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Abstract A sufficient condition on concavity of the auxiliary function which appears in
the random coding exponent as the lower bound of the quantum reliability function for general
quantum states is noted. The validity of its sufficient condition is shown by some numerical
computations.
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1 Introduction

In quantum information theory, it is important to study the properties of the auxiliary function
E,(m,s), which will be defined in the below, appearing in the lower bound with respect to the
random coding in the reliability function for general quantum states. In classical information
theory [1], the random coding exponent Ef(R); the lower bound of the reliability function, is
defined by

E7(R) = max[Ee(p, s) — K]

As for the classical auxiliary function E.(p, s), it is well-known the following properties [1].
(a) Ec(p,0) =0.
(b) @%”’ﬁl s=0 = I(X;Y), where I(X;Y) presents the classical mutual information.
(¢) Eo(p,s) >0 (0<s<1). Ec(p,s) <0 (-1<s<0)
)

(d) 2Ees) 50, (-1 <5< 1)

(e) LEpa) <o, (-1 <5< 1),

In figure 1, we suppose that p* is a priori probability which attains the maximum of the
classical mutual information. We then find that there exists a code satisfying Ef(R) > 0 by
the above properties. Thus the upper bound [1] of the error probability Fe due to the random
coding and the maximum likelihood decoding

P, <exp [—nEﬁ(R)] ’ (0 <s< 1)

goes to 0 as the code length n — oo.
In quantum case, the corresponding properties to (a),(b),(c) and (d) have been shown in
[3, 5]. Also the concavity of the auxiliary function Ey(m,s) is shown in the case when the signal



states are pure [4], and when the expurgation method is adopted [5]. However, for general signal
states, the concavity of the auxiliary function E4(m,s) which corresponds to (e) in the above
has remained as an open question [3, 5].
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Figure 1: The sketch of the auxiliary function ¢ = E,(p*,s) in 0 < s < 1.

2 Setting it up

The reliability function of classical-quantum channel is defined by

E(R) = —liminf 1 log P.(2"R.n), 0<R<C, (1)
n—00 T
where C is a classical-quantum capacity, R is a transmission rate R = I—ngL—M (n and M represent
the number of the code words and the messages, respectively), P.(M,n) can be taken any min-
imal error probabilities of miny x P(W, X) or minw x Ppax(W, X). These error probabilities
are defined by

M
1 Z
T =1

Pma.x(Wa X) = 13;2XMR7(W7 X);

where
PW,X)=1- TrS,: X;

is the usual error probability associated with the positive operator valued measurement X =
{X;} satisfying Z]Nil Xj < I. Here we note S,; represents the density operator corresponding



to the code word w’ chosen from the code(blook) W = {wl,wZ,---,wM }. For details, see
2, 3, 5]
The lower bound for the quantum reliability function defined in Eq.(1), when we use random
coding, is given by
E(R) > E}(R) = max sup [Eq(m,s)—sR],

T 0<s<1
where 7 = {my, 79, -, m,} is a priori probability distribution satisfying >, m; = 1 and
Eq ("T’S) = -—lOg G(S),

G(s) = Tr[A(9)"™],

e 1
A(S) = ZW":S;_I—S,
=1

where each S; is density operator which corresponds to the output state of the classical-quantum
channel i — S; from the set of the input alphabet A = {1,2,---,a} to the set of the output
quantum states in the Hilbert space H.

3 A sufficient condition on concavity of the auxiliary function
EQ(ﬂ-7 3)

Proposition 3.1 For any real number s (—1 < s < 1), density operators S;(i = 1,--,a) and
a priori probability = = {m;}7_;, if the operator inequality
2
)} @

e PR 1 1\? a 1\? a 1
(Z mST ) > mSiT (log CH ) (Z m S > > {Z mH (s;+s
i=1 =1 i=1 i=1

holds, then the auxiliary function

a L 1+s
Eq(m,s) = —log [Tr { <Z ﬂiSiﬂ_s> }:l
i=1

is concave in s. Where H(z) = —zlogz is the operator entropy.

(Proof) Since
OBe(m) (s 6'(s),
0s
we have
0?Eqy(m, s)
ds?

By the use of the formula [5] for the operator valued function A(s) w.r.t. the real number s,

=G(s)72(G'(s)* — G(s)G" () -

d%Tff(s,A(S)) = Trf;(s, A(s)) + Trfa(s, A(s)) A'(s),

we have

G'(s) = Tr[A(s)® (A(s)log A(s) + (1 + s)A'(s))]
= —Tr[A(s)’AH(r,s)], (3)



where

AH(m,s) = H(A(s)) = > mH(ST).

By some simple calculations, we have

G"(s) = Tr[A(s) ™ {A(s)*(log A(s))? + s(1 + 5) A'(5)?}]

+ Tr [A(s)"”s {A(s)(2(1 + (1 + s)log A(s))A'(s) + (1+ s)A”(s))}] , (4)
where
; 1 ot
Al(s) = _(T"‘T)? ;mSi‘ log S;, (5)
A'(s) = ﬁ ZﬂiS;is (2(1+s) log S; + (log 5)%). (6)
i=1

Substituting (5) and (6) into (4), we have

a 1

2
G"(s) = Tr ,:A(S)HS {H(A + —_ (Z mH 1+s ) — 2H(A(s)) ZmH(SZm)

=1

R a @ o A
T ST Y mS T (log ST
=1 j=1
=1

a ) 1 2
= Tr [A(s)”s{H(A( 2_9H(A Zm ]+s (Zmﬂ(sﬁ)>
2
Z SHSZW]SHS 10g51+s _ <Zm Sl+s ) }J (7)

By Cauchy-Schwarz inequality, we have

G'(s)* - G(s)G"(s) < 0, (8)
where .
G"(s) = Tr [A(s) ™S AH(, 3)2] . (9)
Therefore if we have .
G'(s)* - G(s)G"(s) < G'(5)* - G(5)G"(5) (10)
that is, .
G"(s) < G"(s), (11)

then the theorem holds. From (7) and (9), (11) can be deformed,

0 < Tr[A(s)_Hs{— Zm “5 +ZW1H(SI+ )H(A(s))H

=1

a 1 1 1 @ 1 2
+ 1+ —Tr [A() 1+3{Z7@S’;+5ij5j1+s(log5]1+s)2— (;mff(sg+s)> H (12)

i=1 j=1




Since H(A(s)) is commutative with A(s)~*%, the first term of (12) is equal to 0 so that (12)
can be rewriten down

1
1+s

a a1 “ 1 1 d 1 2
Tr [A(s) 710> mSTH Y miSi (log )% - (Z niH(s;“)) >0 (13)
i=1 j=1 i=1
which implies the proposition follows. a

4 Numerical check

In this section, we check the validity of our sufficient condition by taking a simple example. We
set a = 2 and take two noncommutative density matrices such that

a-(49)- =-(1 1)

Then the two eigenvalues of the following matrix
2 S\ (2 a 1\2 2 L 2 1\’
(Z Trs> 3 ST <1og s;+s) (Z ws) - { S mH (s) } ()
i=1 i=1 i=1
are plotted by some numerical computations. From these figures, we may find the operator in

=1
(14) is positive. We are now trying to prove the inequality in (2) or (13). We hope to report on
this proof in a forthcoming paper.
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Figure 2: Eigenvalues are plotted as a function of the parameter s and a priori probability .

References

[1] R.G.Gallager, Information theory and reliable communication, John Wiley and Sons,1968.

[2] A.S.Holevo, The capacity of quantum channel with general signal states, IEEE.Trans.IT,
Vol.44, pp.269-273(1998).

[3] T.Ogawa and H.Nagaoka, Strong converse to the quantum channel coding theorem,
IEEE.Trans.IT, Vol.45, pp.2486-2489(1999).



[4] M.V.Burnashev and A.S.Holevo, On the reliability function for a quantum communication
channel, Problems of Information Transmission, Vol.34, No.2, pp.97-107(1998).

[5] A.S.Holevo, Reliability function of general classical-quantum channel, IEEE.Trans.IT,
Vol.46, pp.2256-2261(2000).



INFORMATION, Vol.6, No.1, January 2003

A Sufficient Condition on Concavity of the Auxiliary Function
Appearing in Quantum Reliability Function

S. Furuichi, K. Yanagi and K. Kuriyama

International Information Institute



