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In the previous paper [3] the present author studied left Hilbert algebras
with respect to Minkowsky forms. In the present paper we study the crossed
products of those algebras by groups of Bogoluibov operators.

1. Bogoluibov operators

Let $ be a Hilbert space with a Minkowsky form [ , ] and U be the unitary
hermitian operator associated with [ , ].

DeriNITION 1.1. A unitary operator I is said to be a Bogoluibov operator
if I' commutes with U.

A unitary operator I is a Bogoluibov operator if and only if I is a U-unitary
operator.

ProrosiTioN 1.2. Let U be a left Hilbert algebra with respect to the
Minkowsky form [ , ] and I' be a Bogoluibov operator satisfying the following
conditions:

(1) Iru=9Y;
() r&f=re*  for LeU;
@) IEm=TOHUIn)  for ¢ ne

Then we have I'n(§) 1 =n(I&) for e
Therefore the map ap; (W) 3 x—op(x)=IxI'"! e n(A) is a U-automorphism of
().

Proor. For £ and n in A, we have
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Ia(Qr~'n=rEr-'n=nloHn.
Hence I'm(&)I'~ =n(I§).
ProrosiTioN 1.3. Let U and I’ be as in Proposition 1.2, Then we have
(i) I'D*=2% I'&*=(rey* for (e,
(ii) I'Db=Db, I'Ev=(ré)t for £eD?;
(iiiy W=, IréEN=TET) for & ne.

Proor. For any ¢ e D¥, there exists a sequence {£,} in o such that lim¢,
=¢, lim&=¢*%. Since we have

limré,=T¢,
lim(TE) =limIéE=rEt,
we get I'é ¢ DF and (I'E)* =TE%,
(ii)) For any # in.- Db, we have
L%, Inl=[I"1 &%, nl=[n®, I'"*&1=[I7n", &]
for all £eW. Hence I'y belongs to D and (I'n)>=In>.
(iii) Taken-in . For any &in A, we have
O =In(I~ ' On=Tr'()I L.
Hence I'n belongs to A’ and #'(I'm)=I7'())I"~1. Take n and { in A’. Then we
have

T@Q)=Tn'On=n"T'OIn=Tn)(I7).

This completes the proof.

2. Crossed products of U-involutive algebras

Let M be a U-involutive algebra acting on a Hilbert space $ with a
Minkowsky form [ , ] and Aut(M) be the group of all U-automorphisms of M.
For a discrete group G, we introduce a Minkowsky form in a Hilbert space G®$
by;
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[Zh®&, Xh@n]l=X[E m].

Let 2 map o; G g—«, be a homomorphism of G on Aut(M).
For geG and A€M, the bounded operator g®A4 on the Hilbert space
G®Y is defined by;

IRA(Zh®E) =2 gh@a; (AL,
We get easily (g®A4)(h®B)=gh®au; 1(4)B.
ProrosiTION 2.1. For ge G and Ae M, we get
@@ A =g @a,(4Y).

Proor. Take any two elements > h®¢&, and Y h®y, in G®H. Since we
have

L9@AZh®L,), Zh@n]=Zlog- 14 (g1 1
=2[Eg-1h tg-15 (A =[Zh®&, Zh®ot; 1 (AV)n,]
=[Zh®&, (97 ®u(4") Th@n,],

we get (@A) =g~ @u(AY).

DeriNiTION 2.2. The U-involutive algebra generated by {g®A4;gcG,
A € M} is called the crossed product of M by G and we denote it by GRM.

3. Crossed products of left Hilbert algebras with respect to Minkowsky
forms

Let U be a left Hilbert algebra with respect to a Minkowsky form and
be the closure of 2. Let G be a group of #-automorphisms of A. We denote
the linear subspace {3 h®¢,; &, A} of GRH, where the summation is finite, by
GRU. We introduce the multiplication-operation and #-operation in GRU
as follows:

(Xh@&) (Xk@n)= 2 hk®K™ ! (Euni;

(Er@&) =T h ' @h(&h).

It is evident that G is a involutive algebra. The involutive algebra GRA
is called the crossed product of W by G. The following theorem is obtained analo-
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gously with Theorem 2 in [7].

TreoreM 3.1. Let W be a left Hilbert algebra with respect to a
Minkowsky form. If G is a group of Bogoluibov operators satisfying the follow-
ing conditions:

(1) gUA=U;
@ g&*=@gd%
3) 9&m=(gd)(gn),

then we have
(i) the crossed product GRU is a left Hilbert algebra with respect to the
Minkowsky form

[Xh®%, Zh@m]=2[n m] in GB®H;
(i) 7(GOW=GRn(W), where a(x)=gxg~' for geG, x e n(N).

Proor. (i) It is evident that GR®A is dense in GR®H. Take Y h®E&,, >k
®n, and Y IR in GRU. We have

[(ChREY)(hk@n), IR ]1= Z5hk,t[k_ e £
= 20, p-vult, K~1EDL]= [Zk@n, (ThRE)(ZIRE)].

Hence (1) of Definition 3.1 in [3] holds.
For any > h®¢, and > k®n, in GRA, we have

IEr@E) (Zk@n)l? = Zlla(k™ ' (EDNI Imall?
S Zk@nli?.

Thus the map: GRU> X kN~ (T h®E) (X k®n,) is continuous. Take X h
®¢&, in GRU. For any Y k®n,, n, € Db, where the summation is finite, we get

[(Zh®&)H Lk®n]= zéh-l,k[h(fﬁ)a |
=30y-14[nk, HE)I=[Zk ' ®k™1(n}), Zh®{,].

Since the set {3 k®mn,; n, € D} is dense in GRH, the map: GRU> Y h®¢,
—(Th®E,)*t isclosable. Itisobvious that (G®A)? isdense in G®SH. Therefore
G®W is a left Hilbert algebra with respect to the Minkowsky form.

(ii) Take ge G and £e . Since we have

9O Lh®¢, =Y gh@n(h™1E),
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=@RH(Zh®Ly for Th®E, in GRYU,
(g®&)=g@n(?).

Therefore 7(GRUA)=GRn(A). This completes the proof.

A

ExampLE. Let 9 be an achieved left Hilbert algebra and $ the closure of
Put V={(¢& neHD9H; & neUA}. If we introduce the multiplication-

operation, #-operation and the Minkowsky form as in [4], then A is a left Hilbert
algebra with respect to the Minkowsky form. Furthermore {4*} is a one-

parameter automorphism group of 9 by Corollary 9.1 in [S]. Therefore {21\""}
is a one-parameter group of Bogoluibov operators and forms a one-parameter

automorphism group of A, where A= Ait@ At with respect to HDH.
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