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Estimation of Unknown Time-Varying Driving Matrix and It’s

Application to Learning Control

Yasuhiro KAWAZOE

Abstract

The problem of estimating state variables and unknown parameters is considered for discrete-

time control system of random disturbances and measurement noise. Where, elements of a time-

varying driving matrix are considered as unknown parameters. Making use of the fact that a

time-varying function is able to be expanded into a polynomial for time, the author expanded

unknown elements of a driving matrix into a polynomial for time. Then, estimating constants of

a polynomial for time was intended, instead of estimating driving matrix.

Estimating them, we can calculate an estimated value of the driving matrix. To estimate state

variables and constants of a polynomial with respect to a driving matrix, the author constituted

a new joint vector with them.

After transforming the state transition equation and observation equation into a new transition

equation and an observation equation for a joint vector, Kalman filter was adapted to estimate

an unknown joint vector. As an application, a learning control was discussed to be optimized

with respect to a quadratic criterion function with the aid of dynamic programming method.

1. #% El

IR DS 7558 & BRI 510N,
70, HAOER XN 8T sitoh, Z0FK
KON TORBRIGERSTETIREEH 20525 %,

ST, BORT 2 — ERRETHEST20,
HBWIE, TYXLRHFTIORMEINTLIZYD
G ARBDOF TR 2 BT HIET 5 BEME A UTH
REWVWS L ENTEAE, Lard, BOHIENEREC
BUEELVRIEE TS 2 REEMEL D72 25T B &,
FEE, R T 2 — & LREEE % BOFEE U225
WHE 24T 23 Ld g Audrs & 2, ARk, Ran
RT - ZHEE O L Zh 2R Lo dEI o
WTOMEICBET 2 8 DTH 5,

Mer O & 2 IRASEHETE O M Wi
CTHA VX IORINTLUNR, 49203 4
Ve o VIGELU TR E LA, Fa4P&La Y
Vo — 2R RS Ui A<y 7 40
Z—FHICL D NABNA BB SHIZEN IR T

* o TURAR R S A T S

A, DD Tk, "AAE—=FF 4Ry
Yo~ 2 2R U R SRE 751 2 20 A
PR EHBTR D 5 2 — 2 HEE L & ORI
BAT DN TEERRT12 5,

RS 2 BB i W TOS IR BT
B ICERTRE, ZORKRRE R BodEE LT
WS T EIT L ORI T, RIS ERENTE 2 HE
BT HLENEIBETH Y, LT, LOESRH
WA, 1, REEEIC OV TR, SEATEEEENIH AT
BET, HII~N2 F AT Lo TRIEEHIT UNHID 1R800
LUz, LIzdin T, REEEN 2 b L RTRCRAIRGZE
BXETHI O SIARFERIC & B RIS 5 (2308 iR
UK A7 b A RHIIICHERL, Zhe s
Ty 7 4N Z =R O THEE U, ZIREHIiBAE % By
3 A EMEHEIER DP iE% T e o1,

9. ME &=
BN T I I o, KFHER 1A~

I ET AR S S



32 o wm

P4 arav e, —2OEFHARIHRTEELICD
T O WEENFEE 2 v 5, B2 5 REER
HERHPEEER T TEDLT.
x(k+ 1) =¢(k)x(k) +G(k)ym(k) +w(k) 1)
x : nRIREER 7 + v
m: A% 7 —~HIER
¢ nXnBEH{TH
G : nx1 ERENTH] CRED
w o nRTENELN 7 b T v e e )
JEfE - Q, HHl: @
T, WREEN 2 b ox 135 ABUIR AT AR TERELTT
FIDBREEEDEFIC L DREINT W 5 6 D&Y
% BRI TS B LT 5. ¥, REN”
@ ORAEEHEI R X b, ZDHIIN
y AR AT 5 TSNS D
L35,
y1(k) =M1 (k)x (k) +v1(k) (2)
y1: pIRIGEEI~ 7 v v p<n
M1 p X nBRRTT S
v1 @ pRITEBLEES (BT 7> )
FHEE 0, H0E: R
—TF, LGSR TN B 2B 2 &5 LT
BEHEEMNCEIE TS 2 LW O REVRYLT 2 8 D & U
T, ZoBRHTEN2Q)XTEDHLT.
yo (k) =M2(k)G (k) +va(k) (3)
D qIRICELE
Mz : g X nBLHITT51
vo ! qRIGBUAES (InidEy v > v v)
. EE 9, F50HC: R
L, @), EFUCHNTHE TRk 5D LT
%, FROFGE IO CRREE s 5 I BETTT %
HEZ g 20D, ARBORHOEHNTS 5.

P x i3

X7 b q=n

3. #EHEXOEH

B % EERZALBIa() 3B B = &, The—fKANT
HbT &, DF ORIV TOLIGUCIEM LI
THRFETDHLEWTES. ‘

a(t) =ao+ a1t +agf? +--+as 65 ()

LT, a0, v, s EHTHD. WAE
SRR AERTH A, cheyy 7y 7 Fl
TOWSIER I TEbT &, Hv 70y 7O
B (k—DTEATIZSs T Ba (1) Ofr &b L LT
D, P¥FOLITERbLING.

d(k)=a(ka1)+a1T+a2T2(2k_1)+___+as

Vol.19 No.3 (1969)

7%
-1
X T r ()01 5)
T,
s\ _s(s—1)---(s—r+1)
(r)— r/ ©
WE, HEATIIMSEIMNERRTH 500, IR

B3 2 IER T b T LT, RIEERETTH]
OHER R SHA DT BB P HEET 5 L LIk 2TER
niEz. T2bb, KERHTFZOXNTEDLT &
&, BEATICEH AT, SEEM a1, e BHEETEN
v, ZORFEICRT BTG (k) 13— ETDG
(k—1) OEZFANTOORNSFHTE 5,
G(k)=G(k—1)+aiT+asT2 Qk—1)+--

s—1
+as T* zg(i)(k—4)’ )

T LT, al,e,as X L{JFITaH 5.
SFIC, REER 7 P ax(k), BETHIO
G(k—1), a1,was BT & LIZDED REHE
Nz rrz(k) BEFET 5.

z(k)=[xT(k) GT(k—1) a1’ az" - a:T3T (8)
LT, BFETREEFFIOBKRTH S, z (k) &
(S+DnETE<7 L ATHED, 2T T, @Rz %
AT, @RORAEEH TN BTN

drxgn Bk, 9), (0K,
z(k+1) =Ak)z(k) +W (k) 9
y(k) =H(k)z(k) +V (k) 10
LT,
ek L mUOI R
A (k) = S, W

L ; é B

iNIOI(A—UO ﬁsiﬂurnm]
) r=0 M.

(k)= o 12
L01o1 0 72(2k=110-1°3 (3) k-1
\Nh(k) 0 o
H (k) = l (9
_ 0 Mo (k) I (k)
w(k)
w (k) :. \ @
vi(k)
v()—‘ ‘ (1
_ ve(k)__

Ak), I'(k), Hhydzhth



RURFZ BB TFN DFEE & # DFEEHBA~ DG H 33

(s+2)nx (s+2)n, nX(s+1)n,
(q+p) X (s+2)nf350, W(k), V(k) i385 2 (s+2)

nx1, (q+p) X 1JZH~ 27 + AT, YEHEIZIT ),
ﬁ%ﬁ(i%h%ﬂQ R&¢ %,

@ 0

Q= R, % (14}\’
0 \‘
T Ri e

R = i 157
0 Rz _ |

9, WHDOFTHA<Y 7 41 2 —~FRERERD %
}_:5)
2kt 1) =AK) 2(k) +K(k+1) Cy(k+1)—H(k-+

DAz (k)] 19
K(k+1)=D(k+1)HT(k+1) (H(k+1)D(k+1)

xHT(k+1)+R) ! (i)
D(k+1)=Ak)C(KAT(k)+Q 18
C(k)=D(k) —K(k)H(k)D (k) 19

&85, LTT, ChIL (20) XTI %587
OV RITHITH 5.

CO=E{ (2(k)—z(k)) [z(k)—z(k))"} @

LT, ERHERET TS %

6~19D H <> 7 4 A 2 —~OHEE B % BRI
I, FadR k=01t T, SBBERE UTHE
<7 b rz(0)OHEEE (WEE) 2(0) & 20Mm%
HIHITAIC(0) B 52 B L 2T kb, KBYTHIT 3
(1) OHEEMz (1) HIE61 5. LIRFETS 5,
CAVTHEE DS B Lz

4. FEHE~OBER
TFIBIDRHAIEYE & U T = oS HmMIBIE % 8 e 4

2 EEENT DV T, BT OHEE R % L 1o
AT DWW TEERT 5, SRR E LToi% & 5.

N
J=E{ il (x(k)S(k)x"(k) +1m2(k—1)3} @)
C T T, SIZIEEMETA, 1d—ERKET 5.

DPiE% fv TR HEJJ‘JM/kE’%}k&b%é:,

mO(k) =B(N— k)x(k) €9
LizA. LT, 74— KAy 2§750IB (N—k) i34
Ny 7 4 N 2—DEEHEHICEI-T, 20 E)’Zi'C
iIZiELh Lb‘éznm’\y oz (k) 0)52 J\@?ﬁﬁfﬁﬁ

(k—1), a1,-as 2V TEEINTZGK) ZANT,

DFDRBOEUHENN BN S,

B(N—k)=—Lac(N—k+1)+ 23!
XLao(N—k+1) 03

P(N—k)=L¢s(N—k-+1)
+Loc(N—k +1)B(N—k) @

LG,
Loa(N— GT(k) (S(k+1)

+P(N—k+1)] G(k) ©p:
Lod(N—k+1)=GT (k) (S(k+1)

+P(N—k+1)) ¢(k) @6
Lod(N—k+1)=¢"(k) (S(k+1)

+P(N—k+1)] $(k) &
Loc(N—k+1)=¢" (k) [Sk+1)

+P(N—KFTD)I G(k) 09

LD DFEDIER %ol 023 S ihx 3 &, B

iRELT,

M ﬁﬂ?/%ﬁi%i‘% L0, Z DB E TITBS
ﬂ’Cc\éG(k—l), 31, - ABANTE (k) %
(?9);Luc<i:@, *liDN—liT..lﬁﬁ“%
G(k) G(k— 1)+a1T+

+35T~“ 2' ( f.)(k—l)" 29
r=0

LhIT X0, %O NIk 3 B THIOHEE
MG (D), 2 DR AR HHIC HEE LT RAE

GG+1), -, GIN-DHE BT,
Giy o, LTEshizad, Gl+l), -,
GIN=D) 2T, 6, @30Dk0E LE%

k=N—1 5 ix TiT80BN=D%23RD 5,
(iii) IRBEDHEEME % IV TR EREme (1) 218

5.

mo (i) =B(N—i)x(i) 80
Gv) l+DEDOHr<> 7 40 2 —HEERITE .
UTFFRTH 5,

5. # & i

51 BIRE 1 BERT » TAHNER -T2 1 RTLFRD
REEFEBRENRIDOHEE
Wy 7Yy SR T=1(sec) DOF D 1 KITFHE% %
5.

x(k+1)=x(k)+9k)m(k)+w(k) 8
y1(k)=2x(k) +vi(k) @2
ya(k) =3x(k) +va(k) )

T, m() BN AT » 7B EEL 5. GHI
Eidaid 2.) WEGRKORE2IX TEHLIN
5DETH

9(k)=9(k—1)—0.1+0.08(2k—1) 3

I BRI T 2 — 22 L, GHEERGERE LT,
I3 2 ZHOE 2 HETE T 2 O R R %

HTEEREE 2R W



34 m o wm

a1, az¥ U, JREEEEFES Ulc<2 bz (k) 28
TREHFHT 5.

z(k)=Cx(k) 9(k—1) a1 a2)" )
MW, v, ve 1 EL TN DR AEEE D 75 S
B, EAH0.107 vy » v &35, G E

x(0)=10, 9(—1)=1.0 (F/5bb, 9(0)=1.083)
L, FERiEHR»
g0)=C1 1 1 17T @0
|_2111_1
\1211‘
C (0) = &)
11 21\
vlllzj

LU THEE 21 b %, Z0DkiH% Fig.1, Fig .2
TiRT.

a priori information

a; | =1

t
[ [‘_‘.:1

- /true value of ¢2: (.08
<
Il A oo ol L

54 5 6 7 8§ 9 10
LY

Time (sec) -

true value of ¢y : —0.1

——— :  a, (estimated value)

(estimated value)

B ay

Fig. 1 Estimation of ay and as in example |

Vol.19 No.3 (1969)

5.9 GIEE 0 REBEERBEMER T RITH
MR DL B

BIEE1  ERURROWT, 2 FOFHIMBIEE B/

T3 B EEE T DWW THEERT 5.

J=E {3 Cx2 (k) +m2(k—1)] } )
k=1

N=100& U T @5 M7 b e SeBRIB i L.
LFA—D D% E D, REEEHOHEEORKT 2 Fig.
3, IREEER & BRI OHEESISE 2 Fig.4 W TR
4 ¥7z, Fig.5 3&BICkT 5 HHES, REHES
2800, SHEEHREOEES LWRUTRY

6. BWEICHT DMET

B 1 OHEEDOLOEF IOV TIE, Fig.l
Wind & O R ERauicth Las D

x g
i
40 10
O : estimated value of x(k)
X : calculated value of
¢ (k) from estimated
value of ¢ (k—1), n,
and «a.
30
true value curve of x(k)
20 5
10 true value curve
of ¢(k)

& a priori information

o 1 2 3 4 5 6 7 8 9 10

Time(sec) —

Fig. 2 Estimation of state x(k) and calculated

value of driving coefficient §(k)from estimated
value of 9(k—1), ¢ and 9,



REFZSRENTHIDHER & 2 OB HIRA~ OIS

HEEOEAWEIFTH . Zhicth~aeD I EEw
T 2080 Tidar £ 0 3 RUODSEEADIVE
PiZHE STV D, SEREHII a1, aecit 1 2 LTV 3
NoazDITH Lk DEMIIMEL 8 - TS, —1,
a, asDHERE#FiT UTEH B X D3RO T29(k) D
Mz LiEFig. 2286 2 & It d Tir—BHIR B
THREL-HUTVE, bokd, COEE, XBRE
WIC-D =1 PE[LE KL TVB L b ETE
BUTWE30EEbN 25, #LTREWVER 52
2X5TH5, &I, REEFHORIIF UL Fig.
QTRT T &L, THIGE: (EE)x(0) =10, %
BAOHEEMEE X (=15, 232 0DENSBIC b
PhOTEIRECENT, JITEVEERSE, 52
B EDBBRIT SO TSR sbnr L BLA ¢
LTE B,

BIRE 2 OB EIEEET R30I 1 LFA—D DT
BB, PR HBHBEENZ2HE -0, T
TR#EZD s OWEMNTH 5. Fig. 3 iR

: @, (estimated value of a,)

i, (estimated value of a»)

a priori information

Guli-o=1

T -o=1 S

true value of «, :
/ 2 0.

0
0 1 2 3 4 5 6 7 8 9 10
Time (sec) —
true value of di1: —q 1
— l -

Fig. 3 Estimation of ay and a- in example 2

35

a1, axDHEERIZRT. it & 3 LEBEIGRNS
BiEHREE2 5N ta D FOHETIXRIFTH 3.

Fig 1 Ofl#E 1 OBE % kT % & CbD T HERR
%@Eﬁu?ofwé.H&MwLWQ%iﬁmiﬂ
THHEUTI k) DREZEL 2RT. Chic k5 L6
1 LRSI R OVIERSES LTV 5 T i
%, Fig. 43 $10RBEEHES R 2R LU T0 5, R
REEIC DT HEE IR RIFICT b T3 T
LWbnd, BIEEICSONTT TRIEEIN BH5E
2IETW3, COFEEGIR LR 5 1200, BEE
7 A=z, WREMESEEBN: 2 RO EEHEIOEE
DIRAEEZ L 2 Fig. 4T LU Tk ie . Fig.5icidss
BUT T 5 AHiliE %, BERINT 2 — 2, {REEESERER
BOGE O BB LG LUTRYT. 2T, #ifEL

x g
[
[

10

O : estimated value of x(k)
X : calculated value of (k)

from estimated value of

¢ (k—1),a, and a»

true value curve of x(k)

state transition curve

when the system

has known parameters

and 'complete observable

states

true value curve

of ¢ (k)

a priori information

Time (sec)

Fig. 4 State transition curve, estimation
curve of state x(k) and calculated value
curve of driving coefficient ¢4 (k) from
estimated value of 9(k—1), a; and ay

DR TR e i o



T HEE T DV TER U1

36

nmo

LI 2 DEAIT B B EEHOHER NV D ED S
AUNEL (BHEL L0 IGIE2OGPLTRY.)
ZN% T UTHAEUTH ShcBHRE 2D 6D
G LA EEEDP B LIBHTRITEEEL —-HLUT
W5, CRIIERBOHEEEPE[ENS TN TNTE
MRy L O 1RO BRENMREIE OHEE BN 13 D 5
BN AFAFLTHD, FEINIERCS N T

i, HEWICAT A FUREZITHE UEFEE LT
WAL EZRTEDTHA.

N
c
=}
=
3
=
&)
90 b 3
[}
\
\
'
\
80 1
1
L]
\
\
\
L}
70 \ _in Example 2
'
v
|‘/
60 \
' _when the system has
’f ’/,/ known parameters
50 ~ and complete observable

states

Time (sec) -

Ftg. 5 Criterion in each step in example 2

7. ¥

ol

7[\%_!%6;’ ﬁk%ﬂ)\n Z A ﬂf@iﬁ-ﬁ%ﬁ@“ﬁ}: bT; ﬂi
ER SR T 2 S IR D < 7 2 — 2 HEE, 85

. FgmESic B U
T 7 D& E LR ERTT B 2 U317 2 — & 21

Vol.19 No.3 (1949)

1) Kalman,

6)

5%
EL, EEgEHEITX S THREINRF A— 2 OHETE %
U T IR R B2 5 L &
N, PR L, REIEEZE T 2 — 2 HIERIITONT
R OTRC TRUTE % 5 2HERME LT, 750
DR % & & 72 FEERT & 50 iEg, IREER 3
EDIHEG7 PAORABRTVARE B DL
B, CHRBRMETE, BEOBREICID, 551
R AEAIT X DML TR IEZ B8, 2
FIIIRE L BDONT 4 2y o — X OFHER
AR TH D, HEES S MTBRERIEROFHE R
13y 7Y v VEBEORICR - T LE bR g s
B BrAIe, ABIE2ICLEY S vr—y g ¥ T
I BYRR100 TRII0 DF SRS 2 6B & LTz, (R¥ER
% FACOM—231{5f) HERMEHOBRNND, ¥
WEMFE T2 08 0 5 7 28 2 T 2 W HEE DS T e
Ve T RT3 0 D b T B B
A BT 4 R o — R DSIR AT BIRE
NTIRVWATINEDL, BAAY 2T VY 7EDaYY
- — X OEEEREOEN 5 E2 T b AR L

D12 DOFEIIECEE L MBO—1 s 5 LD
na,

[ =R

BHRICAR TRENOFEE 2R 1203, COR

ERITILNT 75 0 BIACRE S 2 — 2 2HEE
X B EDBAEL ML 1D TiE-THET S
TFETHS.

WIS, WAARE L VAR B I E

R U i ESHEE, 7 Ao

- el
H==» «

RN MR BT BEE OHE 2R U E

2 % x M

R. E.: A New Approach to

Linear
Filtering and Prediction Problems,

Trans, ASME, J. Basic Eneineering, 82, 35 (1960)
Lee, R. C. K. : "Optimal Estimation, Identification
and Control”, M. I. T . Press Research Monograph,
(1964)

Aoki, M.: “Optimization of Stochastic Systems”,

Academic Press, N. Y. (1967)
e, R 20 TR AU A R LI S R LS,

261
(HAna24:)

Sorenson, H. W.: On the Error Behavior in Linear
Minimum Variance Estimation Problem, IEEE
Transaction AC—12 557 (1967)

Tou, J. T.:“Optimum Design of Digital Control

Systems”, Academic Press N. Y. (1963)

(FFI434:11 ] 5 FISZH)



