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A novel multi-component generalization of the short pulse
equation and its multisoliton solutions

Yoshimasa Matsuno?
Division of Applied Mathematical Science, Graduate School of Science and Engineering
Yamaguchi University, Ube, Yamaguchi 755-8611, Japan

(Received 7 March 2011; accepted 4 November 2011; published online 7 December 2011)

We propose a novel multi-component system of nonlinear equations that general-
izes the short pulse (SP) equation describing the propagation of ultra-short pulses
in optical fibers. By means of the bilinear formalism combined with a hodograph
transformation, we obtain its multisoliton solutions in the form of a parametric
representation. Notably, unlike the determinantal solutions of the SP equation, the
proposed system is found to exhibit solutions expressed in terms of pfaffians. The
proof of the solutions is performed within the framework of an elementary theory
of determinants. The reduced 2-component system deserves a special consideration.
In particular, we show by establishing a Lax pair that the system is completely inte-
grable. The properties of solutions such as loop solitons and breathers are investigated
in detail, confirming their solitonic behavior. A variant of the 2-component system is
also discussed with its multisoliton solutions. © 2011 American Institute of Physics.
[doi:10.1063/1.3664904]

. INTRODUCTION

The short pulse (SP) equation was derived as a model nonlinear equation describing the propa-
gation of ultra-short pulses in isotropic optical fibers.! We write it in an appropriate dimensionless
form as

1
Uy =u+ E(Lﬁ)xx, (1.1)

where u = u(x, t) represents the magnitude of the electric field and subscripts x and ¢ appended to
u denote partial differentiations. The SP equation has appeared for the first time in an attempt to
construct integrable differential equations associated with pseudospherical surfaces.” The integra-
bility, soliton solutions, and other features of the SP equation common to the completely integrable
partial differential equations (PDEs) have been studied from various points of view.>”'? See also
Ref. 11 for a recent review article on the SP equation which is mainly concerned with soliton and
periodic solutions and their properties. It also provides a novel method for constructing multiperiodic
solutions by means of the bilinear transformation method.

There exist a few generalizations of the SP equation to the 2-component systems that take into
account the effects of polarization and nonisotropy. One is due to Pietrzyk er al. They proposed the
following three integrable vector (or 2-component) SP equations:'?

1 1
Uy = U+ g(u3 + 3MU2)xx, Uy =V + 6(v3 + 3M2U)Xx, (12)
1 1
o =4 200 =3uv)e, v =v— (0 = 3wt (1.3)
1, 1,
Uy =u+ 8(1’[ )xxv Uy =V + E(u U)xx' (14)
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Another one is given by Sakovich:'3

_ l 3 2 _ 1 3 2
Uy = U + 6(u + UV )ik, Uy =v+ 6(v + UV)xx, (L.5)

1 3 1 2
Uy =u+5(u Jxx» Vs =v+g(u V)xx- (1.6)

As pointed out by Sakovich,'? the two systems (1.2) and (1.3) can be reduced to the SP equation
(1.1) by appropriate dependent variable transformations. Indeed, introducing the new variables p
andgbyp=u 4+ v,q=u — v, the system of equations (1.2) can be decoupled and both p and g
satisfy the SP equation (1.1), while for (1.3), the transformation p = u + iv and ¢ = u — iv leads
to the two decoupled SP equations as well. On the other hand, the integrability of the systems (1.5)
and (1.6) was investigated by means of the Painlevé analysis. Sakovich showed that the above two
systems pass the Painlevé test, providing a strong indication of their integrability. Nevertheless, their
Lax representations, conservations laws, and soliton solutions have not been obtained as yet for the
systems.

The purpose of this paper is to propose a novel multi-component analog of the SP equation
and construct its multisoliton solutions. The system of equations presented here is composed of the

following coupled nonlinear PDEs for the n variables u;(i = 1, 2, ..., n):
1
Uiy = Ui + E(Fui,x)xv i=12,...,n) (1.72)
with
F= > cpuju. (1.7b)
1<j<k<n
Here, cji are arbitrary constants with the symmetry cjx = ci;(j, k=1, 2, ..., n). For the special case

of n = 2 with ¢j, = 1, this system becomes

1 1
Uy = U + E(uvux)m Uy =V + E(uvvx)x, (1.8)

where u = u; and v = u,. Obviously, if we put u = v, then (1.8) reduces to the SP equation (1.1). A
simple transformation recasts (1.8) to the system of equations

_ l 2 2 _ l 2 2
uxt—u+2[(u + v)uyly, vn—v+2[(u + v)vi]x. (1.9)

If v = 0, then this system reduces to the SP equation (1.1). The present paper is organized as
follows. In Sec. II, we summarize an exact method of solution for the SP equation which will
be suitable for application to the multi-component system. In Sec. III, we show by applying the
standard procedure of the bilinear method that the system of equations (1.7) can be transformed
to a coupled system of bilinear equations and obtain the multisoliton solution in the parametric
form. Notably, the tau-functions constituting the solution are expressed in terms of pfaffians unlike
the determinantal solutions of the SP equation.9 The proof of the multisoliton solution is, however,
performed with use of an elementary theory of determinants without recourse to the pfaffian theory.
In Sec. IV, we consider system (1.8). In particular, we demonstrate that it is a completely integrable
system by establishing a Lax pair. The multisoliton solution to the system is reduced from that of
the n-component system. The properties of the 1- and 2-soliton solutions will be investigated in
detail. Subsequently, we briefly discuss system (1.9). In Sec V, we conclude this study with a short
summary and discuss some open problems associated with the multi-component SP equations.

Il. SUMMARY OF THE EXACT METHOD OF SOLUTION

Here, we give a short summary of the exact method of solution for the SP equation. Although
we have employed some nonlinear transformations to reduce the SP to the integrable sine-Gordon
(sG) equations,** ' we provide a different approach which is more suitable for solving the system
of equations (1.7).
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A. Hodograph transformation

We first introduce the hodograph transformation (x, £) — (v, t) by
1
dy = rdx + Euzrdz, dt = dt, (2.1a)

where r(>0) is a function of u to be determined later. Using (2.1a), the x and ¢ derivatives are
rewritten as

d ad ad a 1 ad
—_—=r—, _——= — —uzr—, (Zlb)
ax dy ot dt 2 dy
It follows from (2.1b) that x = x(y, 7) satisfies the system of linear PDEs
1 u?
Xy = ;, X = —7 (22)
Equation (1.1) is then transformed into the form
Uy = XyUl. 2.3)

The form of r can be determined by the solvability condition of system (2.2), i.e., Xy; = X;,. Indeed,
this immediately gives r, = uuyrz. On the other hand, it follows from (2.2) and (2.3) that u = ru,..
Eliminating the variable u from both relations, one has r, = uyu,.r>. If we impose the boundary
conditions u( £ 00, ) = 0, r(£ 00, T) = 1, then we obtain r> = (1 — u%)’1 after integrating this
relation with respect to 7. Since u, = u,/r by (2.1b), we can rewrite this expression into the form

=14, (24)

The above relation has been used to transform the SP equation into the form of conservation law
r; = (u?r/2),. If one introduces a new variable ¢ by u, = sin ¢, then ¢ satisfies the sG equation
¢y; = sin ¢. This equation was the starting point in constructing multisoliton solutions of the SP
equation.” Below, we develop an alternative method using (2.3) which will be relevant to application
to the multi-component system.

B. Parametric representation of soliton solutions

The soliton solutions of Eq. (2.3) are constructed by a direct method using the bilinear formalism.
To this end, we first introduce the following dependent variable transformations for « and x:

g
=2, 2.5
u 7 (2.5)
X = +—h (2.6)
_y f’ .

where f, g, and h are tau-functions. Note that we may add an arbitrary constant on the right-hand
side of (2.6), if necessary. The second equation of (2.2) is then transformed to the bilinear equation

2D.h- f+g>=0, 2.7)
where the bilinear operators D, and D, are defined by
0 a\" [0 a\"
D'D"f.o= | — _— — [ , /’ ! s s =O,1,2,....
Dy f-g (81: 3t,) (8y By’) VACRI{¢ y)f,zw,:y (m,n )
(2.8)
On the other hand, Eq. (2.3) becomes

gfy 1 1

?(zfr +h) - F(frgy + fygr + fyrg +ghy)+ f(gyr - g) =0. (29)
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We can decouple Eq. (2.9) to a set of equations
2fr+h =0, (2.10)

fe8&y + f18« + frrg + ghy — f(gyr —g) =0. .11)

Substituting 4 from (2.10) into Egs. (2.11) and (2.7), we obtain the following system of bilinear
equations for fand g:

DyD-f-g=fg. (2.12)
2 1,
D;f-f=5¢" (2.13)
It then follows from (2.6) and (2.10) that
fx
x=y—2—. 2.14)
f

Thus, the soliton solutions of the SP equation are given by the parametric representations (2.5) and
(2.14) in terms of the tau-functions fand g. In the simplest case of the 1-soliton solution, the solutions
to Egs. (2.12) and (2.13) are easily found to be as

4 1
f=1+¢e%, g:;ef, E:py—l—;‘[—i-&), (2.15)

where p and & are constants related to the amplitude and phase of the soliton, respectively. The
corresponding parametric representation of the 1-soliton solution is derived from (2.5), (2.14), and
(2.15). It reads

2 2
u=—sechg, x=y— — tanh§& + xo, (2.16)
p 4

where xo = — p/2. For real p and &, the solution takes the form of a loop soliton.

C. Remark

We have already shown that the SP equation can be transformed into the sG equation and
obtained the parametric representation of the N-soliton solution. Actually, it reads’

u=2i<lnf7:) . x=y—2(n f f)n, 2.17)

where f and f” are tau-functions for the sG equation ¢y = sin ¢, ¢ = 2i In( f'/ f) and they satisfy
the bilinear equations

L. 1 . ~ I 1 . .
D,D.f- f= E(f2 -, D,D.f-f= 5(1”2 — . (2.18)

The explicit forms of the tau-functions are given by

- -
~ T,
F=Y oo | Y w(s+3)+ X mmvi|. (2.192)
n=0,1 j=1 1<j<k<N
= -
= > e Z (65-F0)+ X mmie | (2.19)
n=0,1 j=1 1<j<k<N i
where
1 .
Ei=piy+ =T +&o, (j=1,2,...,N), (2.20a)
J
em:<pf p") . (U k=1,2,...,N;j #k). (2.20b)
Pj =+ Pk
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Here, p; and &jo are arbitrary complex-valued parameters satisfying the conditions p; # £ p; for
j # k and N is an arbitrary positive integer. The notation ), _o, ; implies the summation over
all possible combinations of u; =0, 1, up, =0, 1, ..., uy = 0, 1. Thus, we have two different
expressions for the parametric soliton solutions of the SP equation, i.e., one is (2.5) with (2.14) and
the other is (2.17). We can show that the tau-functions f and g are related to the tau-functions f and
f' by the relations

f=ff g=2D.f 7], 2.21)
which will be inferred by comparing (2.5) and (2.14) with (2.17).

lll. MULTI-COMPONENT SYSTEM

Let us now consider the multi-component system (1.7). The procedure for obtaining the para-
metric representation of soliton solutions parallels that developed in Sec. II for the SP equation.
Hence, we omit the detail of the derivation and write down the final results. Specifically, we give
the parametric representation of soliton solutions and associated system of bilinear equations corre-
sponding to Egs. (2.12) and (2.13). Then, we present the explicit form of the multisoliton solution
of the bilinear equations. Last, the proof of the multisoliton solution is performed by using an
elementary theory of determinants.

A. Parametric representation of soliton solutions

If we use the hodograph transformation (2.1a) with F given by (1.7b) in place of u?

1
dy:rdx+§Frdt, dt = dt, 3.1
we then obtain the equations corresponding to Eqgs. (2.2) and (2.3) which are given, respectively, by
1 F
=—, X=—-—. 32
Xy p X 3 (3.2)
wiye =xyu; (@ =1,2,...,n). 3.3)
The solvability condition for Eq. (3.2) gives the explicit form of 7% in terms of u; , (i = 1,2, ..., n)
as
5 1
re= (3.4a)

1—- Zl§j<k§n CjkUj,yUi,y
If we use the relation u; , = u; ,/r, then we can rewrite (3.4a) in terms of the original variable u; . (i
=12,...,n)
PP=14 Y cjltjaliy. (3.4b)
1<j<k<n

The parametric representation of the soliton solutions takes the form

w==2 (=12..n, x=y-22 (3.5)
f f
where the tau-functions fand g;(i = 1, 2, . . ., n) satisfy the system of bilinear equations
D,D.f -gi=fg, (=12...,n), (3.6)
1
DXf-f= > > cigisk (3.7
1<j<k=<n
It follows from (3.2)—(3.4a) that u; = u;(y, 7) obey a closed system of PDEs
Uiyt .
=u;, (=1,2,...,n). (3.8)

\/1 - Zl§j<k§n CikUjyUk,y
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Furthermore, if we introduce the new variables v; by v; = u; , (i = 1, 2, ..., n), then the above
system can be recast to
0 Vit

— =v, (=12,...,n). (3.9)
8)1 \/1 - Zl§j<k§n CjkV;jVk

B. Multisoliton solution of bilinear equations

We first introduce vectors and matrices. Subsequently, we present the explicit multisoliton
solution of the bilinear equations (3.6) and (3.7).
1. Definition

Let a, b, ¢, and 0 be row vectors having M components

a=(“17a27'-'7aM)7 b:(b17b27-"st)s c:(ChCZv"-»CM)’
d=(,dy,...,dy), 0=1(0,0,...,0), (3.10a)
ande;(i=1,2,...,n) be M-component row vectors defined below:
e =(1,1,...,1,0,0,...,0),...,e, =(0,0,...,0,1,1,...,1, 0,0,...,0),
— —
M, M—-M, My+-+M; M; M—(M+--+M;)
..,e,=1(0,0,...,0,1,1,..., 1), (3.10b)
Mi+-+M, M,

where M and M;(i = 1, 2, ..., n) are positive integers satisfying the condition ) /_; M; = M.
The following types of matrices appear in the process of proving the multisoliton solution:

Ay Iy b7
Ay Iy
D = (dij)i<i,j<om = , D@b)y=| -Iy By 0], (3.11a)
T —Iy By
a 0 0
AM IM CT dT AM IM bT OT
—Iy By 07 07 —Iy By 07 ¢
Dabicdy=| " "V . D@esbey=| M M i,
a 0 0 0 a 0 0O O
b 0 0 0 0 €; 0O O
(3.11b)

Ay Iy ' d" o7
—Iy By 07 07 ef
D(a,b,e;;c,d,e;) = a 0 o o0 01, (3.11¢)
b 0 0 0 O
0 e O 0 O
where Ay = (aj)1 <i,j <m and By = (bjj)1 <i,j < m are M x M skew-symmetric matrices, Iy is the

M x M unit matrix, and the symbol T denotes the transpose.
The element a;; of the matrix Ay is given by

Pi = Dj e+e Pi — Pj ..
ajj=———"—¢" = ———7z;7;, (,j=1,2,.... M), (3.12)
Y pi+ pj pi+p;
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where £; is defined by (2.20a) and z; = e . To specify the matrix By, let S;(i=1,2,...,n)ben
disjoint sets consisting of positive integers

Si={,....Mi},....S =My +My~+---+M_+1,..., M+ -+ M},

LSy =My +My+-- -4+ M+, M+ -+ M) (3.13)

1 (p,upv)z .. . .
- cijﬁs /LESZ',VGS]'(/.L,V:1,2,...,M(M7év);l,‘]:],2,...,n(l7é])),
4 " p.—p

) (3.14)
b,y = 01if u and v belong to the same set and b,,,, = O for all . Thus, By, has the structure

Om, xm, Byyxm, oo Bumixwm,
T
_BMlxMz OMZXMz BMZXMn
By = _ . . (3.150)
T T
_BM|><M,1 _BszMn OMnXMn

By xm; = (bpv)yes;ves; (1 <0< j < n),

Oum,xm, : Mi x M; null matrix = 1,2, ..., n). (3.15b)

2. Multisoliton solution

Now, we state our main result.

Theorem 3.1: The multisoliton solution of the system of bilinear equations (3.6) and (3.7) is
given by the following form:

f=~F, F=|D| (3.16a)
& =+vGi, G;=|D(-z,—e;z,¢)|, (i =1,2,...,n), (3.16b)
where z is the M-component vector 7 = (5!, €%, ..., ). The parametric solution u; (3.5) con-

structed from these tau-functions contains M; solitons for each i.

Note that fand g; are pfaffians since each one of them is represented by the square root of the
skew-symmetric determinant of even order. This fact is in striking contrast to the tau-functions of
the N-soliton solution for the SP equation which can be represented by determinants.

C. PROOF OF MULTISOLITON SOLUTION
1. Basic formulas for determinants

Let A = (a;)1 < j<mbean M x M matrix and A;; be the cofactor of the element a;;. Then, the
following three formulas for determinants are employed frequently in our analysis:'*

9 M da;;
—Al= )" —Lay, (3.17)
0x = 0x
T M
N =|Alz— ) _ Aijaib;, (3.18)
2 i =1

|A(a, b;e, d)|[A] = [A(a; ©)||A(b:d)| — |A(a;d)[|A(b; c)]. (3.19)
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Formula (3.17) is the differential rule of the determinant and (3.18) is the expansion formula for a
bordered determinant with respect to the last row and column. Formula (3.19) is Jacobi’s identity
and it will play a central role in the proof of the multisoliton solution.

2. Differential formulas

We give various differential formulas for the determinants F and G; introduced in (3.16) which
are necessary for the proof of the solution. The following formulas are derived easily with use
of (3.17) and (3.18) as well as the relation |D( — z; z)| = 0 which follows from the fact that the
skew-symmetric determinant of odd order is identically zero. Hence, we quote only the results:

F, = =2|D(-1z;z,)|, (3.20a)

Fr = =2[D(=z:;27)], (3.20b)

Fyr = =2|D(—2;;2))| — 2| D(~2, —2; %, Z,)|, (3.20c)
Fro = =2|D(=2c1;2)| — 2|D(—2, =232, Z;)|, (3.20d)
Giy = 2|D(—z, —e;;z,, ¢;)], (3.21a)

G, =2|D(—z,, —e;;z, )|, (3.21b)

Giyr = 2|D(—z, —e;;2, €)| + 2|D(—2,, —e;; 2y, ;)| + 2| D(—2z, —Z,, —€;;2,Z,, €)|, (3.21c)

where the M-component vectors z,, z., and z. are given, respectively, by

¢ . ¢ sl eh ebm sl eh ebm
Zyz(plelvPZCzw-preM)y Zy =\ —H5 oo — ) 2 = T T T )
Pt p2 Pm Py P; Pu
(3.22)

3. Proof of Eq. (3.6)

First, we show that the tau-functions (3.16) for the multisoliton solution satisfy the bilinear
equation (3.6). To this end, we substitute f and g; from (3.16) into Eq. (3.6) to obtain
G, 1 F

1 1
= | FFy— P F; ~— | GiGiy. — 2GiyGi: | — - (F,Gi: + F:G,y) = FG;.
2F< y > >+2Gi( Gy 2G,y ) 4( G+ FG,y) G
(3.23)

We compute three terms on the left-hand side of (3.23) separately. Using (3.20a)-(3.20c) and the
relation

|D(=2, =232, 2,)||D| = —|D(=2;2,)|| D(—2.; 2)], (3.24)

which follows from Jacobi’s identity and the identity |D( — z; z)| = 0, the first term on the left-hand
side of (3.23) reduces to
G;

1
o (FFW -3 F) = —|D(~2::2,)|G:. (3.25)

Next, it follows from (3.21a)—(3.21c¢) that
1
2
+1D(~2z, —2,, —€;;Z, Zy, ei)l} —2|D(~z, —¢;;2y, €)||D(—2., —¢€;;2, €)]. (3.26)

GGy — GG =2|D(~z, —¢;; 1, ei)|{|D(—Z, —€;;Z, ¢;)| + [D(—2;, —¢€;;Zy, €;)|
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Referring again to Jacobi’s identity and the identity |D( — e;; ;)| = 0, one has

|D(—z, —Z., —¢;;Z, Z,, ¢;)|| D(—e;; ;)|
= |D(-z, —¢;;z, €)||D(—2., —€;;Zy, &) — |D(—2,, —€;; 2, &)||D(—2, —€;;2y,¢€;)| =0, (3.27)
which, introduced into (3.26), simplifies the second term on the left-hand side of (3.23)

F 1
G (GiGi,yr - EGi.yGi,r> = F{|D(—Z, —Z;, —€;,Z,Zy, €;)| + Gi}- (3.28)

Last, formulas (3.20a), (3.20b), (3.21a), and (3.21b) give simply the third term on the left-hand
side of (3.23):

1
- Z(F}'Gi,r + F;.G, ) = |D(=z;2,)||D(—Z;, —e;; 2, &)| + |D(—2.;2)|| D(—Z, —e;; Z,, €;)|.

(3.29)
Substituting (3.25), (3.28), and (3.29) into (3.23), the equation to be proved becomes
ID||D(~2, —7., —¢€;;2, Zy, €;)| — |D(—2;Z,)||D(—2, —¢;;2, ;)|
+|D(=2z;2y)||D(—2., —€;; 2, €;)| + |D(—2;;2)| | D(—2, —e;;Zy, €;)| = 0. (3.30)

The following formula can be verified by applying Jacobi’s identity twice to the right-hand side
of (3.31):

|D(a;a’)]  [D(a;b)] |D(a;c)]
|D(;a")|  |D®;b)|  |D(b;c)|| =|DI’|D@,b,c;a, b, ). (3.31)
|D(c;a’)|  [D(e;b)] [ D(e; )

Assume that | D| # 0. Then, multiplying (3.30) by |D| and using Jacobi’s identity as well as the iden-
tities |D( — e;; €;)| = |D( — z; z)| = 0, the resulting relation reduces to (3.31) with the identification
a=—z,b=—z,,c= —e;,a =z, b =z, ¢ =e; This completes the proof of Eq. (3.6).

4. Proof of Eq. (3.7)

We proceed to the proof of Eq. (3.7). By using fand g; from (3.16) and noting the symmetry c;
= ¢j;, we transform it to the form

1 n
FF,, — F? = 3 > GG (3.32)
k=1
(j#k)
If we substitute (3.16b), (3.20b), and (3.20d) into (3.32) and use the following relation with j = k
ID(—e;;2)||D(—e;2)| = |D||D(—2, —e;;2,€)|, (j,k=1,2,...,n), (3.33)

which comes from Jacobi’s identity, we recast (3.32) in the form

1 n
2ADI{ID(z:2:0)] = ID(~2.~z:z.20l| = 7 3 culDi—enlID—ecnl. (334

jk=1
(j#k)

Last, replacing the right-hand side of (3.34) by the right-hand side of (3.33) and dividing the
resultant equation by 2|D|, the equation to be proved reduces to the following linear relation among
determinants:

1 n
|D(—2;2c0)| = ID(=2, —2552,20)| = & D el D(=2, —ej32, €0)]. (3.35)
jk=1
(#k)
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We now start the proof of (3.35). Define the 2M + 1) x (2M + 1) skew-symmetric matrix
= (dilj)lsi,jsz/wﬂ by

AM IM ZT
D =D(—zz)=| —Iyy By 07 |. (3.36)
—Z 0 0

Let D;; and Dj; be the cofactors of the elements d; and d;, respectively, and Dj; iy and Dj; ;; be
second cofactors Expanding the cofactor D), with respect to the ith row, we obtain

M+j,M+i
M M
Diyiimsi = Z D; iy jx myiGik + Z Dimyjimyizizes U, j=1,2,..., M). (3.37)
k=1 k=1

Similarly, referring to the structure of the matrix By, defined by (3.15), the expansions of D;; and D’
with respect to the (M + i)th column read

M
D;; = ZDi Mk, jm+ibii, () =1,2,..., M), (3.38)
k=1
M
= ZD;MWMkui, (G,j=1,2,...,M). (3.39)
k=1

The proof of (3.35) can be performed on the basis of formulas (3.37)—(3.39). First, we multiply
(3.37) by bj;/ p} and sum up with respect to i and j to obtain

M M b
]l
2. D;W+j~M+l Z D D jhssitic s
ij=1 P j=1k=1 pi
M M b
+ Dimsjimsi—532izks (o j=1,2,..., M). (3.40)
ij=1 k=1 i

Note that for any function f;;

M n
YK=Y fu (3.41)

i,j=1 i,j=1 pes; ves;

where the notation ) ues, implies that the dummy index 4 runs over the set S;. Applying this rule to
the left-hand side of (3.40),

M
= Z M+, M+: Z Z Z DMJrv M+;L . (3.42)

i,j=1pes; ves; p”

=D

M-, M+» Which

We modify L by taking into account the relations b,, = — by, and D}, ;. "
follow from the skew-symmetry of the matrices D and D’. This leads to

1 1
_ZZZDM-H)M-HL( D +?>buv

L 2
i,j=1peS; ves; " v

:— Z CZJZZDM+VM+M’ (34’3)

ij=1 HES; vES;

i#))
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where in passing to the second line of (3.43), we used (3.14). It follows from (3.10b) and the formula
(3.18) that

YD Diypviin = 1D (e3¢ = |D(=2, —e;52, ¢)), (3.44)
HES; VGSj
which, substituted in (3.43), gives
1 n
L=- Z ¢ij|D(~z, —€;;z, €;)|. (3.45)

i,j=1
G#p

0

On the other hand, using (3.38) and (3.39), the right-hand side of (3.40) reduces to

M
R=Y D, 4 Z D,k“’k (3.46)

ik=1 p,» ik=1

We substitute the explicit form of a from (3.12) and take into account the symmetry D}, = D,
the first term of R is modified as

“ I v 1 1\p—p
; Yik , i %
D”‘_Z:__ZDik( ) ZiZk
ik=1 Pi 2 ik=1 pz Pk pi + Pk
M
1 < 1 2 1 )
=52 Dl - —+—5)uu (3.47)
2 [chzl ‘ Piz PiDk p,%

It turns out by applying the formula (3.18) to (3.47) that

’ alk 1 / . / . 1 / .
E Dy, — = §|D(_Z’er)| — |D(—2;;2,)| + E'D (—Z¢r32)]
i,k=1

1 1
= §|D(—Z, —Z,Z, L) — |D(—%, —2:Z,2;)| + EID(—Z, ~Zi3Z, Z)
= —|D(~z, —2.;2, Z,)|, (3.48)

where in passing to the last line, we used the fact that any determinant which contains two identical
rows (or columns) is zero. The similar procedure applied to the second term of R yields

Z Dy = |D(~z:2.0)]. (3.49)
i,k=1 i

Adding (3.48) and (3.49), we finally obtain
= |D(=2z;2;.)| — |D(—2, —2;;2, Z)|. (3.50)

The desired relation (3.35) follows immediately from (3.40), (3.45), and (3.50), completing the proof
of Eq. (3.7).

D. Remarks

1. Let C = (cjj)1 <i,j < be areal symmetric matrix whose diagonal elements are zero, i.e., ¢;;
=00G=1,2,...,n),and P = (p;j)1 </ j < i a regular matrix. Then, under appropriate orthogonal
transformation u; = Z’;=1 Di ju/j, the quadratic form (1.7b) can be recast to a canonical form

p q
=D uf - Z prir (PF+q =n), (3.51)
i=1 i=1
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where p(q) is the number of positive (negative) eigenvalues of C, and p and g are determined uniquely
by C.'> Note that since TrC = 0, p # 0 and g # 0. Under the same transformation, the system of
bilinear equations (3.6) and (3.7) can be converted into the system

D,D.f g =fg, (i=12...p+q), (3.52)

1 p q
Diff=5 (Z g - Zé’fw) : (3.53)
i=1 i=1

where u; = g//f(i =1,2,..., p+q). For example, if ¢;; =1 (i # j),¢;; =0, then p = 1 and
g =n — 1 since the eigenvalues of C are n — 1 (simple root) and — 1 ((n — 1)-ple root).

2. When F is a positive definite quadratic form of u; (i = 1, 2, ..., n), we can put p = n and
g = 0 in (3.52) and (3.53) provided that C has n distinct positive eigenvalues. The system corre-
sponding to (1.7) becomes

1 n .
Uiy = Ui + 3 Zlu§ uix | , (=12,...,n). (3.54)
j=

X

If we consider the continuum limit n — oo for (3.54), then we have a (2 + 1)-dimensional nonlocal
PDE of the form

1 o0
Uy = U+ — (ux/ uzdz> , u=u(x,z1t). (3.55)
2 N B
This equation is an analog of the (2 4 1)-dimensional nonlocal nonlinear Schrédinger equation
oo
i, = uyy + 2u/ lul’dz, u=u(x,z1), (3.56)
—00

arising from a continuum limit of the multi-component nonlinear Schrodinger equation.!®!” By
means of the hodograph transformation

dy = rdx + ( / uzdz> rdr, dt =dr, (3.57)
—o0
we obtain the parametric representation of the solution for Eq. (3.55)
8 S
u=-, x=y-—-2-—, (3.58)
f f
where f = f(y, ) and g = g(y, z, T) satisfy the system of bilinear equations
1 o0
DDfg=fe Dif-f=3 [ g (3:59)
—00

We will discuss the integrability of Eq. (3.55) in a separate paper.

3. The bilinear equation (3.7) takes the same form as that of a coupled modified Koreweg-de
Vries equations proposed in Ref. 18 where the proof of the multisoliton solution has been performed
by lengthy calculations using various formulas of pfaffians. Here, we have provided a novel proof
relying only on an elementary theory of determinants.

4. The coupled PDEs proposed recently in Ref. 19

Wi =u;— Y cpli e — ujeui, (=1,2,....n), (3.60)
I<j<k<n

where the coupling constants cj;, are skew-symmetric, are transformed to the following system of

bilinear equations through the dependent variable transformations u; = g;/f(i =1, 2, ..., n):
D.D;f-gi= fg, (i=12,...,n), (3.61)
D.Df-f= ) cuDgj- g (3.62)

1<j<k<n
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Recall that the bilinear equation (3.61) coincides with (3.6) if we replace the variables x and ¢ by
y and 1, respectively. We conjecture that the multisoliton solution of Egs. (3.61) and (3.62) will be
given by (3.16) where the matrix By, has the form

b/L\J:_CijM9 mweS,veSi(uv="012 ... . Mu#vyi,j=12,....,n0#))),

Py + Dy
(3.63)

in place of (3.14). Obviously, the corresponding tau-functions f and g; satisfy Eq. (3.61) since its
proof does not depend on the explicit form of By, except that it is a skew-symmetric matrix with
the constant elements. For the 2-component system, we have checked that Eqgs. (3.61) and (3.62)
exhibit the 2- and 3-soliton solutions, i.e., M| = M, = 2, M| = M, = 3. The proof of the general
multisoliton solution will be reported elsewhere.

IV. TWO-COMPONENT SYSTEM

Here, we consider the 2-component system (1.8) in detail. We first show the integrability of the
system by constructing a Lax pair and then present the multisoliton solution. We also discuss an
integrable system (1.9) which is closely related to system (1.8).

A. Integrability
For system (1.8), Egs. (3.2) and (3.3) corresponding to Egs. (1.8) read
Xyr = —E(uv)y, Uy = Xy, Vyp = XV, 4.1
where the first of these equations comes from the y-derivative of the second equation of (3.2) with F
= uv. The system of equations (4.1) can be derived from the compatibility condition of the system

of linear PDEs

U, =UW, ¥, =VV¥ (4.2a)

Xy Uy 1{0 —u 1 ({1 O
U=\ ), V== + — , (4.2b)
vy —Xy 2\v O 4aA\0 -1

where A is a spectral parameter. Note in this expression that x, = ,/1 — u,v,. Indeed, it follows
from the condition ¥, = W, that

with

U, -V, +UV -VU = 0, 4.3)
which yields Eqgs. (4.1). Using (2.1b), we can rewrite (4.2) in terms of the original variables x and ¢

U, =0V, ¥, =VWV (4.42)

U)Llux VlO—u+110+)L UV UVU, (4.4b)
S\, 1) “2\v 0 42\ 0 -1 2\ uvv, —uv | '

This is a Lax pair for the system of equations (1.8). Note that when u = v, (4.4) reduces to the Lax
pair for the SP equation.* One can apply the inverse scattering transform (IST) method to establish
the complete integrability of the system (1.8).

with
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B. Multisoliton solution
1. N-soliton solution

The parametric representation of the multisoliton solution of Eq. (1.8) is given by (3.5) with
n=2
u=8 ,=8 oy ot (4.5)
f f f
Here, we consider the case where both u and v contain N solitons. Correspondingly, we set M,
= M, = N and M = 2N in (4.5). The tau-functions f and g;(i = 1, 2) from (3.16) are represented by
the following formulas:

f=VF, g =G (i=12 (4.6a)
with
A I
F=|pj=| " V| (4.6b)
—hy Boy

A2N 12]\/ ZT 0T

_IZN B2N OT eiT
G, =|D(—z, —e;;z,¢)| = , @ =1,2). 4.6¢
| D( )] L, 0 0 0 ( ) (4.6¢)

0 —-e 0 O

Here, the 2N x 2N skew-symmetric matrices Ay and By have the elements

Pi —Dj gve, . Pi—Dj
Aoy = (@iji<ij<oN, Qi = —————¢€"" = — ZiZj,
ij/1=i,j= ij pi+pj pi+pj i<
1 .
& =piy+—T+E&0 (=1.2...2N), (4.6d)
1
OnxN  Bwnxwn
Boy = T ,
_BN><N ONxN
Byan = (bins i=ijens bingy = 282 G j =12 N 4.6
NxN _( lN+])1§l,j§N! 1N+] — 4P‘2_P%\/+" (l’] — Ly &y ey )5 ( . e)
i j

and the 2N-component vectors z and e; (i = 1, 2) are given, respectively, by

z=(",¢e2,...,e"), e =(,1,...,1,0,0,...,0), e =1(0,0,...,0,1,1,...,1).
— ——
N N N
(4.6f)
Note that the N-soliton solution contains 4N complex-valued parameters p;, ;o (i = 1, 2, ..., 2N).

An alternative parametrization with the same number of the parameters is possible if one puts py + ;
=pi(i=1,2,...,N)andreplaces &, and &y 1 jo by Ei0 + Ing;and &;9 + Inb;(i=1,2,...,N),
respectively, where a; and b; are new parameters. In the following, we present a few examples of
solutions and investigate their properties.

2. One-loop soliton solution

We give two types of tau-functions described above:

1 (pip2)?
f= — T R122, &1 =121, &2 =22, (4.7a)
4(pi+ p2)? 1
Cl]b]p% 2
f=1+——21, g@i=az1, & =Dbiz1, (a1,a2, p1 >0), (4.7b)

16
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FIG. 1. The profile of the 1-loop soliton solution u# with the parameters p; = 1.0, a; = 0.5, and b; = 1.0.

The solution corresponding to (4.7b) is calculated from (3.5) to give

aj 2 bl
u =—_[—sech(¢ +8;), v=—_|—sech( +6)), (4.8a)
p1\ by p1\ ai

In (valbll?l)
4

2
xX=y- P tanh(§; +81), &) = , (a1, b1, p1 > 0). (4.8b)
i

A profile of u is depicted in Fig. 1. It represents a loop soliton with the amplitude % Z—: and the

velocity ¢y = 1/ p%. Note that the amplitude of the loop soliton is defined by the maximum value of
u which is attained at £; = — §; in the present example. The property of v is the same as that of u

except the amplitude given by %\/% . By comparing (2.16) and (4.8), we see that the loop soliton
has the same structure as that of the loop soliton of the SP equation.

3. Two-loop soliton solution

As in the case of the 1-soliton solution, we write down two types of tau-functions for the
2-soliton solution:

fe 1 (pips)’ iz 1 (pips)’ i 1 (p2p3)’ oz 1 (p2ps)’ oz
- =7 . 5 Xl1k3 = . 5 X1k4 . 5 K243 o . 5 K244
4 (p1 + p3)? 4 (p1 + pa)? 4 (p2+ p3)? 4 (p2+ pa)?
1 (p1P2p3P4)*(P1 — P2)*(p3 — pa)?
v 2 3 5 5 21222324, (4.9a)
16 (p1 + p3)=(p2 + p3)*(p1 + pa)*(p2 + pa)
1 pip1— p)? 1 pip— p)?
sS1i=21+22+-~ 212223 + = 212224, (4.9b)
T T i+ pP(pa+ ) T T A+ pP(pa 4 pa?
4 2 4 2
Pi(p3 — pa) I p5(ps— pa)
S =3+z2a+- 212324 + = 222324, (4.9¢)
T T T A i p* (o + 2 T T A (oo 4 pa(pa + pa?
1 1 (p1p2)? 1
=1+ —abp’z> + —(a1b b)———— —ayby p32?
f + 16611 1P121 + 4(611 > +ap 1)(1?1 T+ o) 2122 + 16d2 2D325
1 (p1p2)*(p1 — p2)* 2
— b1b , 4.10
+5sgt1aabib o1 + po)? (z122) (4.10a)
1 pip— p2)* , 1 pipi—p2)*
g1 =a121 + @ + —a1ab) ———— 7720 + —a1abry ——— 7125, (4.10b)
1 121 + a2 16121(1714_}72)2 122 16122(p1+p2)2 125

1 p3(pi— ),
=bi1z1 + brzo + —ai1b1b —_— —712Z5. 4.10c
g2 121 + b2z 1b1by T 12(p1+p2)2 125 ( )

—— <
16 (p1 + p2)?
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20

-5
30

FIG. 2. The time evolution of the 2-loop soliton solution u with the parameters p; = 0.5, p» = 1.0, a1 = 1.0, ap = 2.0,
by = 1.0, by = 2.0, and x19 = xp9 = 0.

We consider the 2-soliton solution corresponding to the tau-functions (4.10). Figure 2 shows the
time evolution of the 2-soliton solution u. It represents the interaction of two loop solitons, each
takes the form of the 1-loop soliton given by (4.8), as we demonstrate now.

We investigate the asymptotic behavior of the solution u. To this end, we assume 0 < p; < p;
and a; > 0, b; > 0(i = 1, 2). Then, an asymptotic analysis similar to that developed for the 2-loop
soliton solution of the SP equation shows that as t - — 0o, u behaves like®

2 [a , 2 Jap
u=u;+uy~—_|—sech(§ +6;)+ —, /= sech(§ + §), (4.11a)
p1V b D2\ by
& 2 , 2 4
x+cit —xy0~ — — —tanh(§; +6)) — — — —, foruy, (4.11b)
pP1 P1 b1 p2
& 2 2
X + cpt — xp90 ~ — — — tanh(& + 6,) — —, for uy, 4.11¢)
P2 P2 P2
where
1 Vaib; aib; -,
G=— 6 =1n( - ’p,-), 5 =In| Y270y, (”] ”2> L(=12.  (411d)
p: 4 4 p1+ 2
As t — 4+ 00, on the other hand
2 |ag 2 Jay /
u=nu; +u, ~—_ |—sech( +8;)+ —, /—sech(& +5,), (4.12a)
PV b P2\ by
& 2 2
X +cit — xy9 ~ — — — tanh(&; 4+ 61) — —, for uy, (4.12b)
P1 P1 P1
& 2 , 2 4
X + ¢t — xp90 ~ — — —tanh(& + 82) — — — —, foru,. (4.12¢)
P2 P2 P2 D1

We observe that the solution u splits into two loop solitons as time evolves, each of which has the
form of a single loop soliton. The only effect due to the interaction of two loop solitons is the phase
shift. To see this, let x;. be the center position of the ith soliton. Then, it follows from the asymptotic



123702-17 Multi-component short pulse equation J. Math. Phys. 52, 123702 (2011)

forms (4.11) and (4.12) that

2 4 S 2

Xietat —xpo~————— —, XpetCf—xp~————, (> —00), (4.13a)
Pt P P2 P2 P2
5 2 5, 2 4

Xietet —xjo~————, X+ —Xp~————— —. (t > +00). (4.13b)
pPi D1 P2 P2 P

Since two solitons propagate to the left, the phase shift of the ith soliton can be defined by the
relation

A; = xie(t = —00) — x;e(t — +00), (i = 1,2). (4.14)

Thus, from (4.13) and (4.14) one has

1 —m;\ 4
Ay =——1In (u) - (4.152)
)4 P11+ p2 )2
1 p—m\ 4
Ay = —1In (—) + —. (4.15b)
D2 P11+ p2 D1

The same calculation can be applied to v as well. The corresponding asymptotic formulas are
obtained simply by interchanging a; and b; (i = 1, 2) in the above expressions. It should be remarked
that the above formulas for the phase shift do not depend on a; and b; (i = 1, 2) and are determined
only by the amplitude parameters p; and p,. They coincide with those of the 2-loop soliton solution

of the SP equation.” A novel feature of the solution in the present 2-component system is that the
large soliton propagates slower than the small soliton if the inequality % \/g < i Z—Z holds. This
fact is seen from the asymptotic forms (4.11a) and (4.12a) of the solution with the velocities of u;

and u, being given, respectively, by ¢; = 1/pf and ¢; = l/pg (c2 < c1).

4. Breather solutions

The breather solutions are constructed from the soliton solutions by following the same manip-
ulation as that used for the soliton solutions of the SP equation.” Here, we present the 1-breather
solution. In this case, we put

pr=a+ib=p} &o=Ar+in =8 a=ae” =a}, by = peV' =b} (4.16)

in (4.10) to obtain the tau-functions f, g1, and g,. Here, a, b, o1, and B are positive constants, A, [,
¢1, and ¥ are real constants, and the asterisk denotes complex conjugate. After a few calculations,
we find the following expressions:

164 /% 164, /B
4 e2(9+9°)f, by A e20+60) 5 by 2(0+60) 5,

=5 v~y A A v h
with
f = b*cosh?(0 + 6y) + a® cos*(x + xo + &) — (a* + b?) sin® 8, (4.17b)

21 = sin(yo — 8) sin(x + xo + &) cosh(6 + 6) — cos(xo — 8) cos(x + xo + 8') sinh(8 + 6p),
4.17¢)

&2 = sin(xo + 8) sin(x + xo + &) cosh(® 4 6y) — cos(xo + 8) cos(x + xo + 8') sinh(6 + 6y),
(4.17d)
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FIG. 3. The time evolution of the 1-breather solution u# with the parameters a = 0.1, b = 0.5, «; = 1.0, 81 = 2.0, ¢; =0,
Y1 =n/2,and L =p =0.

where
1 1
0=a y+mf + A, X=b y_a2—+b2T + u, (4.18a)
o b 3 5 b 1 .1
e’ = —vai(a*+b%), tan xo=—, 8= (¢ —V1), & = =(¢1+ V). (4.18b)
4a a 2 2
Substituting (4.17) into (3.5), we obtain the parametric representation of the 1-breather solution:
e} B
u_m_ﬂ:& Ay (4.19)
Va+ b7 f’ NZEEN '
r =y 2ab b sinh 2(0 + 6p) + aA sin 2(x + xo +9") _4a (4.19)

_a2+b2 f a2+b2.

Both u and v include two different phases 6 and x. The former characterizes the envelope of the
breather, whereas the latter governs the internal oscillation. Figure 3 shows the time evolution of
the 1-breather solution u. It represents an oscillating localized pulse moving to the left. Contrary
to the single loop soliton, the profile of the pulse is nonstationary in the comoving coordinate
system. An inspection shows that solution (4.19) exhibits singularities as encountered in the case
of the breather solution of the SP equation. Therefore, certain condition must be imposed on
the parameters a, b, and § to produce the regular breather. However, we do not pursue the detail here.

C. Related integrable system
1. The 2-component system

The 2-component system (1.8) can be transformed to another integrable system (1.9) by a simple
transformation. To show this, we put

u=1i-+iv, v=1i—1iv, 4.20)

and substitute this into Egs. (1.8), we obtain a system of equations for # and ¥ :

~ o~ l ~2 ~2\ ~
Uy =0+ 2[(u + )ity ]y, (4.21a)

1
Uy =0+ 5[(»72 + )i, ], (4.21b)

This system is a special case of the n-component system (3.54) with n = 2.
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2. N-soliton solution

The parametric representation of the N-soliton solution for Egs. (4.21) can be expressed in the
form

a8 % L, o) (4.22)
f f f
where the tau-functions g;, &,, and f satisfy the system of bilinear equations:
DyD-f g = f&. (i=12), (4.23)
27 7L o
Dif-f=5@+&) (4.23b)

Here, we consider real-valued solutions # and ¥ for system (4.21). The tau-functions representing
the N-soliton solution are obtained from (4.6) by putting p;+n = p}, &nvo =650 =1,2,..., N).
Then, the expressions corresponding to (4.6d), (4.6e), and (4.6f) become

A A Pi —pj Pi — p;
AZN = * * |’ A= <_ . j.ZiZj) ’ A2 = _HZiZ; ’
Az A1 pi + Pj 1<i,j<N pi + p; I<i,j<N

(4.24a)
o X B 1 ( i >lf)2
Bay=( 0N P p= (2R , (4.24b)
Bl ON><N 4 pi _p_,' I<i,j<N
= (es‘,esz, R eE’V, eél*, eéz*, o ,eéﬁ). (4.24¢)

We can see that the tau-functions f, g1, and g, (4.6) with (4.24) satisfy the conditions f = f* and
&> = g, which, combined with (4.5) and (4.20), give

- 1 1
=5 &= 5(81 +g1), &= 5(81 - &) (4.25)

As in the case of the N-soliton solution of the 2-component system (1.8) (see Sec. IV B),
we have an alternative parametrization of the N-soliton solution. Namely, we replace &, by &jo
+ In(a; + b)) (j =1, 2, ..., N) where a; and b; are real parameters, and then take p; and &jo (j
=1, 2, ..., N) being real in the expressions of the tau-functions. This procedure yields the tau-
functions corresponding to (4.7b) and (4.10), for example. Actually, for the 1-soliton solution, the
corresponding tau-functions are given by

~ L, 2N .22 ~ ~
f=1+ R(a1 +b)pizy, &1 =az, & =biz, (4.26)
and for the 2-soliton solution, they read
~ 1 2 2 2.2 1 (p1p2)2 1 2 2 2.2
f=1+ 1—6(611 +b)pizi + E(dlaz + blbz)m 2122 + E(Gz + b3)p32;

1 (p1p2)*(p1 — p2)*
+5g @ +bD@; + b)) ok o (122)°, (4.27a)
- 1 2 2 P%(Pl - P2)2 2 1 2 2 P%(Pl - P2)2 2
=a121 + a0 + —ax(a; + by))————— 7720 + —a (a5 + b)) ————— 7,25,
fr=azut+mn+ ¢ 2(ay +b7) it 92t g 1(ay +b3) (P11 p2)? 1(:27b)
1 pip1 — p2)* 1 p3(p1 — p2)?
g =biz1 + brzo + —b az+b21—222 + —b 612+b22—222-
Lr=but+bhunt ¢ 2(ay + DY) it 2t g 1(a; +b3) (it )t O
(4.27¢)

It can be seen that substitution of (4.26) and (4.27) into (4.22) produces the 1- and 2-loop soliton
solutions, respectively.
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3. Breather solutions

One can confirm by direct calculation that the tau-functions (4.27) satisfy the bilinear equations
(4.23). In the process, the reality of the parameters has not been used. This fact enables us to extend
the range of the parameters to complex values. Thus, the breather solutions are constructed from
the soliton solutions by applying the procedure developed in Sec. IV B. In practice, according to
parametrization (4.16), one has

>4 o6t s - l6aja 2 _ . 16B1a B
= -0t 7 = ————t g, = ———— ¢t (4.282)
T T A are e R e ©
with
7 2 2 2 2 Lo, o (af+8]
f = b”cosh“(6 + 6;) + a” cos“(x +X0+/<)+§(a + b7) T -1, (4.28b)
g1 = sin(xo — @1 + «)sin(x + xo + «) cosh(6 + 61)
— cos(xo — @1 + k) cos(x + xo + k) sinh(6 + 6y), (4.28¢)
&> = sin(xo — Y1 + &) sin(x + xo + «) cosh(6 + 6,)
— cos(xo — V1 + k) cos(x + xo + ) sinh(0 + 6;), (4.28d)
where the parameters 61, y, and « are defined by
b
' = VA £y y = o) 42017 cos 260 —v) + B (4.28¢)
2 o 2 2 o 2
tan 2k = o; sin 2¢1 + fy sin 29, (4.28f)

o? cos 2¢; + B7 cos 2¢;

and 6, x, and 6, are already given, respectively, by (4.18a) and (4.18b). Substituting (4.28) into
(4.22), we obtain the parametric representation of the 1-breather solution:

. darab 31 5o 4prab & (4.292)
yJaZ+02 f’ yJaZ+02 f’ '
2ab b sinh 2(0 + 0;) 4+ a sin 2(x + xo + k) 4a
X=y— o e 0 - . (4.29b)
a‘+b f a‘+b

Of particular interest is a circularly polarized wave for which the solution exhibits a sim-
ple structure, as we shall now demonstrate. In this case, we put a; = By, xo — ¢1 +x = % and
¢1 — Y1 = 7 to obtain the tau-functions

. aj(a® 4 b?)? Y

f=1+=—7 o &r=2ee’cos(x + 1), &2 =20 sin(x + ). (4.30)
Then, the solution takes the form
~ 2a  cos(x +¢1) . 2a  sin(x + ¢1) o o(a®+b?)
0= —~, U= -, e = —~ |, (4.31a)
a® + b? cosh(6 + 6;) a? 4 b? cosh(6 + 6)) 2a
2a , 2a
X=Yy— aZ—+b2 tanh(@—i—@o)— m (4.31b)

The parametric solution (4.31) represents a nonsingular breather if the inequality 0 < a/b < 1 holds.
Figure 4 shows the time evolution of u(= i) given by (4.31).
One can show by a direct calculation that the solution (4.31) satisfies the integral relations

[o¢] o0
[ idx =0, / vdx =0, (4.32)

o] o0
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FIG. 4. The time evolution of the 1-breather solution u(= i) with the parameters a = 0.1, b = 0.5, ¢; = 1.0, ¢p; =0, and A
=u=0.

implying that both i and ¥ are zero mean fields. This fact indicates clearly an oscillating character of
the solution. Note that the above relations represent the conservation laws derived from the system of
equations (4.21) for localized waves. It is interesting to observe that in the small amplitude limit a/b
— 0, the profile of & bears resemblance to that of the soliton solution of the nonlinear Schrodinger
equation.

D. Remarks

1. The system of equations (4.1) is equivalent to a coupled dispersionless system for the
variables r = r(x, 1), s = s(x, 1), and g = g(x, ?):

qxr + (VS)X =0, Yyt — 2QXr =0, Sxr — qus =0. (433)

The Lax pair associated with system (4.33) has been obtained and the IST has been applied to it to
construct soliton solutions.?° In particular, 1- and 2-soliton solutions have been presented for r, s,
and ¢,. Here, we present the formula for the general multisoliton solution for the first time.

2. The system of bilinear equations (4.23) can be derived from system (4.33) with a reduction
s = r* through appropriate dependent variable transformations.?! See also an analysis by means of
the IST.>

V. CONCLUSION

In this paper, we proposed a novel multi-component system associated with the SP equation
and constructed its multisoliton solutions in terms of pfaffians. We also considered the equations
reduced from our system. In particular, the 2-component system (1.8) was found to be completely
integrable for which the explicit Lax pair was presented. We also provided the loop soliton and
breather solutions for the system and investigated their properties. We also addressed system (1.9)
which stems from system (1.8) by a simple transformation. In conclusion, we shall discuss some
open problems associated with the multi-component system under consideration.

1. One interesting issue to be resolved in a future work is the proof of the complete integrability
of the n-component system (1.7) by using the IST. To construct the Lax pair for the system, one
way will be to start from the system of bilinear equations (3.6) and (3.7) to obtain the Bicklund
transformation among the tau-functions and then derive the scheme of the IST following the standard
procedure in the bilinear formalism.

2. Other issues to be reserved for detailed study have already been described in Sec. III D. Of
particular importance is the construction of the multisoliton solution of the n-component system
(3.54) with n > 3. Unlike the 2-component system, the linear transformation such as (4.20) does
not exist to convert system (1.7) to system (3.54). Hence, one must solve the system of equations
(3.52) and (3.53) with p = n and ¢ = 0. It will be a relatively simple task to obtain the 1- and
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2-soliton solutions analogous to (4.26) and (4.27). Nevertheless, a systematic approach is necessary
to construct general multisoliton solutions.

3. The system of equations (1.5) has been derived as a unidirectional model describing the
propagation of circularly polarized ultra-short pulses in a Kerr medium.?* The solution of breather
type has been obtained by means of an analysis as well as numerical computations.>*?> However,
in view of the extremely complicated structure of the breather solution,?* it seems to be unlikely
that the system admits multibreather solutions as well. Thus, we suspect the complete integrability
of the system even if it has passed the Painlevé test. On the other hand, although the difference
between (1.5) and (1.9) is the location of the x derivative on the right-hand side, the latter shares
many common features to the integrable systems such as the complete integrability and the existence
of multisoliton solutions. At present, however, the relevance of the system to the description of the
dynamics of ultra-short pulses in optical fibers is not clear. Nevertheless, it would be of interest to
examine the possibility of the system as a physical model for the 2-component generalization of the
SP equation.

Note added in proof: After the acceptance of the paper for publication, the author was informed
by Professor Miiller-Hoissen that he and his coworker proposed the multi-component system (3.54)
and obtained the N-soliton solution of the 2-component system by means of their bidifferential
calculus approach.?® However, the construction of the N-soliton solution of the n-component system
with n > 3 still remains open.
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