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On the properties of Tsallis relative operator entropy
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Abstract— Tsallis relative operator entropy is defined as a
parametric extension of the relative operator entropy. Some
properties of the Tsallis relative operator entropy are in-
vestigated. Also some operator inequalities related to the
Tsallis relative operator entropy are shown.
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Definition 1 Hilbert space H LOEED invertible pos-
itive operators A, B & £ D real number A € (0,1] iZ
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Definition 2 random variable X O probability distri-
bution p(z) = P(X =) XL T

5,(x) = 1o 2 PN

g-1 "’
2L g>0&7 5.
Tsallis entropy D E L2 HEIIRD LD TH 5.
(1):concavity F£ED o,8 > 0,a+8 =1 LEED

XY LT

S,(aX + BY) > aS,(X) + BS,(Y).

(2):nonadditivity f£ED X,V iZxL T

Sa(XXY) = 5,(X)+5,(¥)~ (1-9),(X)S(Y).

(3) lim 5,(X) = - Y ple) logpla).
ZHIZBIE L T Tsallis relative entropy A EFE S Z D

HEIZOWTHHARLN. ZOHLTIL trace 2 & 5
B operator DD L D% EHET 5.

2 Tsallis relative operator entropy
Tsallis relative operator entropy I RDOEE % b D.
Proposition 1 X® (1), (2), (3) 25K D iLD.

(1) lim T:(AIB) = S(A1B).

(2):homogeneity F£ED a >0 123l T

Tx(aA|laB) = oT\(A|B).
(3):monotonicity B < C % 5Hid
Tx(A|B) < TA(A[C).

Proof. (1) i& trivial. (2), (3) Z/R¥. A, B IZ2WVT

@ o-power mean & FHIMN % operator #BAT 5.
AfpB = A2 (A"ZBA" %) A3,

hzefwsdk

ApB - A

—

operator mean @ monotonicity &9 A< B »2 C <

D %5iF  ABC < BihD. L7 »>T B<C %51

TA(A|B) <Tx(A|C).

Tx(A|B) =

q.e.d.
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Proposition 2 XD (1), (2) 25D iLD.
(1):superadditivity fEED A;, Ay, By, Bs 123 L T

T)\(Al + AQIBl +B2) > T)\(AllBl) +T,\(A2|B2)

(2):joint concavity EED A;,As,B;,By EEED
a,>0,a+B=11I8LT
Th(aAy + BAz|aB; + BBs)
> of)\(A1|B1) + BT\(Az|Bs).

Proof. (1) ¥XT® mean m {211 T
(A+ B)Ym(C + D) > AmC + BmD.
Lo TREES.
Ta(Ay + A3| By + Bo)
= T+ A (Br + By) — (4 + 42))

1
2 X(Ah/\Bl — A1 + A20x Bz — As)
= Ta(A1|By) + Ta(A2| Ba).
(2) 122\ Tid superadditivity & homogeneity 7*5 &
b b, q.e.d.

Theorem 1 # L ® bounded linear operators O &{k
b FNEB HAD unital positive linear map ® (231
TR LD,

(TA(A|B)) < Tx(2(A4)|2(B)).-

Proof. X = A2B~%,Inyt = —t*Inyt~! B &
Tsallis relative operator entropy i&k? & H IZFHE &
na.

T\(A|B)
= A¥(InyA"EBA%)AS
= AI{—(A"3BA"%)*In\(A2B1A7)}A2
= AY{—(XX*")ny(XX*)}A?
= AP{—(XX*) M ny(XX")X}B?
—#%iZ H £ bounded linear operators A & interval
[0, ]Al1?] £ continuous function f 3L T Af(A*A)
FAAYA BN IODTREBS.
T\(A|B)
= AT{-X(X*X)"*In\(X*X)}B?
= BI{—X*X(X*X)In\(X*X)}B*?
— Bi{F(X*X)}B3
= B3{F(B *AB %)}B3,

ZZELFEF) = Iyt (0< A<D ICLoTE
#F &N A concave function TdH 5. L 722%o T Tsallis
relative operator entropy X3RO & HI2EIT 5.

Tx(A|B) = F(4/B)/B7",

72750 XJ)Y =Y :1XY "2 Thb. WU [2] ® The-

orem 7 @ proof & FAIZTHIT L. q.e.d.

3 Inequalities as bounds for T)(A|B)
Theorem 2 {EE&E® invertible positive operator A, B,
FED O< A< 1TIIHL TRAERD LD,

T_A(A]B) < S(A|B) < T>(A|B).

Proof. TE®D 2> 0,A> 0L T

| A
———<logz < -

L7255 T

In_x(A"ZBA™7)
< log(A"*BA™%) <In)(A"?BA™?).
BT AT ZTHUE L.
q.e.d.
Proposition 3 X (1), (2) 25D L D.
(1) Ta(A|B) < HA(4) + A Iny ||B]|.
(2) pA < B % 5IE Th(A|B) > (Iny p)A.
FERAIE ARG T B

Tsallis relative operator entropy X33 5 kD & 5%
bounds A3H% D ILD.

Theorem 3 EE? invertible positive operators A, B,
EED 0< AL 1ITHL TR LD,
A—-AB'A<T\(AB) < -A+B.
EHIZ Tn(A|B) =0 Y L2 7O DLETFZEMHI
A=B T&5.
Proof. FE®D £ > 0,0 < A < LI L TROARERD
EBA=R
l—lgln)‘mgx—l.
z
L7455 T
I— A3B1 Az
< Iny(A"2BA"%)< -I+A"2BA"%.
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WIS A2 ZAT B E

A¥(I — ATBT1Ab) A%
Atlny(A"3BAH)AR
A3(—I+ A"2BA™T)A%.

A IA

L7t o T
A—-AB 'A< T\(A|B) < -A+B.

BROVLETTFREIIES B, g-ed.

A-power mean fjy % b2 Tsallis relative operator en-
tropy I2%+9 % bounds % X 5.

Theorem 4 L&D invertible positive operators A, B,
BED a>0 1230 TRYEHD LD,

1 1
ApaB — —Aix—1B + (Iny —)A

a a
Tx\(A|B)
lp_4-
a

IA

IN

1
(Inx E)Atl,\B-
Proof. TE®D a >0,z > 0,0 < A< 1L TROR
SRV Lo,

(1 - —1—) +Iny 1
ar a

Inyz

IA

IN

E—l—z)‘ln)‘ l
o o
L7z o<

Cipaiwa Lo a1y 1
(A 2BA 2) '—'&(A 2BA 2) +(1nAa)I
Iny(A~2BA™?)
1 1 1 1 1 1
~(A"2BA™7) — I —(In)y =)(A"2BA™z).
~(47EBAE) — T~ (ny 2)( )

IA

IN

W Az Z AT L. ged.

Tsallis relative oprtator entropies ?fZDWVT®D

bound % 13 A EiIZR® operators (29 % Jensen’s in-

equality [7] @ Proposition 3.1 "L ETH 5.

Lemma 1 f % J £® continuous real function &3

HEERIIFEMETHS.

(1) f: operator concave

(2) 5., CrC5 = I 2 BAEED operators C; (j =
1,2,...,n) & o(X;) C J % BEED self-adjoint
operators X; {23 L T

Theorem 5 {Al, Ag, . ,An}, {Bl, B2, ceey Bn} % in-
vertible positive operators DFIE$ 5. 772U 3% | A =
Y Bi=I Wiy ET s, ZOL IRV LD,

) Tx(4;B;)
7j=1

(51 4B A) > ~
- A

o
v

|

t
Proof.
roo X

<t-14X9Y

A¥(A"3BA3) A — A
A
A*(A":BA"* — A

N

IN

L7=25oT

¢ S apeo

KiZh ) 1 2DOREREZ B AH7-DIC Lemma 1 I2BWT
1 1 1
flz)=-27*,C; = A}, X; = A7 B " A7 £ 8L

n
=1
n

~(3 AF(aF By ab Al
Jj=

el
I\

1 1
> —) AZ(A?B;lAZ)MAZ
Jj=1

L7=AoT

ZABIA

L —1 _1., .1
ZA (A72B;A; )} A?
j=1

q.e.d.

Remark 1 Theorem § T A — 0 & ¥ 5¢ Furuta O
R 2B,

4 Generalized Tsallis relative operator
entropy

A, B: strictly positive IZ3 L TRD X H i

T5.

(1) SA(A|B)

(2) So(A|B)

e EEA

= A3(A"¥BA ) log A"3BA7)A}
= S(A|B)
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(3) ApB=A
(4) AWB=B

Definition 3 p € R, A # 0, k € Z IZX L T general-
ized Tsallis relative operator entropy T, 1 A(A|B) %R
DEIEES B,

Abp+erB — Ay (e-1)2 B
X .

T,k (A|B) =

ZhHLk X
ToaA(A|B)

= T\(A|B).
IDEEROFERZESL.

Theorem 6 A >0, u € R, k=0,1,2,... iZ
HEY L.

L TR

(1) Su_(k+1)r(AIB) < Ty kr1,-2(AIB) < Su—xx(4|B).
(2) Surra(AIB) < Ty k41,7 (AIB) < Spr(s-1)r (4]B).
Proof. FED A>0,p e Rk =0,1,2,... 123 L Tk
DARERI B Y LD,
FED t>012xL T
p—(k+1)N _ pu—kX
=B+ DA 100 ¢ < t t < tH*A ogt,

tut(B+1A _ putkr
A

ZZTtH® ATTBA T EBEWIIC A 2 UE L

vy, q.e.d.

kA jogt < < kDA o0 ¢

operators DFNIXTT L ROAER T ES

Theorem 7 {Ay,As,...,An}, {B1,Ba,...,B,} % in-
vertible positive operators DN $5. 212U 300 | A; =
Y Bi =1 2L TH ZOLEXNS>Op€

Rk=0,1,2. 5L T

D Sy (k+1)r(451B;)

j—l

Z wk+1,-x(A45]B;) Z,LMAIB

D Su+ka(45]B;)

j—l

ZT“ k+1,2(45]Bj) < ZSu+(k+1)/\(A |1B;)-

j=1
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