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Abstract The present paper proposes a new method for constructing polyphase asymmetric zero-
correlation zone (A-ZCZ) sequence sets using discrete Fourier transform (DFT) matrices and orthogonal
codes. The proposed method can generate A-ZCZ sequence sets that cannot be obtained using known
methods. The newly obtained A-ZCZ sequence sets include optimal ZCZ sequence sets. In addition,
two arbitrary sequences that belong to different sequence subsets become uncorrelated sequences. The
proposed method is expected to be useful for reducing or avoiding inter-cell interference from adjacent
cells in approximately synchronized code-division multiple-access (AS-CDMA) systems.
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1. Introduction

Code-division multiple-access (CDMA) has been
widely applied in digital cellular systems. In CDMA
systems, channel separation is provided by the correla-
tion properties of pseudo-random codes referred to as
spreading sequences. Therefore, spreading sequences
with good autocorrelation and cross-correlation prop-
erties play an important part in CDMA systems.

In recent years, approximately synchronized
CDMA (AS-CDMA) systems have attracted a great
deal of attention because co-channel interference
within a cell does not exist in some types of AS-
CDMA systems [1]. In such AS-CDMA systems,
zero-correlation zone (ZCZ) sequence sets are used
as spreading sequences in order to realize this advan-
tage [1]-[15]. Generally, a ZCZ sequence set is char-
acterized by the sequence period, the number of se-
quences, the ZCZ length, and the number of phases of
the sequence elements. The ZCZ length is restricted
by a mathematical upper bound [6], [16], and ZCZ
sequence sets that satisfy this mathematical upper
bound are referred to as optimal ZCZ sequence sets.
A number of studies have evaluated optimal ZCZ se-
quence sets [1], [6], [11], [14], [15]. On the other hand,
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quasi-optimal ZCZ sequence sets have a ZCZ length
that is equal to one less than the mathematical upper
bound. Quasi-optimal ZCZ sequence sets have also
been investigated extensively [8], [13]. These methods
can generate quasi-optimal ZCZ sequence sets under
the conditions whereby no optimal ZCZ sequence sets
exist. :

Recently, new ZCZ sequence sets that are com-
posed of several sequence subsets have been proposed
[17]-[28]. These new ZCZ sequence sets have the
property whereby the ZCZ length between sequences
that belong to different sequence subsets is larger than
the ZCZ length between sequences that belong to the
same sequence subset. In order to emphasize this
asymmetric property, we herein refer to these types
of ZCZ sequence sets as asymmetric ZCZ (A-ZCZ)
sequence sets. In addition, in order to distinguish
between the different types of ZCZ lengths, we re-
fer to these lengths as the zero-cross-correlation zone
(ZCCZ) length between different sequence subsets and
the ZCZ length in each sequence subset, respectively.
Although some types of AS-CDMA systems can avoid
co-channel interference in each cell, it is difficult to
avoid inter-cell interference from adjacent cells in such
AS-CDMA systems. However, if sequence subsets
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of an A-ZCZ sequence set are assigned to adjacent
cells, the asymmetric property can be useful in reduc-

ing or avoiding inter-cell interference because of the-
larger ZCCZ length between different sequence sub-

sets. Tang et al. proposed several types of binary
A-7ZCZ sequence sets [18], [20], and Hayashi et al.
proposed several types of binary and ternary A-ZCZ
sequence sets [17], [22], [23], [25], [28]. In addition,
Hayashi et al. proposed a method for constructing
A-ZC7Z sequence sets that can be regarded as optimal
ZC7Z sequence sets [26]. Zhang et al. proposed comple-
mentary A-ZCZ sequence sets [21]. Moreover, we pre-
viously proposed a method for constructing polyphase
A-ZCZ sequence sets that can be regarded as quasi-
optimal ZCZ sequence sets [19], [24].

In the present paper, we propose.a new method
for constructing polyphase A-ZCZ sequence sets us-
ing discrete Fourier transform (DFT) matrices and
orthogonal codes. The proposed method can generate
A-7ZCZ sequence sets that cannot be obtained using
known methods. The newly obtained A-ZCZ sequence
sets include optimal ZCZ sequence sets. In addition,
the cross-correlation function between two arbitrary
sequences that belong to different sequence subsets is
zero at all shifts, i.e., two. arbitrary sequences that
belong to different sequence subsets become uncorre-
lated sequences. No A-ZCZ sequence sets that can be
regarded as optimal ZCZ sequence sets and include
uncorrelated sequences have been reported in previ-
ous studies. The proposed method is expected to be
more useful for reducing or avoiding inter-cell interfer-
ences from adjacent cells than known A-ZCZ sequence
sets. ’

2. Preliminaries

In this section, we define ZCZ sequence sets, A-
ZCZ sequence sets, and related terms.

2.1 ZCZ Sequence Sets

In this subsection, we ekplain ZCZ sequence sets.
Let Z be a sequence set with M sequences of period
P. Then, Z can be represented as

Z={Zn|0<m<M-1}

Zm = (z{gm), z}m), e ’Z;(;m)a B} zgri)]) (1)

" where Zn, and z$™ represent a sequence and a se-
quence element, respectively. Let Rz, z., (7) be the
periodic correlation function between Z,,, and Z,,,.
For the sake of simplicity, the modulo operator is rep-
resented as %, i.e.,

2%P < £ mod P N (2)
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Then, Rz, .z, (7)is defined as

P-1 .
. def
Rz 2y (1) & D0 202000 (3)
p=0

where the symbol % denotes complex conjugation,
When Z,,,, does not correspond to Zp,,, Rz, ,zm, (1)
is referred to as the periodic cross-correlation function
between Zp,, and Z,,. On the other hand, when Z,,,
corresponds t0 Zm,, Rz,,,,2m, (T) = Rz, Zm, (T) 18
referred to as the periodic autocorrelation function of
Zm,- Note that Rz, 7. (T) = Rz,,,2z., (T+kP),
where k is an integer. If all of the sequences in Z sat-
isfy the following conditions, then Z is referred to as
a ZCZ sequence set:

Vm0,1§|7|5L

RZmo ;Zmo (T) =0 (4)
Vm() 7'5 m, |T| S L
RZpy,2m, (1) =0 (5)

The integer L (< P) is referred to as a ZCZ length.
The ZCZ sequence set is represented as Z., (P, M, L)
in order to illustrate the sequence period, the number
of sequences, and the ZCZ length. The ZCZ length is
restricted by the following mathematical upper bound
6], [16]: L

L< W 1 (6)
If a ZCZ sequence set satisfies the following condition,
the ZCZ sequence set is referred to as an optimal ZCZ

sequence set:

P
L=—M—-1 (7)

Although L is always an integef, P/M is not always
an integer. In the case in which P/M is not an integer,
(7) can be generalized as follows [29]:

L= H}J 1 (®)

where |P/M| is the floor function of P/M, i.e.,
| P/M] is the maximum integer that does not exceed
P/M.

2.2 A-7ZCZ Sequence Sets

In this subsection, we explain A-ZCZ sequence
sets. ,

Let A be a set with N sequence sets containing M
sequences of period P. Then, A can be represented as

A={A,|0<n<N-1}
An={A,(,?’|0§m§M—1}
Agg) — (ag"'vm),agnam),...’

aé’n,m), ot 70'5-‘?:'?)) (9)
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where A,, A, and a(" ™) represent a sequence set,
a sequence, and a sequence element, respectively. In
the present paper, each A, is referred to as a sequence
subset. If all of the sequences in A satisfy the following
conditions, then A is referred to as an A-ZCZ sequence
set:

VTL(), VmO, 1 < |T| < z’

RAgg),Agg) (r)=0 (10)
Vng, Vmg # mq,|7| < L

RAS;'(‘,’),AE,?f) (ry=0 (11)
Vng # na, Vmg, Vmy, 7| <A

RAggg),As,?ll) (r)=0 (12)

The integer L (< P) is referred to as a ZCZ length in
each sequence subset, and the integer A (< P) is re-
ferred to as a ZCCZ length between different sequence
subsets. The A-ZCZ sequence set is represented as
Asce (P, {N,M}, {E,A}) in order to illustrate the
sequence period, the number of sequence subsets, the
number of sequences in each sequence subset, the ZCZ
length in each sequence subset, and the ZCCZ length
between different sequence subsets. Note that an A-
ZC7Z sequence set can be regarded as a ZCZ sequence
set. In this case, L is determined by the following
formula;

L = min {1“;, A} (13)

3. New A-ZCZ Sequence_Sets

In this section, we propose a new method for con-
strncting polyphase A-ZCZ sequence sets based on
DFT matrices and orthogonal codes. In addition, we
present examples and a proof.

3.1 Sequence Generation

In this subsection, a new method for constructing
polyphase A-ZCZ sequence sets is proposed.
Let F be the P-dimensional DFT matrix, i.e., F
can be represented as
F=fi;]
1 =21 .,
fij= ﬁ exp (———P—m> (14)
where f; ; represents the (4,j)-th element of F, and
0 <ij<P-1 Let Ry, 5, (1) be the periodic
correlation function between the ig-th row and the i;-

th row of the DFT matrix. The DFT matrix has the
following correlation property:

Vi() 7é ’1:1,VT
Rfioafil (T) = 0 (]‘5)
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Two sequences, the periodic cross-correlation function
of which gives 0 at all shifts, are referred to as uncor-
related sequences. Therefore, two arbitrary rows in
the DFT matrix are uncorrelated sequences. Two in-
tegers, M and N, are defined as follows:

P .

Let O be a set of M orthogonal codes of length M,
i.e., O can be represented as

O={0n|0<m<M-1}
Om = (O(()m)70§m)a"':oz()m)’ ’05\?)1) (17)

Vmo # ma
M-1
R0, 0m, (0)= D of™o{™)* =0  (18)
p=0

(m) ' ..
where Oy, and o, ' represent a sequence and a se
quence element, respectively. Using F' and O, an A-
ZCZ sequence set A is obtained by the following for-
mula:

A={4,]0<n<N-1}
An={AP |0<m <M -1}

A(n) = (a(n‘m), ag'n,m), cee agn»m) a(nﬂ/;n)l)
0™ = furtp%M /M) - s (19)

Then, A can be represented as Age, (PM,{N,M} ,{

M —1,PM — 1}). Since the sequence period is PM
and the ZCCZ length between different sequence sub-
sets is PM —1, two arbitrary sequences that belong to
different sequence subsets are uncorrelated sequences.
This A-ZCZ sequence set can be regarded as a ZCZ
sequence set. Since this A-ZCZ sequence set includes
N sequence subsets and each sequence subset includes
M sequences, the total number of sequences is NM.
In addition, based on (13), it is clear that the ZCZ
length is M — 1. Therefore, this A-ZCZ sequence set
i8 Zey (PM,NM,M —1). If P = NM is satisfied,
PM/NM = P/N corresponds with M. In this case,
this A-ZCZ sequence set is an optimal ZCZ sequence
set from the viewpoint of (7). Now, we consider the
case in which at least one of M and N is not a di-
visor of P. If |[P/N| = M is satisfied, this A-ZC7Z
sequence set becomes an optimal ZCZ sequence set
from the viewpoint of (8). Note that no A-ZCZ se-
quence sets that can be regarded as optimal ZCZ se-
quence sets and include uncorrelated sequences have
been reported.

Thus, the proposed method can generate A-ZCZ

sequence sets that have the following properties:

e Two arbitrary sequences that belong to different
sequence subsets are uncorrelated sequences.
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o If P = NM is satisfied, the A-ZCZ sequence sets
can be regarded as optimal ZCZ sequence sets
in terms of (7).

o If at least one of M and N is not a divisor of
P and |P/N| = M is satisfied, the A-ZCZ se-
quence sets can be regarded as optimal ZCZ se-
quence sets in terms of (8).

e If |P/N| = M is not satisfied, the A-ZCZ se-
quence sets are not optimal ZCZ sequence sets.

3.2° Examples

In this subsection, we present simple examples of
the proposed method.

Example 1 First, we present an example that sat-

isfiles (7). Suppose that P = 8, then the eight-
dimensional DFT matrix is represented as
[0 0 00000 0]
076 543 21
0 6 4206 4 2
F= 05 27 416 3
0404040 4
0.3 614725
0 2 460 2 46
1001 2345 6 7|

where each element represents a power of

exp (2rv/=1/8). Let M = 4 and N = 2. In
addition, suppose that :

0o = (0000)

O, = (0123)

0, = (0202)

03 = (0321)

where each element represents a power of
exp (2my/=1/4). Then, O {Om|0<m <3}
is a set of four quadriphase orthogonal codes of length
4, and an eight-phase A-ZCZ sequence set is obtained
from (19). Each sequence of this A-ZCZ sequence
set is given in Table 1. The periodic autocorrelation
function of ALY is given by '

Rygo age (1) =

Z10, %11, Z12, T13, L14, X15, L16, L17, T18, T19,

(327090’ 07 L4,%T5,T6,T7,T8, L9,

Z20, T21, T2z, T23, Ta4, T25, T26, L27, L28, 0,0, 0)

where each x; represents a complex number. Slnnlarly,
the periodic cross-correlation function between A
and AT (mg # my) is given by

RA("O) A("o) (T) = (070’ Oa 0, T4,%5,Tg, L7, T8, L9,
mQg img .
105 11,212, %13, %14, L15, L16, L17, 18, £19,

Z20, T21, T22, T23, T4, T25, T26, T27, T28, 0, 0,0)
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Table 1 Sequence elements of Example 1

A | 00000765064205270404036102460123
A 02460123000007650642052704040361
A® | 04040361024601230000076506420527
AL | 06420527040403610246012300000765
ALY | 00004321064241630404472502464567
A | 02464567000043210642416304044725
ALY | 04044725024645670000432106424163
A | 06424163040447250246456700004321

On the other hand, the periodic cross-correlation func-
tion between A("’”) and A (no # n1) is given by

RA("Q) A("l) (T) = (OaOaOa O, 0) 0,0,0,0,0,0,0, 07
mg img .
0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0)

Since the ZCZ length in each sequence subset
is 3 and the ZCCZ length between different se-
quence subsets is 31, this A-ZCZ sequence set is
Az (32,{2,4},{3,31}). Note that two arbitrary se-
quences that belong to different sequence subsets are
uncorrelated sequences because the sequence period
is 32 and the ZCCZ length between different sequence
subsets is 31. From the viewpoint of (7), this A-ZCZ
sequence set is also an optimal ZCZ sequence set that
is represented as Z (32,8,3).

Example 2 Next, we give another example that sat-

isfies (8). Suppose that P = b5, then the five-
dimensional DFT matrix is represented as
000 O00O0
0 4 3 21
F=10 31 4 2
0 2 41 3
01 2 3 4

where each element represents a power of

exp (2mv/=1/5). Let M = 2 and N = 2. In
addition, suppose that

Op = (00)

0, = (01)

where each element represents a power of
exp (2rv/—1/2). Then, O = {On|0<m<1}
is a set of two binary orthogonal codes of length
2, and a ten-phase A-ZCZ sequence set is obtained
from (19). Each sequence of this A-ZCZ sequence
set is given in Table 2. Each element in Table 2
represents a power of exp (2m/—1/10). The periodic

autocorrelation function of A$,’:g ) is given by

R 40 4n0) (T) = (10,0, 22, T3, 24, T5, T6, T7, 3, 0)
mg mg i .
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Table 2 Sequence elements of Example 2

AP T 0008060402
A% | 0503010907
ALY | 0064288246
AP | 0569238741

Similarly, the periodic cross-correlation function be-
tween A&,’:g’ and A(n") (mo # m,) is given by

RA,(.,':(‘))),AS:{)) (T) = (0; 07 x2,Z3,%4,%T5,T6,T7,T8, 0)
On the other hand, the periodic cross-correlation func-
tion between Aﬁ,’:,‘}) and AT (no # m1) is given by

RAS,?S),A,(,:}) (T) = (0, 0, 0, 0, Oa Oa 07 0) 0, O)

Since the ZCZ length in each sequence subset is 1 and
the ZCCZ length between different sequence subsets is
9, this A-ZCZ sequence set is A,., (10,{2,2},{1,9}).
Note that two arbitrary sequences that belong to dif-
ferent sequence subsets are uncorrelated sequences be-
cause the sequence period is 10 and the ZCCZ length
between different sequence subsets is 9. From the
viewpoint of (8), this A-ZCZ sequence set is also

an optimal ZCZ sequence set that is represented as
Z(10,4,1).

3.3 Proof

In this subsection, we prové the proposed method. »

Integers, p, po, P1, T, To, and 71, are defined as

p=p1M+po (20)
T=nM+m (21)
0<po, 70 <M1 (22)
0<pym<P-1 (23)
0<p,7T<PM-1 (24)

In addition, an integer, e, is defined as follows: -

For po+mo< M

e=0 (25)
For po+10> M
e=1 (26)

Then, we have

(po‘l‘To)%M:po—l-To—fM (27)
L(po +70) /M] =¢ (28)

From (19), the periodic correlation function between
A("’") and A% can be represented as

B9 agp (1)
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PM~1 ( )

_ (no,mo) . ,(n1,m1)*

= D a0 e eu
p=0 ‘
M-1

= 3 oo . ofm)e

- Opo (po+70) %M
po=0
P-1

’ Z froM+po,p:

p1=0
*
'fmM+(po+ns)%M,<p1+n+L(po+m>/MJ)%P

SR

po=0
P-1

' Z JroM-+po,py

p1=0

*
'-fni M+po+‘ro—eM,(P1 +11+€) %P

- Z o(mO) O;Tilz—eM

po=0
'an0M+p0,fn1M+p0+ro—eM (r1+¢) (29)

Now, we consider the following two cases.

[A] Suppose that the two sequences. A( "0) and A$;Z';’
are included in the same sequence subset namely,
ng = n1. In addition, suppose that 1 <7 < M - L
Then, from (21), (22), and (23),

1STOSM—1 (30)
71=0 : @Y

In this case, we have
To # eM (32)
Therefore, the following éondition is satisfied:
noM + po # M +p§+'ro —eM (33)
Note that no = n;. From (15), we have
R Mapgrfry Mtpgtrg—enr (T1H€) =10 (34)
Based on (29), this means that
Vo, ¥mo,¥m1,1<T <M —1
RAS.‘Q),A,‘.,?{’) (r)=0 (35)
If my and m, are exchanged, we have

Vng,Vmg,Vm1,1 <7<M -1 ‘
RAS:{))’AS;'(?) (T) =0 (36)

The periodic correlation function has the following
symmetric property [30]:

- *
R o atmo (=7) = Rmor atno) () @37
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From (36) and '(37),' we have
Vo, Ymo,Vmy, - M +1 < 7 < -1
Bygo ago (1) =0 (38)

"When 7 = 0, we have 79 = 7, = 0 and ¢.= 0 from
(25). Therefore, (29) becomes

R pno) ptno) (1)

mg 2

= an0M+p0 yfnoM-(-—pO (O)

M-1
- ) ofme) . ofma) (39)
Po=0

Since O is a set of orthogonal codes, (39) means that

Vng, Vmg # ma
R 409, 4G (0)=0 (40)

[B] Suppose that the two sequences AT and A&V
are included in different sequence subsets, namely,
no # n1. Since € = 0 when 15 = 0, we have

(no—n1+e)M #mg (41),

Note that ng # n; and 0 < 179 < M — 1. Therefore,
the following condition is satisfied:

noM + po # niM + po + 10 — €M (42)
From (15), we have
an0M+p0’fn1M+po+-ro—;Al (Tl + G) = 0 (43)
Based on (29), this means that

V’no # nl,Vmo,le,VT
RAS,’.‘(?’,A&‘P (r)=0 (44)

From (35), (38), (40), and (44),

Vno,Vmo,1 < |7/ < M -1

R pmo) 4n0) (r)=0 (45)
Vg, Vmg # my,|7| < M -1
RAg.g)’As,?{,) (T) =0 (46)
» V’no 7é nl,Vmo,‘v’ml,VT
Ry, agp (=0 ")

Thus, the proposed method has been proven.
4. Conclusion
We have proposed a new method for constructing
polyphase A-ZCZ sequence sets using DFT matrices

and orthogonal codes. The proposed method can gen-
erate A-ZCZ sequence sets that cannot be obtained
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using known methods. The proposed method was ob-
tained by improving our previously proposed meth-
ods [19], [24]. -Although our previous methods use
perfect sequences and orthogonal codes in order to
construct A-ZCZ sequence sets, the proposed method
uses DFT matrices instead of perfect sequences. The
A-ZCZ sequence sets obtained by our previous meth-
ods can be regarded as quasi-optimal ZCZ sequence
sets. On the other hand, the newly obtained A-ZCZ
sequence sets include optimal ZCZ sequence sets. In
addition, in our previous methods, two arbitrary se-
quences that belong to different sequence subsets are
not uncorrelated sequences. On the other hand, in
the proposed method, two arbitrary sequences that
belong to different sequence subsets become uncor-
related sequences. These properties mean that the
ZCZ length in each sequence subset and the ZCCZ
length between different sequence subsets of the newly
obtained A-ZCZ sequence sets are larger than those
of the A-ZCZ sequence sets obtained by our previ-
ous methods. Moreover, no A-ZCZ sequence sets that
can be regarded as optimal ZCZ sequence sets and in-
clude uncorrelated sequences have been reported by
other researchers. Therefore, the proposed method is
expected to be more useful for reducing or avoiding
inter-cell interference from adjacent cells than known
A-7CZ sequence sets.
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