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1 GQGeneralized skew information & AHEEERFR
B7PRIE p (BEERR: p* =0 > 0,Tr[p] = 1) LHAR H (B HRRIEMAE
H* = H) b OEOHIBOITREDCESTVERTIHRHRE L L TKRD Wigner-
Yanase skew information SH1 5TV S
1

,(H) = 5Tr [Glo2 H]Y]. ®
IIT[X,Y]=XY ~YX ChB. ¥/ Dyson 2k 55—k

1 . i lea

IP,G(H) = §T7' [(Z[pa:HD(q'[pl :H])] ) a € [07 1] (2)

A3 Wigner- Yanase-Dyson skew information & L TH LA TV S, iTHEZ DED skew
information & REEEMBMRICMTAFRENRBAICZENTWS [10, 17, 8]. EFIR
1B p LERIR X, Y o595 Heisenberg ORREEMERIMRIT

VAX)VY) 2 ; [T o, Y )

TiD. = ZTHEI V,(H) = Tr(p(H - TripH))?] TEHSND. ThE ) bk
VWSS & LT Schrodinger D /RREEMEBIGR

VAXIV,(¥) = [Cou, (X, > 5 ITr (X, YIIP
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MEDNTWD., 72720 Covy(X,Y) = Tr [o(X — Tr[pX| 1)WY - TripY]I)] TH 5.
Luo-Zhang [10] IXRER (3) LV BMVERL LT

1
L)L) 2 2 [T X, VP
EPBRERINVEITERLTHo7. KROFPTRY L2 L5,

Counter Example 1

RERY IR ENSBEITKROEY THDB.
(X, Y) = Tr[pXV*| — Tr[p"/*X p/?Y™)

£ & #(X,Y) IX sesqui-linear #>> Hermitian THD Z L XFEHITHONS. LH
L (X, X) IX positive Trx7#2\>. %7z self adjoint operator A iZxF LT ¢(4,A) >0
THBEN. FHEMDB &V o T Schwarz inequality {5 Z & X TE RV, DED
#(X,Y) ix B(#) L@ inner product TIXRWVWOTHD. Z ZIZHE L DOHES 2R
FRHBL Vs FITHELORERNZERIEILDIKROL D RERZHEA
T5.

Definition 1 ([17]) E&E D density operator p, fEBD self-adjoint operators A, B,
HEED0< o<1, EBDe> 018 LT generalized correlation ZIRD X 5 (ZE#H

T35,
Corrape(A,B) = (% + OTrlpAB) + £ Tr[pBA)
——%Tr[p"‘Zpl“'ag] - %T’r[p"gpl"“;{]
EZRD JZ 572 genaralized skew information EEERTD.
Lo pe(A) = CorTape( A, A) = (1 + ) Tr[pA%) — Tr[p*Ap* = 4]

TDLERDERERD.
Theorem 1 (Yanagi-Furuichi-Kuriyama [17])
Lo A)Tu e B) — |Re{Corap (A, BYY* 2 ZITrlol4, BII?
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Theorem 1 AT A7DITIIROEBENMNETH B.

Definition 2 f,g =€ domain DCR % b2 real functions &35, 2D
EEEEBED a,be DITHLT

(f(a) ~ £(8))(g(a) — (b)) = 0

B Lo L &, (f,9) X monotone pair £\V5 ., EEED a,be D IZHLT
(f(a) — £(8))(g(a) —g(B)) < O

WY o E &, (f,g) X anti-monotone pair £V 5,

DL ERD Lemma AELY LD,

Lemma 1 (Bourin [1], Fujii [2]) £&® self-adjoint operators A, X XL THR
D trace inequality 23R Y 3LD.

(1) (f,g9) 2% monotonic pair M & FRMAL Y SL2.
Tr(f(A)Xg(A)X] < Tr(f(A)g(A)X?].

(2) (f,g) 3 antimonotonic pair & ¥ WA D 2.
Tr[f(A)Xg(A)X] 2 Tr(f(A)g(4)X?].

S BIT—AVITIR D trace inequality ¥ AE Y L.

Lemma 2 =8 self-adjoint operators A, B, fE® D  linear operator X XL
TRD trace inegquality IR Y SLD.

(1) (f,9) 2% monotonic pair D & FRMBELY 3L,

Trif(A)X*g(B)X + f(B)Xg(A)X"] < Tr[f(A)g(A)X"X + f(B)g(B)X X*].
(2) (f,9) % antimonotonic pair @ & EERMAR Y L.

Trif(A)X*g(B)X + f(B)Xg(A)X*] = Tr{f(A)g(A)X"X + f(B)g(B)XX"].
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Proof of Lemma 2. H ® H L@ 2 2® self-adjoint operators KD &L 5 IZERH
T 5.

1-(88)2-(27).
(f,9) # ROR LM monotonic pair £ 5% & Lemma 1 &V
Trif(A)Xg(A)X) < Trif(A)g(A) X,
MRV MLHODOTINED Lemma O (1) 282, FFKICLT (2) brREND. qed
T Z T Theorem 1 ORIER 52 5.

Proof of Theorem 1. {£ ® density operator p & {£& ® bounded linear
operators X, Y IZ® L TKRD L D ITEET S.

HXY) = (3 +aTrpXF]+ AT R

it

- —;—Tr[p“)?*pl‘“?] - %Tr[p“f}pl‘“)‘z*].

Lemma 2 &9 (X, X) >0 ThH5B. ¢(X,Y) iX sesquilinear 7>-> Hermitian TH %
DT Schwarz inequality Z AV 5 &

[6(X, V) < (X, X)3(Y.Y).
REBLNSD. Lo TERED self-adjoint operators A, B 125 L T&RAR Y 310,
|Corra pe(A, B)|? < Corrg pe(A, A)Corra pe(B, B) = In,pe(A)ap,e(B)
Trip|4, B]] RMERTHB = L RDHEDT

COrTi (A, B = ST (oA, B + | Re{Correapi( A, B}

L0 BEOREXLES. q.e.d.
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2 Wigner-Yanase-Dyson skew information
and Generalized Fisher information

Classical Fisher information 3RO L D ITEEEINS.

Definition 3 (Classical Fisher information) {ps : 6 € R} # R ETE&sh
7= probability density functions D737 A—F{FF b family &35, TDEE3
WVICRAIND

Ie(ps) = / (S} (a)

= 3 / (55 108po(2))*po(z)de
B / (_}.’.ﬂﬂ)?
Po(m)

dpg ((B)
do

% Classical Fisher information &V 5. ZZT
X po(z) =p(x —6) BT &E

Ir(pe) = [R (%pl/z(cv))zdx
= 1[G ospioste)i

dp(z)\2
- 4/m(p($))

classical Fisher information % quantum Fisher information \Z#L3E3 2 Z & & 2
A, ZOBIZIEEOHFIIEES N b OIXRVO TRL RIBEOLFRE LN
B, ZZTIE2ED OWEERERSD.

Definition 4 (Quantum Fisher information) {ps : § € R} % Hilbert space H
ETESBENT density operators DT A—FHTF bl family &5, TDE
X Quantum Fisher information IO I DT 2BV REBIND.

(1)—Wigner-Yanase information

ISy L FRIEN TV D,

ERBEEND.

1
o) = ST (D V) = T T 15

7272 L Dyz =iz, H) = i(zH — Hz) TH 5. EBIT pp = e PHpeH LWl
FTLx

1
Iy (po) = 5T7[(Dp'?)") = TripH?| — Trlp'*Hp'/*H).
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(2) .
Ir(ps) = ZT"'[poLZ],
172U Lo BIRDEEEWT23 symmetric logarithmic derivative (SHHRHEEE
7)THB.
d 1
-Jpeﬁ = §(Le.00 + poLg).

BT pp = e BHpeH ZP-+ L %k
1
Ir(ps) = ZTT[PLZ],

7el2L L=ePHLee " TH 5.

LA pp 13K D von Neumann-Landau equation 2723 6D LRET 5.

d
%%sz—WMGER

Luo ZIRDOFERERI.
Proposition 1 (Luo [11]) {ps,0 € R} BROFHEEH =T LIRET 3.

— o—i0H [ 0H

Pe P

ZDEERBEY 0.
(1) EBD e RICHLT

I (ps) = T (p, H) = 5Tr((Deg*).
(2) FRD AR ITHLT

1
Ir(pe) = Ir(p, H) = ZT"‘[PWLPWL]-
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Proposition 2 (Luo [11])

Iw(p, H) < Ir(p, H) < 2Iw(p, H).

wiz—f&{t 7= quantum Fisher information 2R D & 5 ITEHET 3.

Definition 5 (Genalized quantum Fisher information) {ps : § € R} % Hilbert
space H L TEFENT- density operators D/XT A —F T ohvie family &1 5.
T DL & Generalized quantum Fisher information IZIRO X D IT2HD ITERS
n3.

(1)—Wigner-Yanase-Dyson information

1 ~—C o -
IW,a(pO) = §T7‘[(DHP3)(DHP$ = Tr[ngQ] - TT{PeHPé H],

77U Dyz =iz, H) =i(zH — Hz) THD. & HIT pp = e PHpelH i
TEE

Ina(po) = STr{(Dap*)(Drp'™*)] = Tr[pH?] — Tr{p* Hp'~H],

(2) .
Ira(ps) = ZTT[PSLGPI—“Lo],
7275 L L 3R OME ZT =3 symmetric logarithmic derivative TH 5.
d 1 (24 —Q -0 [+ 3
7‘% = 5(p5Leps ™" + ps~*Lorf).
EBIZ pp = e PHpeH FHflcT L &
1
Ira(pe) = ;Tr(p*Lp*™"L],
7l U L=e®HLe W TH5.
ROEBREZHD.
Theorem 2 {py,0 € R} ZRDOEHEMT ERET D.
pp = e—i0H pgifH

TDOLERERED.
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(1) £ED R IZH LT
1
Iwa(po) = Iwa(p, H) = sTr{(Dup®)(Dup'™"))-
2) EED feRITHLT

1 —a
Iralpe) = Ira(p, H) = 7Tr([p"Lp'~*L].

EORRDEERERESD.

Theorem 3
IVV»a(pa H) S IF,a(p) H)

Proof of Theorem 3. p=>__A|¢p >< ¢n| & p @ spectrum decomposition &
T35 . IDExE

Iwa(p, H) = TrlpH?] = Tr{p*Hp' *H|
1 [ - —a )&
= 52 O da = XA = AN < [ H > P

thERER/D.
1
Ira(p, H) = 3Tr[Lo=)

1 1 .
= 72500 AT A < fmlLign >

T I T i(pH — Hp) = 3(p°Lp'™ + p*~*Lp*) BEKY LD T

4( A — An)?
l < ¢mIL|¢n > |2 = (AQAI(—Q + Al...lka)gl < ¢mIH|¢n > |2'

BERYIID. Lo T

1 — An)?
Tealp, ) = 5 Y 5y ey < Snllon > I
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ROTERZTD.

(= 2)? = O+ 2 = X2 XL = ATOADABAL™ + NA0)
(= 2)? = O+ A)(AEAT  NTOA) + (AR AL + X7’

> (An =) = A+ 20) (@A + (1 = @) A + (1 = @) A + 0An) + 4AmAn
= ()\m - A‘"«)z - ()\m + A‘n)2 + 4>‘m)\n
= 0.
WAICERDOTREXNEHS. q.e.d.

TITHOER L DELYIZOVWTERTS.

1Tr[pL?] | iTr[p*Lp~=L] | ITr[p™T Lp™* I]
3(oL + Lp) O X X
5(0°Lp' ™ + p'~*Lp®) O ® X
__pLp’” @) O O
2 TLpF +pF L) [ O X O

ITHMITIXBEE T 2 3B D generalized Fisher information Ip(p, H) BRI T
W5,

Pl B I BE T 5 4 D %’30; RESHTD.

© IEEARMIZ Theorem 3 BV SLSEWRFTH B . F£i2 O RIREMICR Y T HOHEAT
TH%. x IZ Theorem 3 D3R Y L R2VWETTHB.

3 Generalized quantum Cramer-Rao inequality

T % self-adjoint operator &9 %. density operators M/37 A —Z i} b family

{06;0 € R} I3t LT Ep(T) = Tr(peT) = 0 2{RETH. 2% T PREHEXT
HHEEETDH. ZDLE

dps _
THAZ EWZEETD. £7= T @ variance IR TEZRINB.
VoT)=Trlpo(T 617,
Ipa(pe) IR TEB Z LB generalized quantum Fisher information &3 5.

Ira(ps) = Tr(p§ Lopg L),



7e72 L L 3R %729 symmetric logarithmic derivative T& 3.

d te
'a%q = —(po Lépo + po Lope )-

ZD & E &N Cramer-Rao inequality 28 5.

Theorem 4

Ira(pe) 2 V%T)

Proof of Theorem 4. RDO—EDRERNR D SID.

ITT[P92 LePo (T—HI)]]2
ITT[P(? LOPe {Pe (T 9—7)}*”2

T7’[(/’92 LBPe )(Pe LGPe Ve(T)
Trlog Leps Lol Va(T).

TCEZIIRDOE D CFHEcND.

f

A

LHS
(Re T”'[Po L9P92 (T - 91)])

v

= (TT[pe” Lopy® (T —6D)] + TT[(T 61)p,™ Lops

= (Trloe” Los™ +057 Lopﬁ“xT—of)D

dPa

= (Tr[—5 (T -6D))*

d
= (@[22~ 02 (Trlps)))
= 1.
L7=h o CT—Ai{k 7= Cramer Rao inequality 27&5.

a=0%%E a=10L XKD quantum Cramer-Rao inequality

Corollary 1 .

Ir(pe) = TripeLj) > AN

1)

U<

21

q.e.d.
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Remark 1 —RIZIEE D self-adjoint operator A, B D density operator p, {£E
D a0 <a<) TR LTROKRNERBEY MO LBDOND.

(TrpA])? < Tript Api A] < Trlp™Ap*=2A] < Tr[pA?.
RER B
(Tr[pA))* = (Trlp? (pi Aph)])? < TrlplTr{(p Ap%)?| = Trip? Apt Al.
Trlp* Ap*~*A] = Tr[p>"¥(p¥ Ap?)pd==(pt Ap%)]
> Tr[(p%Ap%)z] = Tr[p3 Ap3 A]. (byLemmal)

Trlp®Ap*~*A] < Tr[pA?]. (byLemmal)

=75 L p @ spectral decomposition #E->TH—HORERIB/OLND T LITEK
LTHL.
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