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Two-dimensional dynamical system associated with Abel’s nonlinear

differential equation
Y. Matsuno

Department of Physics, Faculty of Liberal Arts, Yamaguchi University, Yamaguchi 753, Japan
(Received 18 July 1991; accepted for publication 22 August 1991)

A two-dimensional dynamical system is proposed that is described by a pair of nonlinear
ordinary differential equations(ODEs) with a complex parameter. It reduces to Abel’s
nonlinear ODE of the first kind by an appropriate transformation. Using this fact the
properties of solutions are investigated in detail with the aid of numerical computations. It is
found that various types of bifurcation phenomena occur depending on the values of

the parameter. In particular, the solution is shown to blow up in finite time under certain
conditions. In order to visualize the behaviors of dynamical motions the trajectories

of solutions are depicted in the plane. Finally, a discussion is made on some generalizations

of the proposed system.

I. INTRODUCTION

In this paper we shall study the following nonlinear
ordinary differential equation (ODE) for a complex func-
tion z,

z=Imz+ A|z|%, z=x4+1iy, (1.1)

where x=x(¢) and y=y(t) are real functions of time z, 4
is a complex parameter, and an overdot on z denotes
differentiation with respect to ¢ If we put A=«
+ iB(a,B:real) and equate the real and imaginary parts,
respectively, Eq. (1.1) is decomposed into the system of
nonlinear ODEs for x and y as follows:

=y + (ax — By) (x* + %), (1.2a)

y=(Bx + ay) (x> + 7). (1.2b)
Equation (1.2) describes dynamical motion of a point
z(=x + iy) in the (x,y) plane.

For A =0 Eq. (1.1) becomes integrable, namely, it
has an explicit solution of the form

z=yot + Xo + Yo, (1.3)

where xg and y, are initial values of x and y, respectively.
The trajectory (1.3) represents a straight line parallel to
the x axis.

The purpose of this paper is to investigate the effect of
the nonlinearity on the time evolution of z given by (1.3).
In so doing we have taken into account a simplest non-
linearity A|z|?%z, as indicated by Eq. (1.1). It is seen that
an addition of such a term changes drastically the prop-
erties of solutions; various types of bifurcation phenom-
ena occur depending on the values of the complex param-
eter A.
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In Sec. II it is shown that Eq. (1.1) can be trans-
formed into Abel’s nonlinear ODE of the first kind by
means of an appropriate dependent variable transforma-
tion. In Sec. III the two special cases a520, f =0 and
a =0, B0 are analyzed in detail. For these cases the
solutions are obtained explicitly by quadratures. The time
dependence of z is then expressed in terms of rational
functions in the former case and Jacobi’s elliptic func-
tions in the latter one. In Sec. IV we first discuss on the
stationary solutions of Eq. (1.1) and investigate their lin-
ear stability. Then the properties of solutions for the gen-
eral case a0 are studied in detail. Since in this case the
explicit solutions cannot be obtained by quadratures, we
have performed the numerical integrations using the
Runge-Kutta—Gill method. The trajectories of solutions
thus obtained are drawn graphically in the (x,p) plane.
We find that for a > 0 the solutions blow up in finite time
while for a <0 they tend asymptotically to stationary so-
lutions as the time goes to infinity. The blowup time is
estimated both numerically and analytically. Section V is
devoted to concluding remarks, where a few generaliza-
tions of Eq. (1.1) are proposed.

Il. REDUCTION TO ABEL’S EQUATION
A. Abel’s nonlinear ODE

Abel’s nonlinear ODE of the first kind is written in
the form'3

dy
S =%+ ay+ay +ay’, (2.1)

where a; (j = 0-3) are known functions of . Equation
(2.1) can be put into the standard form as

dz
5=z3 +p(2), (2.2)
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Y. Matsuno: Abel’s nonlinear differential equation 413

by introducing the following transformations:

y=a(t)z(x) + b(1), (2.3a)
x= f ’ a’a, dt, (2.3b)
with
t a%
a(t)=exp f (a, — 3—03) dt], (2.4a)
b(t)= — ay/3a;. (2.4b)

Here p(¢) in (2.2) has the form

lalaz 2 ag ldaz 3 -1
P<‘>—(“°—5‘;;+57;§+32;;;)‘“3> -
(2.5)

If a; = 0, Eq. (2.1) reduces to the famous Ricatti equa-
tion. For gy = 0, a;50 and either a, = 0, a;540 or a,5%0,
ay = 0, it becomes the nonlinear ODE of Bernoulli type,
which has an explicit general solution.!”* Although the
solutions for Abel’s nonlinear ODE cannot be obtained
by quadratures, in general, certain nonlinear superposi-
tion formulas are already known.*’

B. Reduction to Abel’'s ODE

In this section we show that Eq. (1.2) can be reduc-
ible to Abel’s nonlinear ODE. For this purpose it is ap-
propriate to introduce the polar coordinate (#,8) by the
relation

z=x + ip=re®®, x=rcosH, y=rsin6. (2.6)

Equation (1.2) is then transformed into the form

r=rsin 6 cos 6 + ar’, (2.72)

6= —sin? @+ Brk (2.7b)
If we define a new dependent variable p by

p=r2/(Br?—sin’0), (2.8)

then Eq. (2.7) can be recast into the form

dp p
(—15=5=2p(5p —1)[ — (a4 Bcot 8)p + 2 cot G].
(2.9)

Obviously Eq. (2.9) is a special case of Eq. (2.1) with
=0, (2.10a)

a;= —4cot 6, (2.10b)

a;=2(a + 3B cot 9), (2.10c)

ay;= —2B(a + Bcot B). (2.10d)

One can easily transform Eq. (2.9) into the standard
form. The details are, however, omitted here.

Finally, we shall discuss the initial condition. In or-
der to solve Eq. (2.7) the initial condition is specified as
r = rg, 8 = Gy at t=0 for instance. However, as is easily
seen, Eq. (2.7) is invariant under the scale transforma-
tions r —» rgr, @ — a/r(z), and 8 — B/ r%,. Hence, we may
put 7, = 1 without loss of generality. Furthermore, we
take 0y = /2 for simplicity since the detailed investiga-
tion shows that the properties of solutions do not criti-
cally depend on the value of 6. The initial condition that
we use in the following sections is therefore r=1,
0 = w/2, or, equivalently, x=0, y=1 due to (2.6).

1. SPECIAL CASE
A. a5#0, =0

In this case, Eq. (2.9) becomes

®_, 2 cot 0 3.1
26~ p(ap — 2 cot 0). (3.1)

Since Eq. (3.1) is a special case of the Bernoulli
equation,’™

dy R
7l + by, a=a(t), b=b(1), (3.2)

it can be readily integrated. The result is expressed as
follows:

p= (W + DY [2a(w?/3 + w) — 1], (3.3a)

w=cot 6. (3.3b)
Here the initial condition pg_ ., = — 1 has been used.
Substitution of (3.3) into the relation

r’=psin’8/(Bp — 1) = — psin® 6, (3.4)

which stems from (2.8) and B =0, yields
ri=(cot? 8+ 1)/[1 —2a(icot’ @+ cot 8)]. (3.5)

The time evolution of 8 is obtained by integrating (2.7b)
with B = 0 and using the initial condition 6,_y = 7/2 as

cot@=t. (3.6)
It is seen from (3.5) and (3.6) that »? evolves as

rr=(P+1)/[1—2a(/3 + D] (3.7)
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FIG. 1. The blowup time ¢, as a function of a.

In the following we shall investigate the two cases a >0
and a <O separately.

1l.a>0

In this case r is a monotonically increasing function
of ¢ and it blows up at a finite time #,. The blowup time
t, is determined by solving the following algebraic equa-
tion of order three:

£ + 3t — 3/2a=0. (3.8)

Explicitly, ¢, is written in the form

1/3 1/3

=71 — 1", (3.9a)
with

71=(9/4a® + 4 + 3/2a)/2, (3.9b)

T3=(9/4a% + 4 — 3/2a)/2. (3.9¢)

The blowup time ¢, as a function of « is plotted in Fig. 1.
We see from (3.9) that £, ~ (3/2a)'3 for a<1 and ¢,
~ 1/2a for ap 1. Figure 2 shows the time evolution of »
for various values of a.

2. a<0

In this case r becomes a monotonically decreasing
function of ¢ for |a|>3. On the other hand, for || <} it

has two extremums at t = ¢, and ¢ = ¢,. Here ¢; and ¢, are
positive roots of the algebraic equation #* — 3#/|c]
-+ 3 = 0. In both cases r tends to zero as t— «. Hence
the trajectory in the (x,p) plane approaches the origin
indefinitely as the time goes to infinity. Figure 3 depicts
the time evolution of » for various values of a.

Now it follows from (2.7) with 8 =0 that

FIG. 2. The time evolution of r for positive a.

dy Fsin@+rfcos®  — |a|r?sin® 6
—= = 5 , (3.10)
dX ;cos@—rOsin@ sin6— |ajr®cos @
so that |dy/dx|— o when the equation

sin @ — |at|r?cos § =0 (3.11)
is satisfied. Substituting (3.5) into (3.11) yields

cot® 6 — 3 cot 6 — 3/|a| = 0. (3.12)

From this equation one can obtain the corresponding 6
coordinate. The trajectory of the points at which |dy/dx|
becomes infinite is readily derived by eliminating a from
(3.5) and (3.12) and it reads in the form

r?=(cot* 6 — 3)/3. (3.13)

0 4 8 12 i6 20

FIG. 3. The time evolution of r for negative a.
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FIG. 4. The trajectories of solutions in the (x,y) plane for various
values of a, where 8=0.

Since 2 > 0 the inequality O < 8 < 7/6 must hold. When
0~0, r2 ~ 1/(3sin? @). Therefore the trajectory ap-
proaches a straight line y=1/v3 as §-0. In Fig. 4 the
trajectories of solutions are depicted in the (x,y) plane for
various values of a. The arrow in the figure indicates the
direction of the motion.

B. a=0, 40
In this case Eq. (2.9) reduces to

d,
a%=2p(3p_ 1)( —Bp +2)cot 6. (3.14)

Since the above equation is a separable ODE, the integra-
tion is readily performed. The result is written in the form

p(Bp —2)/(Bp — 1)*=c/sin* 6, (3.15)

where ¢ is an integration constant. Transforming back to

r2 by (2.8) and using the initial condition 74_,,, = 1, we
obtain

*— (2/B)r?sin2 0 — (B—2)/B=0, (3.16)

which represents the trajectories of solutions in the (7,8)
plane. Various possibilities arise according to the values
of B, which we shall describe in order.

1.8>2
It follows from (3.16) that

r?=[sin?* 8 4+ |sin* 8 + B(B —2)1/B, (3.17)
which, combined with (2.7b), yields
9= {sin* 6 + B(B —2). (3.18)

Since 0> 0, as seen from (3.18), the trajectories of solu-
tions move counterclockwise. The time evolution of 8 is
now determined by the relation

9 do

PR .
a2 ysin* ¢ +B(B~2)
After some calculations we find that the right-hand side

of (3.19) can be reduced to an elliptic integral. The final
result is expressed as follows:

t= (3.19)

[en(7,k) + p sn(T,k)]?

cot? = g gy s Sy gy o 1 (3.20a)
with

r=y(t + &), (3.20b)

k= \1— 3, (3.20c)

y=[B(B—2)/2ulV1+ (B—1)/{B(B~-2),

(3.20d)
p=(2—T=n)/(2+JT=m),  (3.20e)
n=B(B—2)/(B—1), (3.20f)
sn(ytk)= — 1/ {1+ 12, (3.20g)

where sn(7,k) and cn(7,k) are Jacobi’s elliptic functions
and k is a modulus.’ Hence, the trajectories of solutions
are closed periodic orbits in the (x,p) plane and the pe-
riod is given by 4K/y, where

R 3.21
K:“J; JI—Ksin’ ¢ (3.21)
is the complete elliptic integral of the first kind. It should

be noted that for 2 < 8<1 + V2, |dy/dx| becomes infinite
when

sin@= {(—B>+28+1)/2,

in addition to 8 =0, 7 while for B> 1 + v2 the same
situation occurs only at 6 =0, .

(3.22)

2 B=2

In this special case (3.16) yields

r=sin 6, (3.23)
and (2.7b) reduces to
§=sin? 6. (3.24)
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416 Y. Matsuno: Abel’s nonlinear differential equation

The time dependence of » and 0 are readily obtained from
(3.23) and (3.24) as follow:

r= 1/\/? +1,

cot8= ~1t.

(3.25)

(3.26)

The trajectory is a semicircle with the radius ; and the
center (0,3) in the (x,y) plane. One can observe that the
trajectory approaches the origin as #— oo.

3.0<B<2
In this case it follows from (2.7) and (3.16) that

r2={sin? = sin* 6 — B(2 — B)1/B, (3.27)

f== \sin® 6 — B2 — B), (3.28)
where the plus(minus) sign in (3.28) corresponds to the
plus(minus) sign in (3.27). These signs must be chosen
appropriately to satisfy the initial condition. Since 72 is a
real quantity the solution exists only in the range

8,<0<7— 6, (3.29a)

where

0,=sin"[B(2—PB)]"* (0<B.<m/2). (3.29b)

The 8 changes its sign at 6 = 6,and 8 = = — 6, where
the corresponding value of r is given by

r=r.=[(2 — B)/B1"*

The trajectory consists of the upper branch » > r, and the
lower one r < r. and it is symmetric with respect to the
y axis. The time dependence of 6 is now obtained by
integrating Eq. (3.28) as

(3.30)

6 dé
g ysin*¢—B(2—-p)’

= (3.31)

where 6, is a constant determined by the initial condition.
After some manipulations we obtain the following ex-
plicit form of cot? 8 in terms of Jacobi’s elliptic function

(€ — 1)sn?[2/e( %1 + 1) k]

i Vsl 2/e( %1 + f0),k]
(3.32a)
with
k=[1— B2 -B)1/2, (3.32b)
e=1/ B2 - B), (3.32¢)

where fg is a constant depending on 6.

As an example we consider the case where 1 <8< 2.
For the upper branch r > r. the solution reads from
(3.27) and (3.32) as

r2=[sin? 0 + S 0 < B2 — B)I/B, (3.33)
_ 2¢.h
cot? o — & Dsn( \2/etk) (3.34)

2e — (€ — 1)sn( |2/et,k)

For the lower branch » < 7., on the other hand, it is
written in the form

rl=[sin? § — ysin* 0 — B(2 — B)1/B, (3.35)
- 2 K
cot? § = (€ = Dsn{ {2/e(z 4 1)K (3.36)

2€ — (e — 1)sn?[ y2/e(t + tp),k}’

with zy = ye/2K. Here K is the complete elliptic integral
of the first kind with a modulus given by (3.32b). The
trajectory is seen to be a closed path moving counter-
clockwise with the period \/§EK. The similar results also
hold for the B8 within the range 0 <8 < 1. The only differ-
ence is that the trajectories always lie in the region y> 1.

4. <0
In this final case 72 and @ are given, respectively, by

r’=[ —sin’ @+ sin* 0+ BB~ 2)V/|B), (3.37)
6= — {sin* 6+ B(B—2). (3.38)

It turns out that the trajectories of solutions are closed
paths moving clockwise because the sign of 0 is always
negative by (3.38). One notes that |dy/dx| becomes infi-
nite only at 6 =0, 7 and for these values of 8, r = (1
+ 2/|B1)"* > 1. Therefore the existence region of the tra-
jectories is outside a circle with the radius 1 and the
center being the origin. The time dependence of 6 is sim-
ply derived from (3.20) by replacing ¢ by — ¢. The typ-
ical trajectories for the cases 1-4 mentioned above are
depicted in Fig. 5.

IV. GENERAL CASE
A. Stationary solutions and their stability

In this section we shall seek stationary solutions of
Eq. (1.1) and study their linear stability. It will be seen in
B that they are closely related to the asymptotic values of
the general solutions for large time. The stationary solu-
tion is simply obtained by setting r=0=0
in Eq. (2.7). The resultant solution reads in the form

re= B/ (o + B, (4.1a)
tan 8;,= — B/a. (4.1b)

J. Math. Phys., Vol. 33, No. 1, January 1992
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-1.5 A 1 s L
-1.5 -1.0 -0.5 0 0.5 1.0 1.5

FIG. 5. The trajectories of solutions in the (x,y) plane for various
values of B, where a =0.

Obviously B must be positive to yield real r,.
Now we investigate the linear stability of the solution
(4.1). To do so, we put

r=r,+ ér, (4.2a)

8=06, + 56, (4.2b)

and linearize Eq. (2.7) around r;and 6;. It then turns out
that the following system of linear ODEs for 6r and 66
arises:

8F= (4 sin 20, + 3ar?)8r + r, cos 26, 56, (4.32)

50=28r, 5r — sin 26, 56. (4.3b)

Assuming that 87 « ¢, 86 « e, we obtain from (4.1)
and (4.3) the eigenvalue equation for o as follows:

w® — [4aB/(a? + B o + 2B%/(a* + B*) =0. (4.4)
The roots of Eq. (4.4) are given by

w=2aB/(c? + ) £ [B/(a® + B ] 2(aZ — B%).
(4.5)

If >0, then Re w > 0. This means that the solution be-
comes unstable for infinitesimal disturbance. On the other
hand, if o <0, then Re w <0 irrespective of the magni-
tude of |a| and the solution is stable. We note that in
another stationary solution r=0, 8 = 0(mod =) exists. In
this case it follows from (2.7) that if r=0 and
6 = 0(mod ) hold, then d"#/dt* = d"6/dt" = 0(n > 1).

In other words, when we start from x=y=0 at =0, the
solution remains at the origin forever.

B. General solutions for o350

We now consider the general case, namely a0 and
B=40. In this case, however, we have not succeeded in
integrating Eq. (2.9) in contrast to the two special cases
described in Sec. III; it does not reduce to any of special
ODEs where specific solution methods are applicable."
Hence, we have employed numerical integrations. Before
entering into the detail, we shall investigate the generic
properties of solutions. For this purpose, we use Eq.
2.7). If we put u = 1/r2, it is transformed into the
system of ODEs,

u= — u sin 26 — 2a, (4.6a)

O= — sin? 6 + B/u. (4.6b)

Since Eq. (4.6a) is a linear equation for #, it can be
immediately integrated to yield the expression

r2=%= f(f) , (4.7a)
1-2a fo fHdt
where
f(1) =exp( fot sin 26(t’)dt’). (4.7b)
If we define the function F(¢) by
F(t)= J: SfHdr, (4.8)

then F(¢) =f(t) >0 and F(0)=0. This implies that F(r)
is positive and a monotonically increasing function of ¢
for ¢t>0. It readily follows from this fact that
lim,_  F(t) — oo. Hence, there always exists a finite
time 7, satisfying the relation

F(t,)=1/2a, (4.9)

provided that > 0. At this time the solution blows up as
proved from (4.7). On the other hand, for @ <0, one can
easily show that 7 remains a finite value for all time. It is
worthwhile to remark that the above facts are generic
properties of solutions independent of initial conditions.
In the general case considered here the four combinations
are possible according to the sign of a and B; (1) >0,
B>0, (2) a>0, B<0, (3) a<0, B>0, and (4) a<0,
B <0. We now investigate these cases separately.

J. Math. Phys., Vol 38, No. {, January 1992
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1. >0, B>0

As already noted, the solution always blows up for
a> 0. To obtain an insight about the characteristic of the
blowup time, we first consider the situation 83 1. In this
case an inequality S/u3>1 holds and Eq. (4.6b) may be
approximated by the equation

6=B/u. (4.10)
If we put ¢ = @, then (4.6a) and (4.10) yield the linear
ODE for # as follows:

dy 2a

E___F 11} + sin 26.

(4.11)
Integrating Eq. (4.11) under the initial condition
Yo~ (B/U)g—ryp =P, we obtain
r’=[1—pB/2(a* + ) ]exp[(2a/B) (8 — 7/2)]
—[172(a* + B%)](a sin 20 + B cos 26).
(4.12)

Furthermore, if we assume 6 — 7/2%/2a, which corre-
sponds to the final stage of the time evolution of the
solution, the second term on the right-hand side of (4.12)
is negligible when it is compared with the first one, so that
(4.12) can be approximated by the equation

\ B 20w
Therefore
6~Br=pB exp[(2a/B) (6 — 7/2)1, (4.142)
with
B=B[1—B/2(c® + B (4.14b)

Integration of Eq. (4.14) is readily done and yields the
result

6=7u/2 — (B/2a) In(1 — 2azt), (4.15a)
with
a=all—B/2(a* + B3], (4.15b)

where the initial condition 8,_¢ = 7/2 has been used. Sub-
stituting (4.15) into (4.13), we obtain the explicit time
dependence of r as

r=B/B/ 1 - 2.

Hence, the blowup time 7, is found to be as follows:

(4.16)

FIG. 6. The blowup time #, as a function of B. Solid line: numerical
values; broken line: analytical expression (4.17).

ty=1/{2a[1 —B/2(a®> + B*)]}. (4.17)

We have performed the numerical integration of Eq.
(1.2) by using the Runge-Kutta—Gill method. Figure 6
illustrates the B dependence of t,, where a has been taken
to be 1. The solid line in the figure plots the numerical
values while the broken line shows the analytical expres-
sion (4.17). The coincidence of both curves is excellent
for B>5.

For small B, t, may be approximated by the expres-
sion (3.9). Indeed (3.9) with a =1 gives ¢, = 23
— 0.5!% = 0.466 while the numerical value for 8 = 0.01 is
0.467. The 1, has a maximum value 0.568 when 8 = 2.5.
Figure 7 depicts the trajectories of solutions in the (x,y)
plane for various values of 8. For all cases we have taken

1
N
(=]

T

FIG. 7. The trajectories of solutions in the (x,p) plane for various
values of positive 3, where a = 1.
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FIG. 8. The trajectories of solutions in the (x,y) plane for various
values of negative B, where a = 1.

a = 1. The arrow in the figure indicates the direction of
the motion. The trajectories exhibit spiral motions
around the origin and they tend to infinity as the time
approaches the blowup time #,. It is interesting to note
that the numerical results are well simulated by Eq.
(4.13) for B>5, even in the range 8 — 7w/2>8/2a.

2.a>0,B<0

In this case the qualitative features of solutions are
similar to those for the case 1; the behaviors in the (x,y)
plane show divergent spiral motions. The only difference
is that the direction of the motion is always clockwise
irrespective of the magnitude of |B|. This fact is a direct
consequence of Eq. (4.6b) with negative 8, namely 6 <0.
On the other hand, in the case 1, one can observe that the
trajectory with small B moves clockwise in the initial
stage of the time evolution and then changes its direction
counterclockwise in the later time (see the trajectory for
B=0.1 in Fig. 7). Figure 8 shows the trajectories of
solutions for various values of 8 with a = 1. For |B]|>5 it
is seen that these are well approximated by Eq. (4.13)
when |8 — 7/2|>|B|/2a. The blowup time as a function
of B has a similar profile as that shown in Fig. 6 and
hence it is not presented here. We only remark that the
coincidence with an analytical expression (4.17) is excel-
lent for |B]>5.

3. a<0 B>0

For negative a the denominator on the right-hand
side of (4.7a) diverges when the time goes to infinity, as
already noted in a sentence following (4.8). Therefore the

1.0

-0.5¢+

-1.0 A A
-1.0 -0.5 0 0.5 1.0

FIG. 9. The trajectories of solutions in the (x,y) plane for three typical
values of positive 5, where a = — 1.

two possibilities arise according to the limiting value of
f(): (i) lim,,  f(2) - oo, (ii) lim,,, f(?) — finite
value. In case (i) it follows from (4.7) that »2 tends to
finite value while in case (ii) it approaches zero. The case
considered here corresponds to case (i) since the station-
ary solution exists only for positive 3, as is evident from
(4.1). Figure 9 represents the trajectories of solutions for
typical values of B where a is taken to be — 1. It is
important to observe that each trajectory approaches the
corresponding stationary point (4.1). As seen from (4.5)
with a = — 1, the eigenvalue is real and negative in the
range 0 <B<1. The corresponding stationary point then
represents a stable node.” For 8> 1, on the other hand, it
is a stable focus since the eigenvalue appears as complex
conjugate with negative real part.” In the latter case the
trajectory exhibits a spiral motion around the stationary
point (see the trajectory with 8 = 5.0 in Fig. 9).

4.a<01B<0

This corresponds to case (ii). Since in this case there
exist no stationary solutions except for the origin, all tra-
jectories approach the origin as f— «. Figure 10 illus-
trates the situation where only two examples are exhib-
ited.

V. CONCLUDING REMARKS

In this paper we investigated the nonlinear dynamical
system described by Eq. (1.1) and showed that it is as-
sociated with Abel’s nonlinear ODE of the first kind. The
behaviors of solutions are found to depend critically on a
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FIG. 10. The trajectories of solutions in the (x,p) plane for two typical
values of negative B, where a = — 1.

complex parameter A. The characteristics of the bifurca-
tion of the solutions were studied in detail with the aid of
the numerical analysis.

One can generalize Eq. (1.1) by incorporating a more
generic nonlinear term as

z=Im z + Ag(|z|*)z, (5.1)

where g=g({) is an arbitrary real function of £. A simple
choice of g is, for instance, g = £ (v: real constant).
Introduction of a variable p by the relation

p=r*/(Br¥ —sin?9) (5.2)

enables us to recast (5.1) into the following nonlinear
ODE:

d

£=2p(3p —1)[ —v(a + Beot 8)p + (v + 1)cot 6].
(5.3)

Obviously for v=1, Eq. (5.3) reduces to Eq. (2.9).

Since Eq. (5.3) is a special class of Abel’s nonlinear ODE

of the first kind, it cannot be integrated in general by

quadratures. However, the two exceptional cases arise

when v= — 1, 0. In the case v = — 1 Eq. (5.3) reduces
to an ODE of the separable type,

dp )
5= (B — 1)(a + B ot 0), (5.4)

and integration of which yields an explicit solution

(B—p~ e =ce20/B sin? g, (5.5)

where ¢ is an integration constant. The expression (5.5)
can be rewritten in terms of the variables » and @ in the
form

rZeB_l(ﬁ—’ZSi“ze):c‘ezae/B, (5.6)

which represents the trajectory of solution in the (r,0)
plane. In the case v =0 Eq. (5.3) is satisfied identically
by (5.2). Equation (5.1) then becomes linear with re-
spect to z and it can be trivially integrated.

Another generalization of special importance is to
introduce spatial structure in z; z=2z(£,t), with £ being a
spatial variable. However, since Eq. (1.1) does not in-
clude a spatial derivative, £ may be regarded as a param-
eter. The initial value problem for Eq. (1.1) is then
solved by specifying the initial value z(£,0) at t=0. It is
quite interesting to note that Eq. (1.1) with pure imagi-
nary A satisfies the following bilinear equation for z:

(z*z),=Im 22 (5.7)

Here the subscript ¢ denotes partial differentiation with
respect to ¢t and * means complex conjugate. The above
equation has already stemmed in the bilinearization of the
sine-Hilbert equation,

HO= —sin 0, 6=0(&1), (5.8)

where H is the Hilbert transform operator.®"'° Indeed, if
we introduce a dependent variable transformation of the
form

0(&,t)=iIn[z*(&,1)/z(E,1) ], (5.9)

where z*(z) is an analytic function with zeros in the
lower (upper)-half £ plane, then Eq. (5.8) is trans-
formed into Eq. (5.7) due to the relation Hf, =
— (Inz*z2),*'0 Thus there arises a possibility that the
solutions of Eq. (1.1) also solve Eq. (5.8) if the analytic
condition imposed on z is fulfilled. This problem will be
dealt with in the future work.
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