4)
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where A, B € M,,5,(C) and p € M, +1(C).

Remark 3. Though we cannot use the Schwarz inequality, we can get (4) in Theorem 3
by modifying the proof given by [20].

By putting
(x — 1)
(x* —D@l—*—1)

we obtain the following uncertainty relation.

fWYD(x) - a(]- - a) , A€ (07 1)r

Corollary 1. For A, B € My, 54(C) and p € My,41(C),
U @A) - U B) = a1 - o)l Tr (pl4, BDI,
U Ay - U (B) > 4a(1 — a)|Corr™ (4, B)%,

where

1 1
Corr ¥ (A, B) = Tr [pAoBo] —5Tr [0*Aop'*Bo] —5Tr [0*Bop'~“Ao].

Remark 4. Even if (2) does not necessarily hold, then

Ay - U B) = £(0)|Tr (oA, B, ()

U (A) - U7 (B) > 4f(0)*|Corr’y (4, B)%, ©6)

where A,B € M,,5,(C) and p € M, 4 1(C). Since f(0) < 1, it is easy to show that (5) and
(6) are weaker than (3) and (4), respectively.

Generalized metric adjusted skew information and correlation measure
We give some generalizations of Heisenberg or Schrdinger uncertainty relations which
include Theorem 3 as corollary.

Definition 4. ([22]) Letg,f € ng satisfy
(x — 1)*
S
for some k > 0. We define
(x — 1)
S @)

gx) >k

Ayx) = g0 — k € Fopr (7)

Definition 5. For A,B € M, (C) and p € M, 1(C), we define the following
quantities:

Corts " (4, B) = kiilp, A, ilp, B) o,
15 (4) = oy 4, 4),

CL(A,B) = Tr[A - ms(L,,R,)B],
ch) =cha,a),
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f S
u ) = \/(ci(A) + CLUAN(CEA) — Cot(A)).

The quantity /, ;()g’f) (A) and Corri,(g’f ) (A, B) are said to be generalized metric adjusted skew
information and generalized metric adjusted correlation measure, respectively.

Then we have the following proposition.

Proposition 2. For A,B € My, 3,(C) and p € M, 1(C), we have the following relations,
where we put Ao = A — Tr [pA]ll and By = B — Tr [pB] I:

f
A
1599 4) = 15 (40) = C4(A0) — C ¥ (A),

1.
f
A
2. I @) = c440) + Cp* (Ao,
3 L[égf)(A) _ \/If,g”f)(A) .]/()g,f)(A),
4. Corry®(4,B) = Corr)*" (Ao, By).

Theorem 4. Forf € F;, it holds
17 4) - 17 (B) = 1Corry P 4, B,

where A, B € M,,5,(C) and p € M, 4+ 1(C).

Proof of Theorem 4. We define for X, Y € M, (C)
Corts " (X, Y) = kiilp, X1, ilp, Y1) -
Since
Corry* (X, Y) = KTH(ilo, X)) *my(Lp, R,) il o, YT)
= kTrn((i(L, — Rp)X)*mf(Lp,Rp)_li(Lp —RpY)
THX g (L R)Y) = THX "y (L, R)Y),

s(gf)
P

it is easy to show that Corr (X, Y) is an inner product in M,(C). Then we can get the

result by using the Schwarz inequality.

]
Theorem 5. Forf € F;,, if
20 + Af () > ¢ (%) (8)
for some € > 0, then it holds
u$ ) - B) > k| TrolA, BDP, ©)

where A, B € M, 5,(C) and p € My, 11(C).
In order to prove Theorem 5, we need the following lemmas.

Lemma 1. If (7) and (8) are satisfied, then we have the following inequality:

mg(x,y)z - mA{;(x,y)2 > kl(x — y)z,

Page 6 of 14
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Proof of Lemma 1. By (7) and (8), we have

_ L a—y)?
mp (%,9) = mg(%,y) — k e (10)
mg(x,y) + mAfg(x,y) > Lmy(x,y). (11)

Therefore, by (10) and (11),

mg(x,9)* — (N ®9)?

{mg(x,y) - mAé(x,y)} {mg(x,y) + mA{g(x,y)}

(x — )
my (%, y)
= kf(x — y)2.

>k

tmyr(x,y)

We have the following expressions for the quantities 7, ;(,g’f) (A), ];,gf) (A), U f,gf ) (A), and

s(gf)
P

Corr (A, B) by using Proposition 2 and a mean m .
14

Lemma 2. Let {|¢1), |92), ..., |¢n)} be a basis of eigenvectors of p, corresponding to the
eigenvalues {11, 12, .. ., An}. We put aj. = ($jlAoldr), bjx = (¢j|Boldx), where Ag = A —
Tr [pA]I and By = B — Tr [pB] 1 for A,B € My 5,(C) and p € My, +,1(C). Then we have

¥ 4) = Z mg(Xj, M) ajidyg — Z (o (A M) ajkar;

Jik Jjok
=2y {(mg(xj, 3 =y G xk)} i,
j<k

]/(;g’f) A) = Z mg(Aj, M) ajrar; + Z (N (A, M) ajrar;

ik ik
>2)" {mg(xj, )+ m g (O, m} i,
j<k ¢
2 2
U A7 = | 3o mgy molal | = | 30 m G ridland |
jik ik

and
Corry*” (4, B)
=Y mgOy, Aapbg — Y _m o (s M) ajicbig

ok ik
= Z (mg(kj, M) — mA£ ()»j, )»k)) ajkbkj + Z (mg()‘k’ )»j) - mA£ (A )»j)) “kjbjko
j<k j<k

We are now in a position to prove Theorem 5.

Proof of Theorem 5. At first we prove (9). Since

Tr(plA, B]) = Y (4 — M)ajby,
jk
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I Tr(plA, BD| < Y 14 — Mcllajel byl
Jik
Then by Lemma 1, we have

ke|Trp[A, B

2

< 3D Ve = Mellal byl

Jk

1/2

<> (mgw, M) —m g (xj,mz) || byl

jk ¢
=

ok ok
= 157" ).

By a similar way, we also have
12 B ) = kI TrplA, B)I.

Hence, we have the desired inequality (9).
We give some examples satisfying the condition (8).

Example 2. Let

x4+ 1
gx) = 5
—1)2
@) =l —a) _016)(9613& —y @€,
Then

g + M) > 21 (®).

Proof of Example 2. In [10,21] we give
x* — 1D F?*Y — 1) > da(1 —a)(x — 1)?
forx > 0and 0 < o < 1. Then we have

€ + Ay@) = 2f (x).

Example 3. Let

1 2
g(x)=<ﬁ+ ) ,

2

(x — 1)

f@ = -0 e T

, € (0,1,

Z (mg(kj, M) — " (Aju, Kk)) |aji|? Z (mg(/\;, M) + (N (A, Kk)) |biI*

Page 8 of 14
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p=f© _ed-0) , 3

8 8 2
Then
f 3
g(x) + Ag(x) > if(x)
holds for0 < o < 1.

Proof of Example 3. Since

1(1+x\ 1, -
2< ) >_8(x - Dx -1

1

g(x+2ﬁ+1—x—1+x°‘+x17“)
1

= g(2ﬁ+x°‘ +x179%)

— %(xa/z +x(1—06)/2)2 Z 0,

we have
1+ 7\ _ 1 - 31+ x\’
2( 5 ) g(x —D(x 1)+2< 5 )
Since
(x —1)2 <1+f>
a(l —a) - <
(x® — D(xl* —1) 2
we have
1+ % I 3 (x —1)2
( 5 ) 8(x —D(x 1)+§(x(1 a)(x“—l)(xl—“—l)'

Then we have

3
g + M) > 2@

Example 4. Let

' 1 3
g(x>=(x i ) C=y=D,

f(x)=<\/_+1>
SO _ 1,
4 16

Then g(x) + A e(®) > 2f ().
In order to prove Example 4, we need the following lemma.

Lemma 3. For x > 0, we set the function of y as

1 g\ 1y
F(y)z( Zx) .

Then F(y) has following properties:

1. F(y) is monotone increasing fory € R.
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2. F(y) is convex fory < 0.
3. F(y) is concave fory > 1/2.

We give the proof of Lemma 3 in the Appendix.

Proof of Example 4. By Lemma 3,

1+ 14x  [(1+/x)
2 > + .
2 2 2

It follows from the monotonicity that

142\ 1434\
>
(57) =5

for y € [3/4,1]. Then

(L 1/y21+x+ 1+ 7\
2 2 2

for y €[3/4, 1]. Therefore, we have

(552)"- (B2 2o (5.

Hence, we have

gx) + A () > 2f (x).

Appendix
Proof of Lemma 3.

(i) Since F(y) > Oforx > O0and ¢ € R, it is sufficient to prove & log F(y) > O for the

proof of F'(y) > 0. We have

d 1 xY log x”
dylogF(y)zyz(logZ—i— . —log (1 +xy)).
Then we put

G(r)=(r+1)log2+rlogr— (r+1)log(r+1),(r > 0),

where we put xy r > 0. From elementary calculations, we have G (r) > G(1) =0

which 1mphes & log F (y) > 0.

(ii) We firstly set f (y) = log F (y) . Since F(y) > 0, we have only to prove f”(y) > 0 for
the proof of F”(y) > 0. We set again g (y) = 1+x ,(x > 0,y < 0). Then we have

Y (logx)” s
j—; logg (y) = = (08)" _ 0. In addition, by f (y) = %logg (¥), we have

(1+x)*
P ¥ 4 C))
F o= y &)
By;—;logg(y) = W,we have
1gg" 0 —{¢ m) 2 2g » . 1 d2

/o= 0gg ) =

y 2»)? 52 g(y)

gg(y)—ff O -

Page 10 of 14
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We prove f” (y) > 0 for y < 0. We calculate

9 (log x)° 9 log &
f//(y) — lx (ng) _%i (10g2+x logx —log(1+xy)>

y A+ yy? 1+a
S {—ny (1+ ) log#” —I—xy(logacy)2 +2(1 +xy)210g L+ }
P+ ) 2

Thus, if we put
1+%
5
then we have only to prove /(y) < 0 for y < 0. Since we have 4(0) = 0, we have only

h(y) = =2+ (1+ ") loga” + xy(logxy)2 +2(1 +xy)210g

to prove ' (y) > 0 for y < 0. Here we have

") = —a Y logx) — 72 _ N log LT
h (y) = —xlogx {4«” logx (logx) 4(1+x)log 5 .

If we set again
t+1
5
where we put &’ = t > 0, then we prove the following cases:

1(t) = 4tlogt — (logt)> — 4 (¢ + 1) log

(@) Ifx <1(.e,t>1),thenl(t) > 0.
(b) Ifx > 1(ie,0 <t <1),thenl(¥) <O.

For case (a), we calculate

1
'@ = P (4¢log2 + (4¢ — 2) log ¢ — 4tlog (¢ + 1))

and
2{(t+logt+t—1}
U@ = 0,(t>1).
® 2(t+1) >0.(t>1)
Thus, we have I’ (¢) > I’ (1) = 0, and then we have [ (¢) > [ (1) = 0. For case (b), we
easily find that
21+ 1Dlogt+¢t—1
I (t) = (¢ + Dlogt + }<0,(O<t<1).

£2(t+1)
Thus, we have I’ (£) > I’ (1) = 0, and then we have [ (¢) < (1) = 0.
(iii) We calculate

d? 1 /1+2\Y
dyzmzﬁ( ) ),

2
where
2log?2
h(x,y) = (log2 —2y)log2 + I +xy{x3’ log®” — (1 4+ #7) log(1 + +”)}
2 2
+m{xyy & + y)(logx)~}
1

+{2y + log(1 + #”)} log(1 + &7).
We prove h(x,y) < 0forx > 0andy > 1/2. Then we have

dh(xy)  x 'y’ logx
dx — (14wx)°

{(xy(y— 2) —y) loga” + 2(1 + x”)log (1 —;xy) } .
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dnly) _

Here we note that = 0. We also put

1+
gy = {xy(—z + ) —y}logxy+2(1 +xy)log< —;x )

If we have g (x,y) > 0 forx > 0 and y > 1/2, then we have dh(xy) >0forO0<x<1

and % < 0forx > 1. Thus, we then obtain 4 (x,y) < & (l,y) =0fory > 1/2,due

dh(1,y)

to == =0. Therefore, we have only to prove g (x,y) > 0 forx > Oand y > 1/2.

(a) For the case 0 < x < 1, we have

dg (x,y)

=2y - — 0 log & + 24" ¥ +1
T " {y(x 1) + (y — 2)&" log#’ + 2+’ log 5 )

dg (x y)

Since g(1,y) = 0, if we prove < 0, then we can prove g(x,y) >

g(1,y) =0fory > 1/2and 0 < x < 1. Since we have the relations

-1 2(x—1
x <logx < Gr )<O

\/}_ _x—i-il_

for 0 < x < 1, we calculate

Y+ 1
y(xy—1)—|—(y—2)xylogxy+2xylog<x;_ )

(73 1)

@ -1

Sy @D+ 0= 2

2
=xy_1{3()/—2)xy/2+(y—2)x3y/2+3y+(y+4)xy}.
x +3

Thus, we have only to prove
k) =30—-20"+ -2 +3y+ (+ 4 >0

for 0 <x < 1andy > 1/2. Since it is trivial k(y) > 0 for y > 2, we assume

1/2 <y < 2 from here. To this end, we prove that k1 (y) = 3 (y — 2) #/2 +
(y — 2) ¥¥/2 is monotone increasing for 1/2 < y < 2 and ky () = 3y +

(y + 4) #” is also monotone increasing for 1/2 < y < 2. We easily find that

@ - %xyﬂ {26 +3) + 3@ + D(y — ) logx} > 0,
y

for0<x<land1/2 <y <2
We also have

dk

da() =« +3+ (y+ 4« logx.

dy

Here we prove %ﬁy) >0for0 <x <1land1/2 <y < 2. We put again
ks (x) =& + 3+ (y + 4)x” log x,

then we have

% =120y +2) + y(y + 4) logx} .
Thus, we have
dks(x) 2042)

=0<:>x=e_3’0’+4) = .
dx 4
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Since % < 0for0 <x < ayand % > 0 foray < x < 1, we have
(y 4) 72(y+42)
+de
ks () = ks () =3 - 220 T =y ).
_2(y+42)

+
Since we have dk;‘y(y) = S(y;%)(‘; - 4; > 0, the function k4(y) is monotone
increasing for y. Thus, we have

_ 2042

(y+ 4)e 1

9
ks (x) = k3 (o) =3 — Ek4()’)2k4(1/2)=3—elT/9>0

since €192 ~ 3.03773. Therefore, ky (y) is also a monotone increasing
function of y for 0 < x < 1and 1/2 <y < 2. Thus, k(y) is monotone
increasing for y > 1/2, and then we have

k(y) > k(1/2) = —%(le — 1)3 > 0.

(b) For the case x > 1, we firstly calculate

dg(xy)
dy o

14
+ {y (#—1)+ (y—2)xylogxy+2xylog( 2x )}logx.

(# — 1) logx”

_|_

We put

14+
pxy) =@ —Dy++(y—2)logx’ + 2+ log .

Then we calculate

dp (x,) y
= 14+ 2)(y—2)logs’
dx x+xl-y {A+)0 ~2)logs

y
+2(y(1 +xy)—1+(1+xy)log(1—;x ))}

Then we put
1+ 2
,9) = (y — 2) logx” + 21 —_— 2y — ——.
4(53) = (= 2log’ + og( : )+y Y
We have
dg(x,y) (1 + )2y — 2 logx + (1 + )2 (log#” + 2) -0
dy (1 + )2
and then
2 1+ /% 3
) > ,1/2) =1 — 21 — -1 .
qxy) =qx1/2) ﬁ+1+ Og( 2 ) 4 08%

Since we find
dq(x,1/2) _ Vx+3)(Vx—1) -0
dx IV R VN
forx > 1, we have g (x,y) > q (x,1/2) > q(1,1/2) = 0. Therefore, we have
% > 0, which implies p (%, y) > p (1,y) = 0. Thus, we have dg’fl—’;’” >0,
and then we have g(x,y) > g(x, 1/2), where

1 12 4 1
g(x’l/z):‘2(3"1/2+1>logx“2+2<x1/2+1)1og(x : )

Page 13 of 14
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To prove g(x,1/2) > 0 forx > 1and y > 1/2, we putx'/2 =z > 1 and
1 1
r(z) = —5(3z+ Dlogz+2(z+ 1) log (i) )

(z—1)?
222(z+1)

1 1
Y(z) = — [z —1—3zlogz + 4zlog <Z+)},
2z 2

we have /(1) = 0 and then we have 7/(z) > 0 for z > 1. Thus, we have
r(z) > 0 forz > 1 by r(1) = 0. Finally, we have g(x,y) > g(x,1/2) > 0, for
x> 1landy > 1/2.

Since we have '’ (z) = > 0and
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