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Abstract

   In the study on the ring and module theory， projective modules and injec-

tive modules are very important.  A proj ective module can be characterized

from the homological situation， from which an injective module can be de-

fined as the dual. 

   In 1953， Eckmann-Schopf showed the existence theorem of an inj ective

hull: Any module is essentially embeded in an inj ective module.  On the

other hand， in 1960， Bass introduced the projective cover of a module as the

dual of the inj ective hull.  ln general， projective covers do not always exist. 

Thus， Bass treated the existence of projective covers， and he introduced a

(semi一)perfect ring as a ring for which every (finitely generated) module has

the proj ective cover.  As a generalization of artinian rings， these rings are

important. 

   An injective module has a property that any its submodule is essentially

extended in a direct summand.  The module with such a property is called

an extending module or a CS-module.  As a dual of the property， a projective

supplemented module has a property that any its submodule is co-essentially

lifted to a direct summand.  The module having this property is called a

lifting module.  ln the history of ring theory， extending and lifting modules

are introduced in papers of Utumi and Bass， respectively.  Actually， the right

continuous ring R by Utumi is a von Neumann regular ring which is extending

as a right R-module.  On the other hand， the perfect ring of Bass means a ring

for which every projective module is lifting.  lnjective modules are extending

modules， but in general projective modules are not lifting modules. 

   From the beginning of 1980， these modules were extensively studied by

Harada， Oshiro， Mohamed， Mttller， Smith， Wisbauer and other many ring

theorists. 

   After Utumi's works， continuous rings were generalized to continuous

modules and quasi-continuous modules.  As generalizations of these modules，
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relative continuous modules and relative quasi-continuous modules were in-

troduced by L6pez-Permouth， Oshiro， and Rizvi， and recently， as duals， rel-

ative discrete modules and relative (quasi一)discrete modules were considered

by Keskin-Harmanci. 

   From 1958 to 1959， Matlis and Papp studied injective modules over right

noetherian rings and they showed the following result: A ring R is right

noetherian if and only if every inj ective R-module has an indecomposable

decomposition. 

   As an improved version of this result， in 1982， the following was shown

by Mttller-Rizvi: A ring R is right noetherian if and only if every continuous

R-module has an indecomposable decomposition. 

   Futhermore， in 1984， Okado showed the following result: A ring R is

right noetherian if and only if every extending R-module has an indecom-

posable decomposition.  By the way， a problem of “ When is a direct sum of

injective (continuous， quasi-continuous， extending) modules injective (con-

tinuous， quasi-continuous， extending)？ ” was studied by many researchers. 

In addition， by Oshiro， projective modules over perfect (semiperfect) rings

was studied by using a lifting property. 

   In 1972， the result of rProjective modules over right perfect rings have

an indecomposable decompositionA was shown by Anderson-Fuller.  Also，

the result of rProjective modules over right perfect rings have the exchange

propertyj was given by Yamagata， Harada-lshii. 

   In spite of such situations， the following fundamental problems are un-

solved as the biggest problems now in this field. 

   Problem (1): Does any lifting module have an indecomposable

decomposition ？

   Problem (2): Does any lifting module have the (finite) internal

exchange property ？

   Problem(3):Which血g R has the property that every lifting

R-module has an indecomposable decomposition ？

   Problem (4): When is a direct sum of lifting (CS一) modules

necessarily lifting (CS一) module ？
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In this paper， we treat the above problems. 

  In Chapter 1， we describe known results as preliminaries.  ln particular，

by using a lifting property， we give some characterizations of perfect rings and

semiperfect rings including artinian rings.  We note that these are implicitly

due to Bass and are explicitly shown by Oshiro. 

   In Chapter 2， we study Problem (1)， (3) for right perfect rings and

semiperfect rings.  And we introduce “ dual relative oj ectivity ” and give

a sufficient condition for lifting modules over right perfect rings to satisfy the

exchange property.  This is a result for Problem (2). 

   In Chapter 3， we give a characterization for a direct sum of relative (quasi一

)continuous modules to be relative (quasi一)continuous modules.  This is a

result about Problem (4). 
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要旨

 環及び加群の研究に重要な概念であり、非常に良い性質を持った加群と

して、射影加群と入射加群がある。これらの加群は、ホモロジー代数的に見

れば双対の関係にある。

 1953年、Eckmann-Schopfによって、任意の加判は入射加群の中に稠密

に埋蔵されるという移入包絡(injective hull)の存在定理が示された。一方、

1960年、Bassにより、移入包絡の双対として射影被覆(projective cover)が

考氏翌ｳれた。移入包絡と射影被覆は、存在すれば同型の違いを除いて一意的

に定まる。移入包絡は常に存在するが、射影被覆は移入包絡と異なり常に存

在するとは限らない。そこでBassは射影被覆を考氏翌ｵ、すべての有限生成

加群が射影被覆を持つ準完全環と、すべての加群が射影被覆を持つ完全環を

研究した。これらの環は、環論及び加群論の研究において重要な役割をはた

す環となった。

 入射加群は「任意の部分加群は直和因子にessentialにextendされる」と

いう性質を持つ。この性質を持つ加群をextending加群、或いはCS一暗中と

いう。その性質の双対として、supplemented射影加群は「任意の部分加群は

直和因子にco-essentialに1iftされる」という性質を持つ。この性質を持つ

四四がlifting加群である。これらの性質はそれぞれ歴史的にはUtumiと上

述のBassの論文で考氏翌ｳれているとみてよい。実際、 Utumiの右連続環R

は、von Neumann regular ringで、右R一一寒冷としてextending加群である環

のことである。一方、Bassの完全環とは、すべての射影加群がIiftingになる

環を意味する。一般に、任意の入射網引はextending半群であるが、その双

対の性質としての、任意の射影加群はlifting加群であることは成立しない。

1980年の始めから、これらの加群は、Harada、 Oshiro、 Mohamed、 Mtiller、

Smith、 Wisbauer等多くの環論研究者によって活発に研究されている。

 Utumiの連続環はその後連続加群、準連続加群へと一般化された。更に、

1998年、L6pez-Oshiro-Rizviにより、連続加群と準連続加群が新しい比較概念

を用いて、比較連続加群と比較準連続加群へと一般化された。最近、Keskin-

Harmanciによって、比較(準)連続加群の双対として比較(準)離散加群が考
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氏翌ｳれている。

 1958年から1959年にかけて、MatlisとPapPによって、右Noether二上

の入射加群が研究され、右ネーター環が「すべての入射加群は直既約分解を

持つ」ことで特徴:づけられた。

 この結果の拡張として、1982年にMUIIer一・Rizviにより、右ネーター環で

あることと，「すべての連続加群は直既約分解を持つ」ことは同値であること

が示された。

 更に、1984年にOkadoによって、右ネ旧劇ー環であることと、「すべて

のextending加群は直既約分解を持つ」ことは同値であるという結果が示さ

れた。

 又、・‘入射加西(連続加群，準連続加群，CS加群)の直和はいつ入射加群

(連続懸濁，準連続魚群，CS加群)になるか？”という問題に関しても・多く

の研究者により研究された。

 1972年に、Anderson-Fullerにより、「右完全環上の射影加群は直既約分

解を持つ」という結果が示されている。そして、Yamagata、 Harada。Ishiiに

よって、「右完全凍上の射影加群はexchange propertyを満たす」という結果

が与えられている。

  このような状況の下で、現在、この分野で最も大きな課題は、次の基本

的な問題を解決することである。

  Problem(1):lifting溜出は直既約分解を持つか？

  Problem(2):lifting加群は(finite)internal exchange propertyを

満たすか？

  Problem(3):すべてのlifting加群が直既約分解を持つ環は何か？

  Problem(4):lifting(CS一)加群の直和はいつlifting(CS一)加群にな

るか？

  本論文では、これらの問題に関連した研究を行った。回章の内容は以下

の通りである。

  第一章では、準備として既知の結果を述べる。特に、Artin環を含む完全環

及び準完全環のlifting性を用いた特徴:づけを与える。これらの結果は実際に

は上述のBassによるものであるが、 Oshiroによって明確な形で与えられた。

  第二章では、projective coverの存在が保証できる(Artin環を含む)完全
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環及び準完全環に対して上記Problem(1)，(3)に関する結果を述べる。主定

理で、右完全環(準完全環)上のIifting加群(有限生成lifting加群)は直既約

分解を持つという基本的な結果を示す。更に、“dual relative ojective性”を

導入し、右完全環上のlifting加群がexchange propertyを満たすための十分

条件を与える。これは上記Problem(2)に関する結果である。

 第三章では、上記Problem(4)に関連して比較連続加群(比較準連続加群)

の直和が比較連続加群(比較準連続加群)になるための特徴づけを与える。
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Introduction

   Rings are algebras that are abstract mathematical objects with the binary

operations of 十 and ×， and modules mean vector spaces over rings.  ln

the study on the ring and module theory， projective modules and injective

modules are very important.  A proj ective module is defined as a direct

summand of a free module.  This module can be characterized from the

homological situation， from which an injective module can be defined as the

dual. 

   In 1953， Eckmann-Schopf(［9］) showed the existence theorem of an injec-

tive hull: Any module is essentially embeded in an inj ective module.  On the

other hand， in 1960， Bass(［5］) introduced the projective cover of a module as

the dual of the inj ective hull.  ln general， proj ective covers do not always ex-

ist.  Thus， Bass treated the existence of proj ective covers， and he introduced

a (semi一)perfect ring as a ring for which every (finitely generated) module

has the projective cover.  As a generalization of artinian rings， these rings are

important. 

   An injective module has a property that any its submodule is essentially

extended in a direct summand.  The module with such a property is called

an extending module or a CS-module.  As a dual of the property， a projective

supplemented module has a property that any its submodule is co-essentially

lifted to a direct summand.  The module having this property is called a

lifting module.  ln the history of ring theory， extending and lifting modules

are introduced in papers of Utumi(［39］) and Bass(［5］)， respectively.  Actually，

the right continuous ring R by Utumi is a von Neumann regular ring which

is extending as a right R-module.  On the other hand， the perfect ring of

Bass means a ring for which every proj ective module is lifting.  lnj ective

modules are extending modules， but in general projective modules are not

lifting modules. 

   From the beginning of 1980， these modules were extensively studied by
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Harada， Oshiro， Mohamed， MUIIer， Smith， Wisbauer and other many ring

theorists.  These situations are witnessed in the following books on this field. 

   1.  M.  Harada: Factor categories with apptications to direct decomposition

of moduZes， Lect.  Notes Pure Appl.  Math.  88， Marcel Dekker， New York

(1983). 

   2.  S. H.  Mohamed and B. J.  MUIIer: Continuous and Discrete modules，

London Math.  Soc.  Lect.  Notes 147， Cambrige Univ.  Press， (1990). 

   3.  N. V. . Dung， N. V.  Huynh， P. F.  Smith and R.  Wisbauer: Estending

modules， Pitman Research Notes in Mathematics Series 313， Longman Group

Limited (1994). 

   4. J.  Clark， C.  Lomp， N.  Vanaja and R.  Wisbauer:L碗吻mo翻θ5，

Birkhauser Boston， Boston (2007). 

   After Utumi's works， continuous rings were generalized to continuous

modules and quasi-continuous modules.  As generalizations of these modules，

relative continuous modules and relative quasi-continuous modules were in-

troduced by L6pez-Permouth， Oshiro， and Rizvi(［25］)， and recently， as duals，

relative discrete modules and relative (quasi一)discrete modules were consid一一

ered by Keskin-Harmanci (［21］). 

   For more details of backgrounds and results with regard to relative (quasi一

)continuous modules and relative (quasi一)discrete modules， we can refer to

the following papers:

   (1) K.  Oshiro: Continuous moduZes and quasi一一continuous modules， Osaka

J.  Math.  20(1983)， 681-694. 

   (2) S. R.  L6pez-Permouth， K.  Oshiro and S. T.  Rizvi: On the relative

(quasi. ノcontinu吻()f modules， Comm.  Algebra 26(1998)，3497-3510. 

   (3) D.  Keskin and A.  Harmanci: A relative version of the lifting property

of moduZes， Algebra Colloquium 11(3)(2004)， 361-370. 

   (4) N.  Orhan and D.  Keskin: Characterization of livang modules in terms

of coj●ec伽εmodulesαnd tんεclαss qブβ(M， X)， Int.  J.  Math. 16(6)(2005)，

647-660. 

   From 1958 to 1959， Matlis(［27］) and Papp(［38］) studied injective modules

over right noetherian rings and they showed the following result: A ring R

2



is right noetherian if and only if every inj ective R-module has an indecom-

posable decomposition. 

   As an improved version of this result， in 1982， the following was shown by

MUIIer-Rizvi(［30］): A ring R is right noetherian if and only if every continuous

R-module has an indecomposable decomposition. 

   Futhermore， in 1984， Okado(［31］) showed the following result: A ring

R is right noetherian if and only if every extending R-module has an inde-

composable decomposition.  By the way， a problem of “ When is a direct

sum of injective (continuous， quasi-continuous， extending) modules injec-

tive (continuous， quasi-continuous， extending)？ ” was studied by many re-

searchers(see ［8］， ［28］).  ln addition， by Oshiro(［33］)， projective modules over

perfect (semiperfect) rings was studied by using a lifting property. 

   In 1972， the result of rProjective modules over right perfect rings have

an indecomposable decomposition j was shown by Anderson-Fuller(［1］).  Also，

the result of rProjective modules over right perfect rings have the exchange

propertyJ was given by Yamagata(［43］)， Harada-lshii(［14］). 

   In spite of such situations， the following fundamental problems are un-

solved as the biggest problems now in this field. 

   Problem (1): Does any lifting module have an indecomposable

decomposition ？

   Problem (2): Does any lifting module have the (finite) internal

exchange property ？

   Problem (3): Which ring R has the property that every lifting

R-module has an indecomposable decomposition ？

   Problem (4): When is a direct sum of lifting (CS一) modules

necessarily lifting (CS一) module ？

   Now， this paper is a summary based on the following two papers concern-

ing these problems;

   (1)Y. Kuratomi and C.  Chang:五乖伽g modules o”εr吻んt perfect rings，

Communications in Algebra， to appear. 

   (2) C.  Chang and K.  Oshiro: Direct sums of relative (quasi一？continuous
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modules， East-West J.  of Mathematics 6(2)(2004)，125-130. 

   In Chapter 1， we describe known results as preliminaries.  ln particular，

by using a lifting property， we give some characterizations of perfect rings and

semiperfect rings including artinian rings.  We note that these are implicitly

due to Bass and are explicitly shown by Oshiro(［33］， cf. ， ［45］). 

   Theorem A.  Let R be a ring.  The following conditions are equivalent:

   (1？ R is se吻erfect;

   62ソEvery加tely・generat吻吻θC伽ε噸t R-m・翻e¢5砂吻・

   Theorem B. 五et Rわe a r吻.  The！∂〃。ω吻conditions are equivalent:

   ω翫5吻ht perfectノ

   (2？ Every projeetive right R-module is Zifting. 

   In Chapter 2， we study Problem (1)， (3) for right perfect rings and

semiperfect rings.  And we introduce “ dual relative oj ectivity ” and give

a sufficient condition for lifting modules over right perfect rings to satisfy the

exchange property.  This is a result for Problem (2).  The following results

are shown:

   Theorem C. 五et R 6eα吻ht perfect(semiperfect/r吻αnd let M beα

〈加鈎geηθrαオεφ聯2ηg m・翻θ』んeηMhα8翻ηdεC・mp・Sαble dec・卿・一

sition. 

   Theorem C is a dual of the result of Okado mentioned above.  ln addition，

it expands the result of rProj ective modules over right perfect rings have an

indecomposable decompositionl due to Anderson-Fuller(［1］).  ln Anderson-

Fuller(［1］)， they also showed that projective modules over semiperfect rings

have an indecomposable decomposition.  Therefore， it is a problem whether

Theorem C holds or not on semiperfect rings.  We remain this as an open

problem. 

   By the way， the converse of Theorem C does not true， that is， the condi-

tion “ every lifting R-module has an indecomposable decomposition. ” does

not characterize R to be a right perfect ring.  In fact， there is a non-right

perfect ring for which every lifting module is semisimple. 
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   Theorem D.  Let. R 6eα吻んオpθ吻。君r吻and let. M 6εα雌吻mo翻e. 

∬M¢3伽ZM一(η'θC伽ε， then・MんαS tんe exchαnge pr・pe吻・

   The result of FProjective modules over right perfect rings have the ex一一

change property］ was shown by Yamagata， Harada-Ishii as stated above.  We

notice that Theorem D implies the above result of Yamagata， Harada-lshii

as a corollary.  However， there is a non-right perfect ring for which every pro-

jective module has the exchange property(see， Kutami-Oshiro(［24］))， that is，

the converse of the result of Yamagata and Harada-lshii is not true. 

   In Chapter 3， we give a characterization for a direct sum of relative (quasi一

)continuous modules to be relative (quasi一)continuous modules.  This is a

result about Problem (4). 

   Theorem E.  Let｛Mi｝i∈1わθα fam吻of R-modules.  Then the folloω吻

are equivalent:

   ωP＝Σ(Di∈iMi is Nイquα8i一？ continu・us;

   (2ノ(a？ EacんMi is Nイquαsi一ノC・ηオ伽・US・

      ピわノΣ㊦ゴ、・一｛i｝鳩乞3A乞一吻'ective， f・r any i∈1αη4αη吸∈A(1＞， Mi)ノ

   (3？ (a？ Each Mi is N一(quasi一？continuous. 

      ピゐノF・r any di8tinct i，2'∈」 and Ai∈A(1V，磁)，ルい5ん一吻'θc伽θ・

      (c？ For any i E 1 and Ai E A(N， Mi)， the condition (B？ holds for

(ん，Σ〟翼S∈・一｛i｝鵬)・

   A sufficient condition for a direct sum of (quasi一)continuous modules to be

(quasi一)continuous modules was given by Mohamed-MUIIer(［28］).  Theorem

E generalizes the above result of Mohamed-Mifller.  As a dual of the result

mentioned above， relative (quasi一)discrete modules was recently studied by

Orhan-Keskin(［32］). 
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序論

 環とは＋、一、×の演算を持った数学的対象を抽象化した代数であり、層

群とはその上のベクトル空間のことである。環及び加群の研究に重要な概念

であり、非常に良い性質を持った加群として、射影加群と入射加群がある。

これらの加群は、ホモロジ一代数的に見れば双対の関係にある。

 1953年置Eckmann-Schopf(［9］)によって、任意の準準は入射加硫の中に稠

密に埋蔵されるという移入包絡(injective hull)の存在定理が示された。一方、

1960年、Bass(［5］)により、移入包絡の双対として射影被覆(projective cover)

が考氏翌ｳれた。移入包絡と射影被覆は、存在すれば同型の違いを除いて一意

的に定まる。移入包絡は常に存在するが、射影被覆は移入包絡と異なり常に

存在するとは限らない。そこでBassは射影被覆を考氏翌ｵ、すべての有限生

成加群が射影被覆を持つ準完全環と、すべての加群が射影被覆を持つ完全環

を研究した。これらの環は、環論及び加群論の研究において重要な役割をは

たす環となった。

 入射加群は「任意の部分蝕群は直和因子にessentialにextendされる」と

いう性質を持つ。この性質を持つ加群をextending加群、或いはCS一疋群と

いう。その双対として、supplemented射影加群は「任意の部分加群は直和因

子に。(》essentialにliftされる」という性質を持つ。この性質を持つ加斗が

1ifting加群である。これらの性質はそれぞれ歴史的にはUtumi(［39Dと上述

のBassの論文で考氏翌ｳれているとみてよい。実際、 Utumiの右連続環Rは、

von Neumann regular ringで、右R一加群としてextending加群である環のこ

とである。一方、Bassの完全環とは、すべての射影加齢がliftingになる環を

意味する。一般に、任意の入射加群はextending剥取であるが、その双対な性

質としての、任意の射影加群はlifting加群であることは成立しない。1980年

の始めから、これらの加群は、Harada、 Oshiro、 Mohamed、 Mtiller、 Smith、

Wisbauer等多くの環論研究者によって活発に研究されている。この状況は次

の本が出版されていることからよく分かる;

  1.  M.  Harada: Factor categories with applications to direct decomposition

of modules， Lect.  Notes Pure Appl.  Math.  88， Marcel Dekker， New York
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(1983). 

 2.  S. H.  Mohamed and B. J.  Mttller: Continuous and Discrete modules，

London Math.  Soc.  Lect.  Notes 147， Cambrige Univ.  Press (1990). 

 3.  N. V.  Dung， N. V.  Huynh， P. F.  Smith and R.  Wisbauer: Extending

modules， Pitman Research Notes in Mathematics Series 313， Longman Group

Limited (1994). 

 4.  J.  Clark， C.  Lomp， N.  Vanaj a and R.  Wisbauer: Lifting moduZes，

Birkhauser Boston， Boston (2007). 

 Utumiの連続環はその後連細論群、準連続加群へと一般化された。更に、

連続前群と準連続加群が新しい比較概念を用いて、比較連続面識と比較準連

続加群へと一般化された(［25D。最近、 Keskin-Harmanci(［21」)によって、比

較(準)連続加群の双対として比較(準)離散加群が考氏翌ｳれている。

 比較(準)連続加群と比較(準)離散細杷についての背景、諸結果について

は次の論文を参照することができる。

 (1) K.  Oshiro: Continuous modules and quasi-continuous modules， Osaka

J.  Math.  20(1983)， 681-694. 

 (2) S. R.  L6pez-Permouth， K.  Oshiro and S. T.  Rizvi: On the relative

(quasi一？continuity of modules， Comm.  Algebra 26(1998)， 3497-3510. 

 (3) D.  Keskin and A.  Harmanci: A relative version of the lifting property

of modules， Algebra Colloquium 11(3)(2004)， 361-370. 

  (4) N.  Orhan and D.  Keskin: Characterization of lifting modules in terms

of co2'ective modules and the class of B(M， X)， lnt.  J.  Math.  16(6)(2005)，

647-660. 

  1958年から1959年にかけて、Matlis(［27D， PapP(［381)によって、右Noether

面上の入射加群が研究され、右ネータV一一一環が「すべての入射加群は直既約分

解を持つ」ことで特徴:づけられた。

  この結果の拡張として、1982年にMifller-Rizvi(［30Dにより、右ネータ一

環であることと，「すべての連続加群は直既約分解を持つ」ことは同値である

ことが示された。

  更に、1984年にOkado(［31Dによって、右ネーター一環であることと、「す

べてのextending加群は直既約分解を持つ」ことは同値であるという結果が

示された。
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 又、“入射魚群(連続加群，準連続加群，CS晶群)の直和はいつ入射加群

(連続打豆，準連続主群，CS加群)になるか？”という問題に関しても、多く

の研究者により研究された(［8］，［28］を参照)。

 1972年には、Anderson-Fuller(［1］)により、「右完全環上の射影加群は直既

約分解を持つ」という結果が示されている。そして、Yamagata(［43］)、且arada-

Ishii(［141)によって、「右完全二上の射影加群はexchange propertyを満たす」

という結果が与えられている。

 このような状況の下で、現在、この分野で最も大きな課題は、次の基本

的な問題を解決することである。

 Problem(1):lifting加州は直既約分解を持つか？

 Problem(2):lifting加群は(丘nite)internal exchange prop ertyを

満たすか？

 Problem(3):すべてのlifting加群が直既約分解を持つ環は何か？

 Problem(4):lifting(CS一)加群の直和はいつlifting(CS一)加群にな

るか？

 本論文は、これらの問題に関する次の二つの論文をもとにしてまとめた

ものである;

  (1) Y.  Kuratomi and C. 一C＝，，，，，，. hang: Livang modules over right perfect rings，

Communications in Algebra， to appear. 

  (2) C.  Chang and K.  Oshiro: Direct sums of relative (quasi一？continuous

modules， East-West J.  of Mathematics 6(2)(2004)， 125-130. 

  丁丁の内容を以下に述べる。

  第一章では、準備として既知の結果を述べる。特に、Artin環を含む完全

環及び準完全環のlifting性を用いた特徴づけを与える。これらの結果は実際

には上述のBassによるものであるが、 Oshiroによって明確な形で次のよう

に与えられた。(［33］，cf. ，［45D

  Theorem A.  Rを環とする。このとき、次は同値である:

  (1)Rは準完全環である;

  (2)有限生成射影右R一曲群はlifting加群である。

  Theorem B.  Rを環とする。このとき、次は同値である:

  (1)Rは右完全環である;
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 (2)すべての射影右R一事群はlifting加群である。

 第二章では、projective coverの存在が保証できる(Artin環を含む)完全

環及び準完全環に対して上記Problem(1)，(3)に関する結果(Theorem C)を

述べる。更に、“dual relative oj ective性”を導入し、右完全環上のlifting加

群がexchange propertyを満たすための十分条件(Theorem D)を与える。こ

れは上記Problem(2)に関する結果である。

 Theorem C.  Rを右完全環(準完全環)とし、 Mを(有限生成)lifting加群

とする。このとき、Mは直既約分:解を持つ。

 Theorem Cは、先に述べたOkadoの結果の双対であり、この結果は、

Anderson-Fuller(［1Dによる「右完全環上の射影加群は直既約分解を持つ」と

いう結果の拡張になっている。Anderson-Fuller(［1］)では、準完全環上の射影

歯群は直既約分解を持つことが述べられている。この観点から見れば、The-

orem Cは準完全環上でいえるかどうかが問題となるが、現在のところ未解

決である。

 ところで、“右完全環であることと，すべてのlifting加群は直既約分解を

持つこととは同値でない. ” 実際、lifting晶群が直既約分解を持つ右完全環

でない環が存在することが知られている。(Example 2. 2. 6. )

 Theorem D.  Rを右完全環とし、 Mをlifting加群とする。このとき、

 MがduaLM-ojectiveならば、. Mはexchange propertyを満たす。

 Yamagata， Harada-Ishiiによって、「右完全環上の射影加群はexchange

propertyを満たす」という結果が示されている。 Theorem Dを使えば、上

に述べたYamagata、 Harada-Ishiiの結果が簡単に証明できる。しかし、射

影雨晒がexchange propertyを満たす右完全環でない環が存在することが知

られており、その例はKutami-Oshiro(［24］)に紹介されている。このことは

Yamagata， Harada-Ishiiの結果の逆が成立しないことを示している。

 第三章では、上記Problem(4)に関連して比較連続謙譲(比較準連続加群)

の直和が比較連続加群(比較準連続加年)になるための特徴づけを与える。

 Theorem E. ｛Mi｝iEIと1Vを加群とし、 P＝Σ〟擁∈IMiとする。このと

き、次は同値である:

  (1)P＝Σ㊦i∈IMiは1V一(quasi一)continuousである;
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  (2)(i)各MiがN一(quasi一)continuousである

    (ii)Σ(Dゴ∈∬一｛i｝Mj・がAi-injectiveである(ただし・i∈1， Ai∈A(N， Mi))

  (3)(i)各MiがN一(quasi一)continuousである

    (ii)相異なる乞〃∈1とAi∈A(N， Mi)に対してMjがAi-inj ectiveで

ある

    (iii)各i∈1， Ai∈A(1＞，鵬)とΣ㊥ゴ∈1一｛i｝Mj・に対して(B)が成り

立つ。

  1990年、Mohamed-Mtiller(［28Dにより、連続加群(準連続面心)の直和が

連続論調(準連続加熱)であるための十分条件が与えられた。Theorem Eは、

Mohamed-MUIIerの結果を一般化したものである。最近、上記の結果の双対

的な結果としてOrhan-Keskin(［32Dにより、比較連続加群(比較準連続加群)

の双対である比較離散加群(比較準離散加群)が研究されている。
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  Chapter 1

Preliminaries

   In this chapter， we state notations， definitions and known facts for which

we can refer Anderson-Fuller ［2］， Mohamed-Mttller ［32］， Dung-Huynh-Smith-

Wisbauer ［12］ and Baba-Oshiro ［5］.  While proofs are often provided， the

reader can refer standard texts for the background details for the more com-

mon concepts. 

   Throughout this paper， all rings R considered are associative rings with

identity and all R-modules are unital. 

Sl. 1 Notations

   The notation MR is used to stress that M is a right R-module.  Let M

be a right R-module.  The notation AT S M means that N is a submodule of

M， and the notation N S o M means that N is a direct summand of M. 

   For a module M and an index set A， we denote by M(A) the direct sum

of A copies of M. 

   Let M be a right R-module and K a submodule of M.  K is called an

essential submodule of M (or M is an essential extension of K) if K n L 1 O

for any non-zero submodule L of M.  ln this case we denote K S， M.  Dua｝ly，

a submodule K of M is called a small submodule (or superfluous submodule)

of M， abbreviated K ＜＜ M， in the case when， for every submodule L S M，

K十L＝Mimplies L :M. 

   For an element m E M， we denote by (O : m)， the right annihilator of

m which is the set ｛r E R 1 mT ＝: O｝.  By Z(M)， we denote the singular

submodule of M， i. e. ， Z(M) ＝ ｛m E M 1 (O : m) S， RR｝.  For R-modules

M and N， HomR(M， N) means the set of all R-homomorphisms from M to

N.  ln particular， we put HomR(M， M) ＝ EndR(M). 

14



 gl. 2 Closed submodules and extending modules

 Proposition 1. 1(［17， Proposition 1. 1D.  (iノ. Let M beαmodule漉抗

subm・dule8・K≦五≦M・Then・κ≦。 M if and・吻if K≦。 Lαπd五≦。 M. 

 侮ノLet・1わε卿3ε診α剛θ護｛M， l i∈1｝be a fam吻・f SUわm・翻θ5・ザM

ωith M＝㊦i∈∫嘱・巧F. Z＞1≦e Mi/bγ・θαCんi∈1， then〟擁∈1瓦≦e M. 

 Proposition 1. 2 (cf. ， ［2， Proposition 5. 17］).  Let M be a module with

submodules K 〈 L 〈 M. 

 (of ij L ＜＜ M， then K ＜＜ M. 

 侮ノ〃L《M and！:M→N¢3αん・m・m・η幡m，孟んeη！(L)《N. 

 pm？ ij K ＜＜ M and L So M， then K ＜＜ L. 

 Proof.  (i) Assume M＝K十X， X S M.  Since K S L， M＝L十X， and

hence， by assump七ion， M＝X.  So K《M. (ii)Assume that！(L)十N'＝・N，

N' S 7V.  Put N” ＝ ｛m E M l f(m) E N'｝ S M.  Then N”十L＝ M.  Since

L ＜＜ M， N” ＝ M.  Since L S M＝ N”， f(L) S N'.  Hence N' ＝ N. 

Therefore f(L) ＜＜ IV.  (iii) Suppose L ＝K十Y， Y 一く L.  Since L S o M，

M＝L㊥ヨL'＝K十y十〃. Since K《M， M＝y十L'.  By the modular

law， L＝ Y.  Hence K ＜＜ L.  一

 Proposition 1. 3 (［2， Proposition 5. 20］).  Suppose that Ki S Mi S M，

K2 S M2 S M， and M : Mi O M2.  Then

 Ki O K2 ＜＜ Mi O M2 of and only of Ki ＜＜ Mi and K2 ＜＜ M2. 

 Proof.  (ptF) Assume that Ki O K2 ＜＜ Mi O M2.  Let pi :M 一〉 Mi be a

proj ection， i ＝ 1，2.  By Proposition 1. 2(ii)， pi(Ki e K2) ＝＝ Ki ＜＜ Mi.  (〈＝＝)

Suppose that Ki ＜＜ Mi and K2 ＜＜ M2.  Consider an injection fi : Mi 一 M，

i ＝ 1，2.  By Proposition 1. 2(ii)， fi(Ki) ＝ Ki ＜＜ M.  Suppose M ＝＝ L十(Ki O

K2)，五≦ハ4.  Since Ki《磁， M＝、乙.  Therefore、κ1㊥K2《M1㊥鰯。■

 A submodule N of M is said to be closed in M (or a closed submodule

of M)， if N has no proper essential extentions in M， that is， N S.  N' in M

implies N ＝ N'. 

15



  Lemma 1. 4 (［16， Theorem 2. 6］).  Let M be a module and K S L be

submodules of M.  if K is closed in L and L is closed in M， then K is closed

in M. 

  For N' S N S M， N is called a closure of N' in M if N is closed in M

and N' S， N in M. 

  A module M is said to be extending (or CS) if， for any submodule A of

M， there exists a direct summand A＊ of M such that A m〈.  A＊ in M. 

  Lemma 1. 5 (cf. ， ［39， Proposition 1. 4］).  Any direct summand of an

estending module M is extending. 

  Proof.  Let M＝M1(D M2 and leポAi be a submodule of Ml.  Since M

is extending， there exists a direct summand A: of M such that Ai Se Ai

in M.  Let Ti : M ＝＝ Mi e M2 一〉 Mi be a projection， i ＝ 1，2.  Then

Ai S Ti(Ai).  Moreover， we can see from Ai S.  A: and A: n M2 ＝ O that

Ai S.  Ti(Al); whence Ai ＝ Ti(Al).  This implies that A: ＝ Ai o T2(Ai) and

hence T2(A:) ＝O and Af ＝ Ti(A:) ＝ Ai.  Thus Ai So Mi.  一

   By Lemma 1. 5， the following holds:

   Lemma 1. 6 (［32， Proposition 2. 4］).  A moduZe M is estending if and

O吻if any clO8ed submodule of M乞5α伽ec君5賜mmαηd. 

Proof.  Obvious.  一

  Amodule M is said to have the(finite/exchange property if， fbr any

(finite) index set 1， whenever M O N ＝ OiEiAi for modules N and Ai，

then M e N ＝ M O (OiEiBi) for some submodules Bi . 〈一 Ai.  A module

M has the (finite？ internal exchange property if， for any (finite) direct sum

decomposition M ＝ eiEiMi and any direct summand X of M， there exist

submodules Mi≦Mi such thaポM＝Xe((｛DiEIMi). 

  Let ｛Mi 1 i E 1｝ be a family of modules and let M ＝ OiEiMi.  Then M

is said to be an extending module for the decomposition M ＝ eiEiMi if， for
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any submodule X of砿there exist a direct summand X＊ofハ4 and direct

summands M;・ of Mi (i E 1) such that M ＝ X＊ O (OwMt・) and X S， X“，

that is， M is an extending module and satisfies the internal exchange property

in the direct decomposition M ＝ OiEiMi・

   Lemma 1. 7 (［42， Lemma 2. 1］).  Let P be a module with a decomposition

P＝・㊦i∈IMi such thαt eαcん磁is extending.  We consider・the index・set・1α3

a well ordered set: 1 ＝ ｛1，2，…，w， w十1， …｝， and let X be a submodule

・ヅM. Then tんere exist subm・翻ε8 T(の≦。 T(の＊≦e. 磁， dec・脚・siti・η3

磁＝T(の＊㊥瓦αnd a subm・翻ε〟浴早ｸ、X(の≦。 X f・剛hich the f・ll・ω吻

propeTties hold:

   (1？ X(1) ＝ T(1) Se T(1)“・

   (2？ X(k) S T(k) (｛E) (ei〈kNi) for all k E 1. 

   (3？ a(X(k)) ＝ T(k) f｛1， T(k)＊， X(k) . t a(X(k)) (by a lx(k)？ for all k E 1，

where o is the prol'ection: P ＝ OiEiT(i)＊ e ((DiEiNi) 一一〉 OiEiT(i)＊・

   (4？Xcyσ(X)伽σlxノ. 

   Amodule E is吻εc伽θif fbr every R-module. 4， any monomorphism g:

X 一一〉 A and any homomorphism f: X 一一〉 E， there exists a homomorphism h

: A 一〉 E such that hg ＝ f・

   Let M and N be R-modules.  M is called to be N-injective if， for any

monomorphism g : X 一一〉 N and homomorphism f: X 一一〉 M， there exists a

homomorphismん:N→. M such thatんg＝！。 A module M is quasi一息'ective

(or seif-inl'ective) if M is M-injective. 

  Proposition 1. 8 (［2， pp. 204-206］).  For a right R-module E， the follow一

吻statement8 are equivαlent:

   (i？ E is吻ective∫

   (ii？ Every h・m・m・η，んism・ゾα吻ん朔θαZ l q/Rt・E Cαn be extended to

a homomorphism of R to E;

   pm？ For any module M， every monomorphism O 一 E 一〉 M splits;

   (iv？ E has no proper essential extensions. 

For a given right R-module M， there exists an injective module E(M)
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containing. M as an essential submodule.  Here， E(M)is called the吻'θc伽θ

hull of M.  This existence theory is known as the Eckmann-Schopf theorem

(［i4］). 

   Proposition 1. 9(［32， Proposition 2. 1D.  . 4nyピquasi一ノinjective module

. M is extending with the follOω吻condition:

   (C2) ij a submodule X of M is isomorphic to a direct summand of M，

then X is a direct summand of M. 

   Proposition 1. 10 (［32， Proposition 2. 2］).  lf a module M has (C2？， then

it satisfies the following condition:

   (C3) if Mi and M2 are direct summand of M such that Mi n M2 ＝ 0，

then Mi O M2 is a direct summand of M. 

   A module M is called continuous if it is extending with (C2).  M is called

quαsi，con伽uous if it is extending with(03)。 It is well-known from［32］that

the following implications hold:

“injective ＝〉 quasi-injective ＝〉 continuous ＝〉 quasi-continuous ＝1＞

extending” . 

   In general， the converse is not true. 

   Example 1. 11.  (1) A Z-module Z/2Z is quasi-injective， but not injec-

tive. 

   (2) Let F be a field with a proper subfield K.  Put (［？ ＝ fi，oo・?Fi (Fi ＝＝ F)

and R ＝ ｛(fi) E (2 1 f.  E K m 〉 n for some n E N｝.  Then RR is continuous，

but not quasi-injective. 

   (3) Zz is quasi-continuous but not continuous. 

   (4) A Z-module Z e Z is extending but not quasi-continuous. 

   Now， we introduce the generalized relative injectivity as follows. 

   Let A and B be R-modules.  A is said to be B-02'ective (or generaliied B一

吻ec伽e)if， fbr any submodule X≦Band any homomorphism！:X→A，

there exist decompositions A ＝ Ai O A2， B ＝ Bi O B2， a homomorphism
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hi:Bi 一〉 Ai and an monomorphism h2:A2 一〉 B2， and for x ＝＝ bi 十 b2 and

f(x) ＝ ai 十 a2 one has ai ＝ hi(bi) and b2 ＝ h2(a2).  (cf. ， ［18］). 

   A non-zero module M is said to be uniform if every non-zero submodule is

essential in M.  We see that any uniform module is indecomposable extending

(quasi-continuous). 

   Remark.  Let A and B be indecomposable modules.  Then A is B-

oj ective if and only if， for any homomorphism f: X 一一〉 A and any monomor-

phism g: X 一〉 B， (i) if Ker f t 0， then f can be extended to B 一〉 A. 

(ii) if Ker f ＝ O， then either f is extended to B 一〉 A or there exists an

monomorphism h : A 一〉 B such that hf ＝ g.  Note that in the case A is a

uniform module， A is B-oj ective if and only if A is almost B-injective (cf. ，

［4］). 

   Proposition 1. 12 (［18， Proposition 1. 4］， ［34， Proposition 8］).  Let Ai So

Aαnd B、≦〟唯.  Suppose B is・4一・グec伽e.  Then. Bl is A、一qフ●θc伽ε. 

   For an R-module M， the (Jacobson) radical of M is defined as the in-

tersection of all maximal submodules of M， and denoted by Rad(M)， i. e. ，

Rad(M) ＝＝ n｛K S M 1 K is a maximal submodule of M｝.  lf M has no

maximal submodule， we define Rad(M) : M. 

   For a ring R， we say that Rad(RR)(＝＝ Rad(RR)) is the Jacobson radical

of R and denote it by 」(R). 

   Proposition 1. 13 (［2， Proposition 9. 13］).  Let M be a right R-moduZe. 

Then Rad(M) ＝ £｛L S M 1 L ＜＜ M｝. 

   For an R-module M， the socle of M is defined as the sum of all simple

submodules of M and is denoted by Soc(M)， i. e. ， Soc(M) ＝ 2｛K S M 1 K

is a simple submodule of M｝. 

   A dual version of Proposition 1. 13 is now given by the following charac-

terization of the socle. 

Proposition 1. 14 (［2， Proposition 9. 7］).  Let M be a right R-module. 
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Then Soc(M) ＝ n｛L S M 1 L S， M｝. 

  Proposition 1. 15 (cf. ， ［2， Proposition 5. 2］).  Let O 一 Ai 一:f一〉 B 一:9L＞

A2 一 O be a short exact sequence of R-homomorphism.  Then the following

conditions are equivalent:

   ピ2/There is an・R一ん・m・m・η)hism k:B→Aωith kf＝IA、;

   (ii/There is an R一ん・m・m・励繍ん:A2→B with gh＝1A，;

   圃1mμ8α伽εc孟5賜mmα磁・fB;

   (iv？ KeTg is a direct summand of B. 

  Proof.  (i) ＝ ＝〉 (iii) Let b E B.  Then b ＝ (b 一 fk (b)) 十 fk (b).  Since

k(b 一 fk(b)) 一 k(b) 一 kfk(b) 一 O， b 一一 fk(b) E Ker k.  Thus b ＝ (b 一 fk(b)) 十

fk(b) E Ker k＋Im f.  Hence B g Ker k＋Im f.  Therefore B＝ Ker k＋Im

f.  lt is sufficient to show that Ker k n Im f ＝ O.  Let b ＝ f(ai) E Ker k n Im

f， where ai E Ai.  Then O ＝＝ k(b) ＝ kf(ai) ＝ ai.  Thus b ＝ f(ai) ＝ f(O) ＝＝ O. 

Hence Im f㊥Ker k＝B. (iii)⇒(i)As Im！≦e B， B・＝Im∫㊦ヨ0. 

Thus b : f(ai)十。， where ai E Ai， c E C.  Define a map k:B 一〉 /li by

k(f(ai)十。) ＝ ai.  Then k is an R-homomorphism.  Moreover， kf ＝ IA，. 

(ii) e (iv) The proof of this part is similar to one of the part (i) ＃ (iii). 

(iv) ＝＝〉 (ii) Since Ker g So B， there exists a direct summand K S o B

such that B ＝ Ker g O K.  Since g I K : K 一一〉 A2 is an isomorphism， we put

(g IK)” ＝ h.  Then gh ＝＝ I A，.  (iii) o (iv) This is trivial.  一

  Proposition 1. 16 (［2， Proposition 7. 1］).  For the R-modiLle RR， there

isαdeCOmpOSitiOn RR＝み1㊥A2 if and O吻彰んere eXiStSαηidempOtent

eER with Ai ＝＝ eR and A2 ＝＝ (1 一 e)R. 

  Proposition 1. 17 (［2， Theorem 2. 8］).  Let M be a finitely generated R-

module and let K be a proper submoduZe of M.  Then there exists a maximal

submodule五〇∫. M suchオんαオK⊆L. 

This can be easily shown using Zorn's Lemma. 

Sl. 3 Co-closed submodules and lifting modules
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  Let Ni S N2 S M.  Ni is a co-essentiag submodule of N2 in M， abbrevi-

ated Ni S.  N2 in M， if the kemel of the canonical map M/Ni 一〉 M/N2 一〉 O

is small in M/Ni， or equiva｝ently， if M ＝＝ N2 十X with Ni S X implies

M ＝X. 

  Proposition 1. 18.  (i？ Let A， B and C be submodules of M with A S

B≦0. Then・A≦。 B in Mαnd・B≦。0 in. M Of and o吻if A≦。 O in M. 

  pt？ Let A g B S M.  Then A S.  B in M if and ongy if M＝A＋K for

any submodule K of M with M ＝＝ B＋K. 

  圃五et・A≦0≦Mαnd・let・M＝・4＋B. 〃0∩B《砿then・4≦。0

伽ハ4. The converse is true if. 4∩B＝0. 

  Proof.  (i) follows from ［38， Proposition 1. 1］ and (ii) is clear. 

  (iii) (o) Let M＝C十K.  Since C ＝＝ A十 (C n B) and C n B ＜＜ M，

M ＝ A十 (CnB) 十K＝A十K.  Hence A S， C in M by (ii).  (〈＝＝) Assume

AnB＝0 and A S， C.  Then C ＝＝ Ao (BnC).  Put B＝ (BnC) 十K. 

Then M＝AoB ＝A十 (BnK) 十K＝C十K＝ A十K.  Thus K＝ B. 

Therefore (B n C) ＜＜ M.  一

  A submodule N of M is said to be co-closed in M (or a co-clo3ed submod-

ule of M)， if N has no proper co-essential submodule in M.  i. e. ， N' S.  N in

M implies N ＝ N'.  lt is easy to see that any direct summand of a module

M is co-closed in M. 

  Lemma 1. 19.  Let M be a module and K S L be submodules of M. 

Thenオんεfollowingん0♂〔ゐ

  (i？ if K is co-closed in L and L is co-closed in M， then K is co-closed in

M. 

  (ii？ lf K ＜＜ M and L is co-closed in M， K ＜＜ L. 

  Proof.  (i) follows from ［12， Section 5］ and ［16， Lemma 2. 6］.  (ii) follows

from ［16， Lemma 2. 5］.  一

For N' 〈 N 〈 M， N' is called a co-closure of N in M if N' is a co-closed
    一: “ 一一一一: “. s. )
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submodule of M with N' S， N in M.  Any submodule of a module has a

closure， however， co-closure does not exist in general， for example， 2Z does

not have co-closure in Zz. 

   A module M is said to be livang if， for any submodule A， there exists a

direct summand A＊ of M such that A“ S.  A in M. 

  Lemma 1. 20 (cf. ， ［32］ and ［38］). 

M28三富. 

Any direet summand of a lifting module

  Proof.  Let N So M.  Assume X S N.  Then there is a decomposition

M＝ Mi O M2 such that Mi S X and X fi M2 ＜＜ M2.  From Mi g N，

N ＝＝ Mi o (M2 fi N).  Moreover， X fi (M2 n N) ＝＝ X n M2 ＜＜ M2.  Since

M2 n N So M， by Proposition 1. 2(iii)， X fi (M2 n N) ＜＜ M2 n N.  Hence N

is a lifting module.  一

  Let ｛Mi 1 i E 1｝ be a family of modules and let M ＝ OiEiMi.  Then

M is said to be a lifting module for the decomposition M ＝＝ OiEiMi if， for

any submodule X of M， there exist a direct summand X＊ of M and direct

summands Ml・ of Mi (i E 1) such that M ＝ X“ O (eiEiMl・) and X“ Sc X，

that is， M is a lifting module and satisfies the internal exchange property in

the direct decomposition M ＝＝ OiEiMi・

   A module F is free if F has a free basis ｛bi｝iEi， namely， each biRR f y RR

canonically and every element f E F can be expressed uniquely in the form

f ＝ E］iEibiri where ri E R and all but a finite number of the ri are O. 

   Amodule P is p吻θc伽θif given any epimorphism∫:A→Band any

homomorphism g : P 一一一〉 B， there exists a homomorphism h : P 一 A such

that the diagram

                           P

                       ンイ↓9

                     A一一 ＝＞B. O
                         f

commutes. 

   Let M and N be R-modules. M is called to be N-projective if， for any
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epimorphism f : N 一 X and homomorphism g : M 一〉 X， there exists a

homomorphism h : M 一〉 N such that fh ＝＝ g.  A module M is quasi-

pro2'ective (or s elfprojective) if M is M-proj ective. 

   Lemma 1. 21 (［2， Corollary 16. 11］).  Let ｛P. ｝. EA be a set of R-modules. 

Then(Dα∈APa is P吻ective if and o吻if eαch Pa乞3 p吻εc伽θ. 

   We frequently use the following fact. 

   Proposition 1. 22 (cf. ， ［32， pp. 68-69］).  (i？ Let A and B be modules.  ij

・4is・B-P吻ec伽ε， then・4 is O-P吻ec伽εプbr any submodule C o/B. 

   (ii？ Let A be a module and Zet ｛Bi l i ＝ 1，…，n｝ be a family of moduZes. 

Then・4 is Ol＝、B¢一P吻ective Of and o吻if・4 is Bi-P吻εc伽e，(i＝1，…，n). 

   tiii？ Let 1 be any set and let ｛Ai l i E 1｝ be a family of modules.  Then

(DiEiAi is B一一pro］'ective of ana only if Ai is B-pro2'ective for all i E 1. 

   Proposition 1. 23 (［2， Proposition 17. 2］).  For an R-module P， the

プb〃0ω吻stαtements are equivαlent:

   ωP卿吻ec伽θ∫

   (ii？ Every epimorphism M-P-0 splits;

   (iii？ P is is・m・η耽オ・α伽C65錫mmα翻・f a free R-m・翻e. 

   Proof.  (i) ＝＝〉 (ii) Suppose that f: M 一一〉 P is an epimorphism.  lf P

is projective， then there is a homomorphism g such that fg ＝ l p， so the

epimorphism f splits. 

   (ii) o (iii) This follows from the fact that every module is an epimorphic

image of a free module. 

   (iii) ＝〉 (i) Every free module is projective.  一

   The following two lemmas are due to Oshiro ［38］. 

   :Lemma 1. 24(cf，［46，41. 14D. 加卯吻εc伽8 mo翻θsαtisfies the/bl-

lowing condition:

   (D) ij Mi and M2 are direct summands of M such that Mi n M2 ＜＜ M

and M ＝＝ Mi ＋ M2， then M ＝ Mi O M2. 
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  :Lemma 1. 25(［38， Theorem 3. 5D.  lf M isα砂吻moduleω伽the

C・nditi・n(Pノ， tんen M can be expre8sed as a direct sum(ザん・〃・ωmo翻e3. 

   Let M and P be R-modules.  An epimorphism g : P 一一〉 M is called

superfluous if Ker g ＜＜ M.  A pair (P， g) is called a pro2'ective cover of the

module M if P is projective and there exists a superfluous epimorphism g :

P一 M.  ln the case when we simply say that g : P-M is a projective

cover.  This notion is dual to that of an injective hull.  Projective covers do

not exist in general.  For example， Z-module Z/2Z does not have a projective

cover. 

  Proposition 1. 26 (［32， Proposition 4. 38］).  Any quasi-pro2'ective module

Sαtisfies theプb〃0ω吻COη伽0η. ・

   (D2) if X S M such that M/X is isomorphic to a direct szemmand of M，

渉んθηx¢5α伽ecオ3駕m7ηαηd(ゾM. 

  Proposition 1. 27 (［32， Lemma 4. 6］).  lf a module M has (D2)， then it

satisfies the following condition:

   (D3) ij Mi and M2 are direct summands of M such that M ＝ Mi ＋ M2，

オんθηM1∩ハ4i≧葱5α伽εc孟5駕m｛mα翻(ゾ. M. 

   A module M is called discrete (or semiperfect) if it is lifting with (D2). 

A module M is called quasi-discrete (or quasi-semiperfect) if it is lifting with

(D3).  lt is well-known from ［32］ that the following implications hold:

“projective ＝〉 quasi-projective ＃ discrete ＝〉 quasi-discrete ＝〉 lift-

ing”. 

The converse implications are not true in general. 

   Example 1. 28.  (1) A Z-module Z/2Z is quasi-projective， but not pro-

jective. 

   (2) Zz is quasi-projective but not discrete. 

   (3) Let R be a discrete variation ring with a prime ideal P.  Then an

injective hull E(R/P) of R/P is quasi-discrete but not discrete. 
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   (4) Put R ＝ Z/4Z and QR ＝R(D R.  Then a submodule MR : (1，2)RO

(1，0)R of (2R is lifting but not quasi一一discrete. 

   Let M be a right R-module and N a submodule of M.  We say N is a

fully invariant submodule of M if N is a right R一， left End(MR)一bimodule of

M. 

   Theorem 1. 29(［5， Theorem 1. 1. 24］).  For an R-module M，オんe弼Zoω吻

hold:

   ピ班耀23α卿5早?●εC伽θm・duZe， tんθηM¢5蜘ZZ〃伽αTiant・subm・翻θ

o/E(M). 

   (2ソij「M i8 a quα8i一吻'ective・m・翻ε，彦んen any direct dec・mp・3吻ηE(M)＝

Ei e…O E.  induces M＝ (M n Ei)O…O (M n E. ). 

   63ノ〃'M¢3αquasi-1)rqブθC伽θmodule withα1)roブθC孟勿θcover(ρ:P→M，

Ker g is a fully invariant submodule of Ps whence any endomorphism of P

induces an endomorphism of M. 

   (4？ ij「M is a guasi-P吻ective m・翻eω励αp吻εc渉2”e c・ver・q:P→M，

th en any di rect deco mposition P ＝ Pi e ・ ・ ・ O P.  in du ces M ＝ q(Pi ) O ・ ・ ・ 0

9(Pn)・

   We note that (1)， (3) can be easily verified， and (2)， (4) can be proved by

(1)， (3)， respectively. 

   Now we introduce the generalized relative projectivity as follows. 

   Let A and B be modules.  A is said to be dual B-02'ective (or generalized

B-pro2'ective) if， for any homomorphism f : A 一一〉 X and any epimorphism

g: B 一〉 X， there exist decompositions A ＝ Ai e A2， B : Bi O B2， a

homomorphism hi : Ai 一〉 Bi and an epimorphism h2 : B2 一一一〉 A2 such that

ghi ＝ f IA， and fh2 ＝g IB， (cf. ， ［33］). 

   A non-zero module M is said to be hollow if every proper submodule is

small in M.  We see that any hollow module is indecomposable lifting (quasi-

discrete) . 
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   Remark.  Let A and B be indecomposable modules.  Then A is dual

B-ojective if and only if， for any homomorphism f : A 一 X and any epimor-

phism g:B 一一〉 X， (i) if lm f l X， then f is liftable to A 一〉 B.  (ii) if lm

f ＝ X， then either f is liftable to A 一一〉 B or there exists an epimorphism h

: B 一 A such that fh ＝＝ g.  Note that in the case A is a hollow module， A is

dual B一一〇jective if and only if A is almost B-projective (cf. ， ［4］). 

   Proposition 1. 30.  Suppose A is B-projective.  Then A is dual B-

ojective. 

   Proof.  Obvious.  一

   Proposition 1. 31 (cf. ， ［33］).  Let C be a direct summand of B.  Suppose

A is dual B-ojective.  Then A is dual C-02'ective. 

   Proposition 1. 32 (［28， Proposition 2. 2］).  Let A be a module with the

適量e傭erηαZε伽αηge prope吻and・let・A＊be a direct summαnd Of A. 

   Suppose A is duaZ B-ol'ective.  A“ is dual B-02'ective. 

   A right R一一module M is said to be semisimple if M can be expressed as

a direct sum of simple submodules.  ln particular， a ring R is said to be

seMsimple if RR is semisimple， or equivalently， RR is semisimple. 

   Proposition 1. 33 (［2， Theorem 9. 6］).  For an R-module M the following

statements are equivalent:

   存ノM i8 se三二♂eノ

   (ii？ Every submodule of M is a direct summand;

   (iii？ Every submodule of M is semisimple;

   (iv？ Everyん・m・m・η:，hic image of M is semis伽le. 

   Proposition 1. 34.  Let R be a Ting such that every maximal right ideal

of R is a direct summand of RR.  Then R is semisimple. 

   Proof.  Assume that Soc(RR) f;｛ RR.  By Proposition 1. 17， there is a

maximal submodule IR such that Soc(RR) g IR.  By hypothesis， there exists
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a decomposition RR ＝＝ I O X.  Then， since X is a simple submodule of RR，

we see X g Soc(RR) g 1， which is a contradiction.  Hence R ＝＝ Soc(RR).  一

  Proposition 1. 35 (［2， Proposition 17. 10］).  Let R be a ring with 」 ＝＝

」(R) and P a non-zero pro2'ective right R-module.  Then Rad(P) ＝ PJ. 

  Proof.  Proposition 1. 23 allows us to assume that P is a direct summand of

a free module P O P' ＝＝ F ＝＝ R(A).  Then Rad(P) e Rad(P') ＝ Rad(R(A)) ＝

(Rad(R))(A) ＝ 」(A) ＝＝ R(A)」 ＝＝ PJ e P'」.  So， since PJ S Rad(P) and

P'」 S Rad(P')， we must have Rad(P) ＝ PJ.  一

  Proposition 1. 36(［24，:Lemma 3D.  F()rαp吻ective R-module P(≠0)

over a ring R， we have PJ 7E P， where 」 ＝ 」(R).  That is， every non-zero

P吻ec伽e moduZe contαins a mαximα1・SUわmo翻e. 

   Proof.  Let F be a free module such that F ＝ P O (［2 and let x E P. 

Select a basis ｛ui｝ of F such that the expression of x in terms of that basis

has the smallest possible number of non-zero entries.  Assume that PJ ＝ P，

i. e. ， P ｛; . FJ， x＝ Z:?zeiri，Ti 7E O， ri E R; ui ＝ pi＋qi， pi E P， qi E (［2;

pi ＝: 2］ll・. Z，iiLj sij，si」一 E R， i ＝ 1，2，… ， n.  Then we have x ＝ 2izei Ti ＝ E)ipi ri ＝

Σi，ゴ賜ゴ5乞ゴγ乞. Thus we have rl＝Σ撫15琶1γ¢， i. e. ，(1-811)γ1＝Σ1」25歪1γ歪.  By

assumption， sn E 」， whence 1-sn is invertible in R.  Put s ＝: 1/(1-sn)， and

we have ri ＝ 2:. 2ssiiri.  Therefore x ＝ £Z・＝2(ui 十uisiis)ri.  This is a shorter

expression for x， a contradiction if x 1 O， since ｛zei，u2 十 ui s2is？'” ， zen 十

zeisni s，… ｝ is a free basis.  一

  §1. 4

  

rlngS

Characterizations of semiperfect and perfect

  A ring R is called semiperfect (resp.  right perfect) if every finitely gener-

ated right R-module (resp.  every right R-module) has a proj ective cover. 

  Let M＝ Mi O M2 and let q : Mi 一〉 M2 be an R-homomorphism.  Put

〈Mi 一qL＞ M2＞ ＝ ｛mi 一 q(mi) 1 mi E Mi｝.  Then this is a submodule of M

which is called the graph with respect to g.  Note that M ＝ Mi O M2 ＝＝
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〈M， 一q M，＞eM，. 

 Proposition 1. 37.  Pi，… ，P.  are projective livang R-modules of and

only of P ＝＝ Pi O… e P.  is pro2'ective lifting. 

 Proof.  (e) This part is a direct consequence of Lemma 1. 20 and 1. 21. 

(＝＝〉) lt is enough to show that P ＝ Pi O P2 is lifting.  Assume that Pi and

P2 are projective lifting R-modules.  Let X S P.  For (X 十 Pi) n P2 S P2，

since P2 is lifting， there exists a decomposition P2 ＝: P2' O P2“＊ such. that

P2＊＊ S (X十Pi)nP2 and ［(X十Pi)nP2］nP，“ ＜＜ Pi This implies that

P2 ＝ ［(X十Pi)nP2］十P，' such that (X十Pi)nP，＊ ＜＜ P，＊.  Hence P＝:

X十Pi十P2 :X十Pi十［(X十Pi)nP2］十Pl ＝X十Pi十Pl.  Similarly，

for (X 十 P2＊) n Pi S Pi， there is a decomposition Pi ＝ ny“ o P，＊ such that

Pi'“ S (X 十 P2') n Pi and ［(X 十 P2“)n Pi］ n P，＊ ＜＜ Pf.  This implies that

Pi ＝ ［(X 十 P，＊) n Pi］ 十 P，＊ such that (X 十 Pi) n P，“ ＜＜ P，'.  Therefore

P ＝＝ X十 Pi 十 Pl ＝X十 Pi 十 ［(X 十 P2) fi Pi］十 Pl ＝X十 (Pi e Pl). 

 Furthermore， (P，＊ o P，“)nX S ［Pr A (X 十 P2＊)］ O ［P2＊ n (X 十 Pi“)］ S ［Pi“ n

(X＋Pl)ゆ［ぢ∩(X十群)］. Since(X十Pl)∩ぢ《1醗and(X十ぢ)∩脅《理，

by Proposition 1. 2(i) and 1. 3， (Pi＊ O P2＊)nX ＜＜ Pi＊ e Pi '

 On the other hand， P＝X十(PfeP2')＝瑳＊㊦ぢ＊㊦脅㊥摺. 

 Consider the canonical epimorphism 7r : P 一一〉 P/X 一 O.  Then 7r l pf opl :

脅㊥ぢ→P/X→Ois an epimorphism andπ瞬. ㊥p蜜. :瑳＊㊦、醗＊→P/X

is a homomorphism.  By Lemma 1. 21， Pi'“ e P2＊＊ is projective， hence there

exists a homomorphism q : Pi“ O P2＊“ 一〉 Pi“ O P2“ such that the diagram

               奪＊㊥ぢ＊

            k ITipi”op2”

          恥ぢ一薦;R/x→o

commutes. 

 F・r any y一ψω∈僻＊㊥奪＊一〇P pr e Pl＞，π(Y 一 9(Y))一(πIPre理・

)(Y) '一' (T lp，'op，')(〈P(Y)) ＝ (T lp，＊＊ep，＊＊)(Y) 一 (T lp，＊＊ep，＊＊)(y) ＝＝ O・ Hence 〈Pi＊＊O

ぢ＊珍脅eぢ〉∈Kerπ一X.  Thus P一僻＊㊥ぢ＊一写脅㊦ぢ〉〟乱g㊥ぢ. 
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一

  Lemma 1. 38.  Let e be an idempotent of a ring R. 

sE 」(eRe) ＝ eJe if and only if sR ＜＜ eR. 

For any s E eRe，

  Proof.  (. ) Let s E 」(eRe) ＝ eJe.  Then sR C-d eJ(R)， so sR ＜＜ R. 

Therefore sR ＜＜ eR.  (e) Assume that sR ＜＜ eR.  Then sR ＜＜ R and hence

sR g 」(R).  Hence esRe g eJ(R)e.  Therefore s ＝ ese E eJ(R)e.  一

  A ring R is said to be Zocal in case R has a unique maximal left (or right)

ideal. 

   For a subset S of a ring R and a E R， the left multiplication map : S 一一一〉 aS

defined by s e as is denoted by (a)L.  (Similarly， the right multiplication

map : S 一一〉 Sa defined by s e sa is denoted by (a)R. )

  Proposition 1. 39 (［2， Corollary 17. 20］).  For an idempotent e of a ring

R， the following conditions are equivalent:

  . 存ノeRe i5 a local r吻ノ

   例」(R)e is the u吻ue mαcimα1・subm・翻ε〔)f RRe;

   (iii？ eJ(R) is the uniqzte maximal submodule of eRR. 

  Proof.  We may show only (i) 〈＝＝〉 (iii). 

   (i) ＝＝〉 (iii) Let K be a proper submodule of eRR and let eR ＝ K十 L. 

Then eR/K cy L/(L n K).  Consider the canonical epimorphism f: L 一

L/(LAK).  Since eRR is projective， there exists a homomorphism p : eR 一一〉 L

such that lm f十 Ker f ＝＝ L.  Since p E End(eRR)， p is realized by a left

multiplication (s)L for some s E eRe.  Since Ker f 1 L， lm p is not small

in L.  By Lemma 1. 38， s ¢ 」(eRe) ＝＝ eJ(R)e.  Since eRe is a local ring， s is

unit.  So lm p ＝L ＝ eR， and hence K ＜＜ eR， and K C一 eJ(R). 

   (iii) ＃ (i) Since eRe cy HomR(eR， eR)， it suffices to show that if f， g E

HomR(eR， eR) are a non-unit， then f十g is a non-unit.  Let f : eR 一〉 eR be

an epimorphism.  Then f is an isomorphism.  Thus f is not an epimorphism

if and only if f is a non-unit.  Moreover， f is a non-unit if and only if f(eR) g

eJ(R).  Then (f＋g)(eR) ?(eR)＋g(eR) g eJ(R)＋eJ(R) g eJ(R).  Hence
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！十9is a non-unit. 圏

  An idempotent e of R is called primitive if eRR is an indecomposable

module， or equivalently， if RRe is an indecomposable module.  lf ｛ei，… ，e. ｝

is a set of orthogonal primitive idempotents of R with 1 ＝ ei 十…十e. ， then

the set is said to be a complete set of primitive idempotents of R. 

  Let J be an ideal in a ring R and let g十1 be an idempotent of R/1. 

We say that this idempotent can be lifled (to e？ modulo I in case there is

an idempotent e E R such that g十1＝e十1.  We say that idempotents lift

modulo I in case every idempotent in R/1 can be lifted to an idempotent in

R. 

  Lemma 1. 40.  Let R be a r吻3駕。ん伽孟RR isα1醐ηg｛mo翻ε.  Then

the following statements hold:

   (of R ＝ R/」(R) is semisimple. 

   侮ノJf e i8 a primitive idemp・tent・f R， then・eJ㈹is・the・U吻ue・mαximαl

submodule of eRR， i.  e. ， eRe is a local ring. 

   圃Every C・mplete set・ゾ・rth・g・ηα1伽幡¢”θノidemp・tents・f R-

R/」(R)lifts t・αC・mplete set ・f・崩・9・ηαZ伽幡¢”θノidemp・tents・ノR. 

  Proof.  (i) Let A be a submodule of RR with A 2 」(R).  We put A ＝＝

A/」(R) and R ＝: R/」(R).  We may show A Se R.  Since RR is lifting， there

exists a decomposition RR ＝＝ A＊ O A＊“ such that A＊ S A and A n A'“ ＜＜

R.  Consider the canonical map q ＝＝ g I J(R) :R 一〉 R/」(R) 一〉 O.  Then

R＝ q(A) (D g(A＊').  ln fact， g(A) ＝ A.  Hence A Se R， i. e. ， Therefore R is

semisimple. 

   (ii) Consider KR ＄ eR.  Since eRR is indecomposable lifting， K ＜＜ eR. 

Thus K g eJ(R).  Therefore eJ(R) is the unique maximal submodule of

eRR・

   (iii) Let R ＝＝ gi R O … O g.  R， where ｛M，7， … ， 9T. ｝ is a complete set

of orthogonal idempotents in R.  We consider the canonical epimorphism

R 一qL＞ IAi ”一〉 O.  Since RR is lifting， there exists RR ＝ Ai O A:・ such that

A s， g一'(gtl］17R) (i ＝ 1，2，… ， n).  Then RR ＝ Ai十… 十A.  十Ker g.  Since
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Ker q ＜＜ RR， RR ＝ Ai 十… 十A. .  Moreover， Aj A Z＃jAi ＜＜ RR.  By

Lemma 1. 25， RR ＝ Ai e・ ・ ・ (1［) A. .  Thus there exists a (necessarily) complete

set ｛ei，… ， e. ｝ of pairwise orthogonal idempotents in R with Ai ＝ ei R

(i ＝＝ 1， 2， … ， n).  Then 1 : eT 十… 十 e｝i， ei・ E gi R (i ＝＝ 1， 2， … ， n).  On the

other hand，1＝: gTt 十… 十gT. .  By the uniqueness， Ei・ ＝＝ gt (i ＝＝ 1，2，… ，n).  一

  Proposition 1. 41.  Let P be a projective lifling module and let Pi，… ， Pn

be indecomposable direct summands of P sueh that P ＝＝ Pi ＋…＋ P.  and

P ＝＝ Pi (D … (D P. .  Then P＝ Pi e一・・ e) P. . 

  Proof.  First we show Pi e P2 Sle P.  Since Pi f｛o P， there exists a

decomposition P＝ Pi O Pi'.  Let Tp， :P 一〉 Pi and Tpr :P一 Pi' be

projections， respectively.  We consider Tp，＊ Ip， : P2 一 Pi＊・ Then 7rp，＊(P2) is

not small in Pi.  As Pi＊ is lifting， there is a decomposition Pi' 一'一 Pi＊ O Pi“

such that Tp，＊(P2) f｛｛.  Pi'.  Then Tp，＊(P2) ＝ Pi＊ O (Tp，＊(P2) fi Pi)・ Since

Tpr(P2)nPi' ＜＜ Pi＊ 一く P， Tpr(P2)nPi“ ＜＜ P.  Hence 7pr(P2)nPi' C-

Rad(P).  On the other hand， P ＝ Pi 十P2 ＝ Pi O Pr 一一一 Pi O Pi＊ O Pr・

Let r」ET.  : P 一〉 Pi' and TEi， : P 一一一〉 Pi＊ be projections， respectively.  Then

Tp，＊ (P2) ＝ Tny.  (P2) (［D 7rEi.  (P2) and 7rny.  (P2) ＝ Pi.  Since P，＊ i s proj ective， the

sequence P2 T:一 ?P“

＠T」ET. (P2) 一一〉 O splits.  Thus Ker (Tp. ) f｛｛o P2.  Since P2 is

indecomposable， Ker (TiT. ) ＝ O.  Hence P2 T F一?r T？;. (P2).  Now， we define a

map g : TiT・(P2) 一一〉 Pi O Pi“ by r」T.  (p2) 一〉 Tp， (p2) ＋ TiT.  (p2).  Then q is

well-defined.  Since P2 g 〈li57' 一:q一〉 Pi o ？F'〉， 〈7iT' 一qL＞ Pi o ？F'〉 ＝ P2 e X for

some X.  Hence we get Pi 十 P2 ＝ Pi e P2 Se P.  We put Pi O P2 ＝＝ Q. 

  Using the case n 一一 1， we obtain P ＝ Pi 十… 十 Pn ＝Qe P3 O'”O Pn・

Thus， the induction works.  一

  Lemma 1. 42(cf，［2， Lemma 17. 17D.  Suppose that. Mんα8αp吻εc伽θ

cover.  lf P is projective with an epimorphism g : P 一 M， then P has a

decomposition P＝ Pi O P2 such that Pi S Ker q and q lp， : P2 一〉 M is a

P吻εC伽εcover Of. M. 

  Proof.  Let Q 一:f一〉 M 一〉 O be a projective cover.  Then we have a homo一
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morphism h : P 一〉 Q satisfying fh ＝ g.  Since Ker f ＜＜ Q， we see that

h is an epimorphism.  Since Q is proj ective， h splits， i. e. ， there exists an

R-homomorphism g : Q 一〉 P such that hg ＝ IQ， and hence P ＝ Ker h e Im

g.  Put P2 ＝ lm g and Pi ＝ Ker h.  Then Pi S Ker g since Ker h g Ker

fh ＝ Ker g.  Since P2 y Q by h lp， and fg ip，＝ q ip，， we see that g lp2 :

P2 一 M is a proj ective cover.  一

  Proposition 1. 43.  Let R be a ring such that A a right ideal of R.  if

R/(A ＋ 」(R)) has a pro2'ective cover， then so does R/A. 

  P，。。f C・nsider the can・nical epim・rphisms・R 1！・＄ R/バ(A＃'(R))R/(舟

」(R)).  Then， by Lemma 1. 42， we can take an idempotent e E R for which

T(A＋」(R))TA l eR : eR 一 R/(A 十 」(R)) is a proj ective cover， hence Ker

(T(A＋J(R))TA ieR) ＜＜ eR・ Since R＝ eR十A十」(R)， we obtain R＝ eR＋A. 

Hence TA i，R : eR 一 R/A is an epimorphism.  Since Ker (TA 1，R) ｛1！ Ker

(T(A＋J(R))TA l eR) ＜＜ eR， rA l eR : eR 一 R/A is a projective cover.  一

Proposition 1. 44.  The following statements are equivalent:

存ノEりe瑠C卿C吻んtR-m・dule hαS ap吻εC伽e c・ver;

(ii？ RR is a lifting module. 

  Proof.  (i) ＝ (ii) Let A be a submodule of RR and let q : R一 R/A

be the canonical epimorphism.  Since R/A has a projective cover， by Lemma

1. 42， there exists a decomposition RR ＝ eR O (1 一 e)R such that (g l eR)

: eR 一〉 R/A 一 O a projective cover and (1 一一一 e)R S A.  This implies Ker

(gク1eR)＝ノ4∩eR《eR.  i. e. ， R＝eR e(1-e)R such that A∩eR《eR. 

Thus RR is lifting. 

   (ii) ＃ (i) Suppose that RR is lifting.  We claim that R/A has a projective

cover.  Since RR is lifting， for any A S R， there exists A“ S， A such that

R ＝ A' e A'“.  Then 7r I A＊＊ : A“＊ 一 R/A 一 0 is a projective cover of R/A，

where r : R 一一〉 R/A 一〉 O is the canonical epimorphism.  一

As corollaries of Proposition 1. 44， we obtain the following two results. 

Corollary 1. 45. 五θオPbeαp吻εC伽θmodule.  Then tんe folloωing
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statements are equivalent:

   (i？ Every factor module of P has a pro2'ective cover;

   ピ刎P28嬢η9. 

Corollary 1. 46.  The following statements are equivalent:

k/Every simple吻ht・R-m・dule hαS a p吻εC伽θC・ver;

例RR 3α剃iε8日中θ醐ηg pr・pe吻f・r simple！act・r m・dules. 

  Proposition 1. 47.  Let R be a ring such that R/」(R) is semisimple and

evθry idemp・伽オ雌m・dul・」(R). 7ゐeηRR 5α嫌ε8オんε峨ηg p脚ε吻，for

simple factor modules. 

   Proo£ Let M be a maximal right ideal of R.  By the assumption， we

can take an idempotent e of R such that eR ＝ M.  Then (1 一 e)R is simple

and eR ＋ 」(R) ＝ M＋ 」(R) ＝ M.  Hence M ＝ eR e (M n (1 一 e)R) g

eR O (1 一 e)」(R).  Because (1 一 e)R is simple， (1 一 e)」(R) is the unique

maximal submodule of (1 一 e)RR.  Hence M n (1 一 e)R ＜＜ (1 一一 e)R as

desired.  一

   Proposition 1. 48.  . Let R beαring 8uch tんαt RR satisfi es the Z碗伽g

prope吻for simple factor modules.  Then，RR乞3αZ碗吻module. 

   In・otんθ剛。脇， Of every simple吻ht・R-moduleんa8 a prOjeCtive cover， tんθη

every cyclic吻ht. R-module hαS a p吻ective cover. 

   Proof.  Let AR S RR.  We show that R/A has a projective cover.  By

Proposition 1. 43， we may assume that 」(R) C一 A.  By Proposition 1. 17 and

1. 34， R/J(R) is semisimple.  By Proposition 1. 33， (R/」(R))/(A/」(R)) or

R/A， we see that R/A can be expressed as a direct sum of simple submodules. 

Since any simple right R-module has a proj ective cover， R/A has a proj ective

cover.  一

An idempotent e of R is called to be local if eRe is a local ring. 

  Theorem 1. 49 (cf. ， ［2， Theorem 27. 6］ or ［7， Theorem 2. 1］). 

r吻. 71んθη抗θ！∂〃owing conditions are equivαlent:

Let R be a
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   ω鰯33e吻εげ珍。オノ

   (2？ R/」(R) is semisimple and idempotents lift moduto 」(R)i

   (3？R/J㈹is semis吻le and every c・mplete set(ゾ・rth・9・nα1 (吻ni・

伽e？ idemp・tents・ゾR/」(R)lifts t・αC・mplete set・ゾ・渤・9・ηαZ伽幡勿εノ

idempotents of R;

   (4？ R can be expressed as RR ＝ eiR e…ee. R， where ｛ei｝:? is a

COmplete Set Of OrthOgOnα1 prim伽e idempOtentS Of R and eαCh ei iSα IOCαl

idempotent;

   (5？ R can be expressed as RR ＝ eiR O… eenR， where ｛ei｝Z一? is a

C・mplete set・f・rth・9・n吻rimitiVe idemp・tents・ノR and eaCh eiJ㈹is the

unique maximal submodule of eiRR;

   ピのEvery cyclic吻んt R-m・翻εんα5αP勿e伽e c・verノ

   ピ7？ Every S伽le吻ん田一m・翻θんα8αp吻θC伽e c・verノ

   ピ8/E”er〃伽吻geηεrα孟e吻吻ec伽e吻んt R-m・dule is a lifting m・翻εノ

   ピ9/1ヒR葱5αz堅剛module. 

   ピ1のRR 8螂βe3オんe砂2ηg p脚ε吻f・r s吻leノ「act・r m・duZes・

   Proof.  Let J ＝」(R) be the radical of R. 

   (1) ＃ (6) o (7) are obvious.  (1) o (8) By Corollary 1. 45， this part

is clear.  (6) o (9) This part is a direct consequence of Proposition 1. 44. 

(7) o (10) This part is a direct consequence of Corollary 1. 46.  (8) ＃ (9)

＃ (10) are trivial.  (10) o (9) By Proposition 1. 48， this part is clear. 

   (9) ＝＝＝〉 (8) Let M be a finitely generated projective right R-module.  Now

we can consider O:. . iRi 一 M 一〉 O， where Ri ＝ RR.  Since M is proj ective，

this epimorphism splits， i. e. ， there is a direct summand K So O:，. iRi such

that K or M.  By Proposition 1. 37， e:，. ，，Ri is projective lifting.  Hence M is

lifting.  (9) ＝〉 (3)， (4) are clear by Lemma 1. 40.  (2) ＝〉 (10) This part is a

direct consequence of Proposition 1. 47.  (3) ＝＝〉 (2) is obvious.  (4) o (5)

This part is a direct consequence of Proposition 1. 39.  (5) ＝＝ 〉 (9) By (4)，

RR ＝＝ eiRO … O enR.  Since ei J is the unique maximal submodule of eiR，

for any proper submodule K of eiR， K ［ eiJ ＜＜ eiR.  Thus K ＜＜ eiR.  Hence

eiR is a lifting module.  By Proposition 1. 37， RR ＝ eiRO・ ・ ・ (｛D e. R is lifting. 
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一

   Asubset l of a ring R is right T-n吻otent if for every sequenceα1，α2，…

in 1， there is a positive integer n such that a. a. 一i… ai ＝＝ O.  (Similarly， 1 is

left T-nilpotent if for any sequence ai，a2，… in 1， we have aia2… an ＝ O for

some n. ) We note that if I is left or right T-nilpotent， then it is nil because

a， a， … is a sequence in J whenever a E J. 

   :Lemma 1. 50(cf，［2， Lemma 28. 1］). 五e孟F＝e毘1∬η、R beα free吻ht

R-modiLle and put yn ＝ xn 一一一 xn＋ian and G ＝＝ 2. oo? ynR S F.  Then

   (i？ G is free with free basis yi，y2，…;

   (i i？ G ＝ F iff for each k E N， there is an n 2 k such th at an ・ ・ ・ ak ＝＝ O. 

   Proof.  Let n ) k and let ck，… ， cn E R.  Then yle ck 十 '” 十 yn cn ＝

XkCle十Xle＋1(Ck＋1-akCk)十' ' '十Xn(Cn 一一an-ICn-1)一Xn＋lanCn・ ThUS if Yk Ck十' ' '十

y. c.  ＝ O， then from the independence of the x's we have ch ＝ … ＝ c.  ＝＝ O，

which implies (i).  Next， suppose that xk E G， say xk ＝＝ yiei 十'”十 YnCn・

Then clearly ci ＝＝ … ＝ ck-i ＝ 0.  Comparing the coefficients of xk，… ， xn

in this equation we see that cle ＝ 1， ck＋i ＝＝ akck， Ck＋2 ＝ ak＋iCk＋i，'”，Cn ＝

an-iCn-i， ancn ＝ O・ So anan. i… ak ＝ O.  This gives the necessity in (ii). 

For the converse， let k fE｛ n.  Since for each i 1) 1， xi ＝ yi 十 xi＋iai， we have

xle ＝＝ yk 十 yle＋lak 十 ・・ ・ 十 yn (an-1 ・ ・ ・ ah) 十 xn＋1(an …  ah).  So if an …  ale ＝ O，

then xk E G.  1

   Lemma 1. 51 (cf. ， ［2， Lemma 28. 2］).  With the hypotheses of Lemma

1. 48げ(穿¢5αdiγ・ec孟summαn(i of F，オんeηオんθcんaiη・1ヒα1≧Raiα2≧…  0∫

p蜘吻α1 Zeft ideals terminates・

   Proof.  By:Lemma 1. 48， there is an isomorphism F→(］via xnト＞Yn・

Suppose the inclusion map G 一 F is split.  Then there is an endomorphism

s : F 一〉 F such that s(y. ) ＝ x.  (n E N).  For each m E N， we write s(x. ) ＝＝

£lexkc. k as a linear combination of xi，x2，… .  Then xn ＝＝ s(yn) ＝ s(xn 一

Xn＋lan) ＝ ZkXk(Cnk一一Cn＋lkan)・ HenCe Cnic 一一一Cn＋lhan : 6nk J SO 一Cn＋lnan ＝ 1-

c. .  and cinai. 一i ＝ ci-in for each i S n and in particular， cnnan-i ・ ・ ・ ai ＝ cin. 
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Now for some k， ci.  ＝ O for all n 2 k.  So for each n ) k， 一cn＋inan… ai ＝

(1 m cnn)an-i'”ai ＝ an-i'・'ai 一 cnnan-i… ai ＝＝ an. i… ai.  That is， for

each n 2 k， an-i ・ ・ ・ ai E Ran ' ' ' ai・ 一

   Lemma 1. 52 (［2， Lemma 28. 3］).  Let 1 be a right ideal of R.  Then the

following statements are equivalent:

   k/1 i8吻ht・T一η吻・tents

   侮ノM1≠Mf・r every n・n-zer・吻ht・R-m・翻e砿

   (iii？MI《Mノ∂γ冒every non-2∫θγ幽0γ●igんt R-moduleハ4ノ

   伽ノFI《Fメ・渤θC・untabl〃 generated free m・翻e F-R(N)・

   Let M be a module， and let N and L be submodules of M.  N is called

a suppZement of L if it is minimal with respect to the property M ＝ N 十 L，

equivalently， M ＝ N十L and N n L ＜＜ N.  Note that any supplement

submodule (hence any direct summand) of a module M is co-closed in M. 

Following ［46］， A module M is supplemented if every submodule of M has

a supplement.  A module M is said to be amply supplemented if， for any

submodules A， B of M with M ＝ A十B there exists a supplement P of A

such that P C B. 

  Propositon 1. 53 (［32， Proposition A. 2］).  (i？ Any Zifting module is amply

supplemented. 

   lii？ Any amply supplemented module is supplemented. 

  Propositon 1. 54 (［33， Corollaries 1. 9 and 1. 14］.  (i？ Every factor module

・ヅαピαm二二μem翻e4 m・翻θ観αm吻ノsupplemented・

   Pt/ij A and・Bαγθ卿pzθmθηオθ伽・dules， then M＝A＋B28即伽

mented. 

Now we consider the following condition:

(＊) Every submodule of M has a co-closure in M. 

The following is due to Oshiro ［38， Proposition 1. 3］. 

Propositon 1. 55.  Any module M over a right perfect ring satisfies
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condition (＊). 

  Propositon 1. 56 (［26， Lemma 1. 7］).  A module M

mented Of and・吻げM is supplemented with(＊). 

is ampZy supple一

  :Lemma 1. 57.  Let、P 6θαp吻ec伽ε雌吻module and A be a su伽。伽1θ

oゾP. Then孟んere existsαmaximal 3励mo吻♂e・4＊o/Psucんオんαt・4⊆・4＊. 

   Proof.  lt is suffcient to show that P/A has a maximal submodule.  By

Corollary 1. 45， P/A has a projective cover.  Say Q 一:f一〉 P/A 一〉 O.  Thus (［2/Ker

f or P/A.  Since Q is projective， Q has a maximal submodule L.  Hence Ker

f ［ Rad(Q) g L.  This implies that L/Ker f is a maximal submodule of

Q/Ker f.  Therefore P/A has a maximal submodule.  一

   We state the following Bass's theorem which is one of fundamental facts

in ring theory. 

  Theorem 1. 58(［2， Theorem 28. 4］).  Let R be a r吻.  Then tんe fo〃owing

conditions are equivalent:

   ω翫5吻ht perfect;

   (2/R/」(R)is semis吻le an〃㈹is吻んt T一η吻・tent;

   63/R/」(珂is semisimple and every n・n-zer・吻ht・R-m・dule contains a

maximal submodules

   ωE”eγ〃伽吻耐R-m・dule is P吻θC伽εノ

   (5？ R satisfies DCC on principal left ideaZs;

   (6？ R contains no infinite orthogonal set of idempotents and every non-

zero left R-module contains a minimal submodule. 

Moreover， we give characterizations for right perfect rings. 

Theorem 1. 59.  Let R be a r吻.  The folloω吻conditions are equivαlent:

ω鰯3吻ht perfect∫

ビ2ソ伽r卯rq 'ective right R-m・翻ε¢8励η9ノ

(3/Every quα卿吻εc伽ε吻ht・R-m・dule is lifZ吻ノ

(4？ Every countably generated free right R-module is lifting. 
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  Proof.  (1) o (2) This follows from Corollary 1. 45. 

   (2) o (3) Let (2)R be a quasi-proj ective module and let A be a submodule

of q.  Consider the canonical epimorphism f: Q 一〉 Q/A.  We can take a

projective module PR such that Q is a homomorphic image of P， i. e. ， we

have an epimorphism g : P 一〉 Q.  Since P is a lifting module， by Lemma

1. 42， there exists a decomposition P ＝ Pi O P2 such that Pi S g一'(A)， fg lp，

: P2 一 Q/A is a projective cover.  Because Q is a quasi-projective module， the

decomposition P ＝ Pi o P2 induces a direct decomposition Q ＝＝ g(Pi)Og(P2)

by Theorem 1. 29.  Then g(Pi) S A and g(P2) n A ＜＜ g(P2) hold. 

   (3) o (2) Obvious. 

   (1) ＝＝＝〉 (4) This follows from Theorem 1. 58. 

   (4) ＝＝＝〉 (1) By (4)， R is semiperfect and R/」(R) is semisimple.  Since R(N)

is lifting， there exists a decomposition R(N) ＝ X e｝)Y such that X 〈一 Rad(R(N))

and Rad(R(N))nY ＜＜ Y.  Because Rad(R(N)) ＝ Rad(X) o Rad(Y) and

X S Rad(R(N))， we see Rad(X) ＝ X， which implies X ＝＝ 0 and R(N)」(R) ＝

Rad(R(N)) ＜＜ R(N).  Hence， by Lemma 1. 52， J(R) is right T-nilpotent.  Thus

R is right perfect.  一
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       Chapter 2

Lifting Modules over
Right Perfect Rings

   Okado ［36］ has studied the decomposition of extending modules over right

noetherian rings and， by using Oshiro's lemma (Lemma 2)， he obtained the

following: A ring R is right noetherian if and only if every extending R-

module can be expressed as a direct sum of indecomposable (uniform) mod-

ules.  As a dual problem， we consider the following: Which ring R has the

property that every lifting R-module has an indecomposable decomposition？

Our purpose of this paper is to study this problem.  Our main results can be

summarized as follows:

   (1) Every (finitely generated) lifting module over a right perfect (semiper-

fect) ring can be expressed as a direct sum of indecomposable modules. 

   (2) Let R be a right perfect ring and let M be a lifting module.  lf

every hollow summand of M has a local endomorphism ring， then M has the

exchange property. 

   g 2. 1 Local summands

   Definition.  £ okA XA s｛ X is called a local summand of X， if 2 (DAEF

XA f｛l e X for every finite subset F ｛！ A. 

   Lemma 2. 1. 1 (c£， ［40］).  ij every local summand of M is a direct sum-

mα嘱tんenハ4んαS an indecomPOSαble decomposition. 

   By Lemma 1. 24 and ［38， Proposition 3. 2］， the following holds:

   Lemma 2. 1. 2. . Every locαZ summαnd of p吻θc伽εlifting mo翻ε3 isα

direct summand. 

A family of modules ｛Mi 1 i E 1｝ is said to be locally semi-T-nilpotent
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if， for any subfamily Mi， (k E N) with distinct ik and any family of non-

isomorphisms fk : Mi， 一 Mi，＋，， and for every x E Mi，， there exists n E N

(depending on x) such that fn… f2 fi(x) ＝＝ O・

   The following is essentially due to Harada ［19］. 

  Theorem 2. 1. 3.  Let M＝ e. EiM. ， where each M.  has a loeal endo-

morphism 丁吻.  Then the following conditions are equivαlent:

   (i)Mんα5the inteγ・nαl exchange property(in the diγ・ect sum M＝(Dα∈IMαノ)ノ

   (ii) Mんα5 the (finite/ exeんαnge PγりPθγ≠〃ノ

   (iil) Every local summand of M is a direct summand;

   (iv) ｛Ma｝aEi is Zocally semi-T-nilpotent. 

g 2. 2 Main results

  In 1984， Okado ［36］ showed the following: A ring R is right noetherian

if and only if every extending R-module can be expressed as a direct sum

of indecomposable (uniform) modules.  ln this section， as a dual problem，

we consider the following: Which ring R has the property that every lifting

R-module has an indecomposable decomposition？

  To consider this problem， we need some lemmas. 

  Lemma 2. 2. 1(cf，［10，3. 2］).  Lεげ:M→1Vわe an epimorphism. 

SUPP・8e・K≦。 K'in M， Then！(K)≦。！(K')in・N. 

                            
  Proof.  Assume that N＝！(K)十五such that L is a submodule of IV. 

Since∫is an epimorphism， there exists a submodule T of M with∫(T)＝. 乙. 

Then M＝K'十丁十Ker！.  Since K≦.  K'in M， M＝K十丁十Ker！. 

Hence N＝・！(M)＝！(K)十∫(T)＝！(κ)十五.  By Proposition 1. 18(ii)，

！(K)≦。！(K')inN. ■

   :Lemma 2. 2。2. 五et. Mわθαηα卿ly supplemented mo翻eαnd let f:

M→N be an epimorphism with Keげ《M. ・lf K is CO-closed in M， then

！(K)is c・一cl・8ed・in・N. 
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  Proof Since M is amply supplemented， there exists a supplement sub-

module五〇f K in. M.  As IV＝！(M)is amply supplemented， there is a

                                             co-closure T of！(K)in/V.  Then there exists a submodule K of K such

that f(K')＝T.  This implies IV?(M)＝！(五)十！(K)＝！(L)十丁＝

f(L)＋！(K'). Thus・M＝L＋K'＋Ker！.  By P・・P・siti・n 1. 18(iii)， K'≦。 K

in M， Since K is co-closed in M， K＝K'.  Therefbre！(K)?(K')＝Tis

co＿closed in N. ■

We show the following result. 

  Theorem 2. 2. 3. 、げ、翫3α吻ん砂eげ冶。孟(semiperfec孟ノr吻，孟んεηevery

Z・Cα1・summand・f(伽オθZ〃geηθ剛θ¢)雌吻m・面Ze5¢3α伽。彦3賜mmαηd・

  Proof.  First assume that R is a right perfect ring.  Let M be a lifting

module and let 2 eiEiXi be a local summand of M.  Since R is a right perfect

ring， M has a projective cover， say Ker f ＜＜ P ?一〉 M 一 O.  By Theorem 1. 58，

P is projective lifting.  So there exists a decomposition P ＝ Pi (ID Pi＊ (i E 1)

such that JPi S， f”(Xi) in P.  By Lemma 2. 2. 1， f(Pi) S.  f(f一'(Xi)) ＝ Xi

in M.  As Xi is co一一closed in M， f(Pi) ＝ Xi.  First we prove that XiEiPi is

direct.  Let F be a finite subset of 1一｛i｝.  Since £OiEi Xi is a local summand

of M， we see

f(Pi ＋ 2)」EFP」) ＝ Xi (D (£ e」EF X」) f！;e M・

So there exists a direct summand Y of M such that M ＝＝ Xi O(£OjEFXj)OY・

As P is lifting， there exists a decomposition P ＝ Q O Q＊ such that Q S. 

f-i(Y) in P.  Then f((2) ＝ Y.  Thus we see

P＝ Pi ＋ Z」EFP」 ＋Q＋ Ker f ＝ Pi ＋ £」EFP」 ＋ (2・

Then Pin(XjEFPj＋Q) g Ker f ＜＜ P.  Similarly， we see (［2)n(Pi＋E)jEFPj) ＜＜ P

and Pj A(Pi 十2］iEF一｛」｝Pi 十(2) ＜＜ P.  By Lemma 1. 25， we obtain ，P ＝＝

Pi e (2)jEFPj) (D (［2.  Hence 2)iEiPi is direct.  By the same argument， we see

2 oiEi Pi is a local summand of P.  By Lemma 2. 1. 2， 2 OiEi Pi S｛e P.  So
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f(£ OiEi Pi) is co-closed in M by Lemma 2. 2. 2.  Since M is lifting， we see

E) (IDiEi Xi ＝ f(2 (EE)iEJ Pi) S｛o M・

Thus any local summand of M is a direct summand. 

  Next， we assume that R is a semiperfect ring.  Let M be a finitely gen-

erated lifting module and let Ker f ＜＜ P 一:f一〉 M 一〉 O be a projective cover of

M.  Since M is finitely generated， there exist a finitely generated projective

module Q and an epimorphism g : Q 一 M.  As Q is projective， there exists

a homomorphism h : Q 一〉 P such that fh ＝ g.  By Ker f ＜＜ P， we see

P ＝ h(Q) 十 Ker f ＝ h(Q).  Hence h is an epimorphism and so h is split. 

Thus P is finitely generated.  By the same argument as the case of right

perfect rings， we see that any local summand of P is a direct summand.  一

   By Lemma 2. 1. 1.  and Theorem 2. 2. 3， we obtain the first main theorem. 

   Theorem 2. 2. 4.  Every(finitely generated？砂吻γηo翻e over right

perfect (semiperfect？ rings has an indecomposable decomposition. 

   By Theorem 2. 2. 4， “R is a right perfect ring ＝＝〉 Every lifting R-module

has an indecomposable decomposition. ” But the converse is not true， as the

following shows:

   Proposition 2. 2. 5.  Every lifting module oveT a commutative semi一

αrtiniαn von Neumαnn regulαr r吻・R i8 semi8imple. 

   Proof.  Let M be a lifting R-module.  For Soc(M)， M has a decomposition

M ＝ XOY with X S.  Soc(M).  Then Soc(M) ＝ X O (Y A Soc(M)) and

Yn Soc(M) ＜＜ Y.  Assume O 1 Y fi Soc(M)， then we can take a non-zero

simple module T in Y n Soc(M).  But R is a commutative von Neumann

regular ring， as is well known， T is injective; hence O 1 T S o Y， which

contradicts to T ＜＜ M.  Therefore Soc(M) ＝ X.  As Soc(M) 一く， M， we see

Soc(M) ＝＝ M.  一

   Example 2. 2. 6 (cf. ， ［6， Proposition 4. 7］ or ［13， Lemma 17］).  Let F be

a field and R :＝＝ 2，00・＝， oF＋F・1 ＝ ｛(fi，… ， f. ， f， f， …)｝ g ”，oo・. . ， F・ Then
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R is a commutative von Neumann regular ring.  As Soc(R) ＝ 2 ee・. . i OF， it

is easy to see that Soc(R) S， R.  We show that R is semi-artinian， that is，

every non-zero right R-module has an essential socle.  To show this， it suflices

to show that every cyclic right R-module has an essential socle.  Consider the

cyclic right R-module xR.  Let Z(xR) be a singular submodule of xR.  First

assume that xR is singular， that is， Z(xR) ＝ xR.  Then xR・Soc(R) ＝O，

hence xR is R/Soc(R)一module.  Therefore Soc(xR) ＝ xR.  Next assume

that xR is not singular.  lf Z(xR) S， xR， then Soc(xR) S， xR.  Now we

assume Z(xR) is not essetial in xR.  Take a submodule T of xR such that

Z(xR) O T S， xR.  Then T is non-singular.  Let O 71 t E T.  Then tR is non-

singular， as is well known， tR is embedded in the maximal quotient ring Q

of R.  Since Soc(R) S， R， we see that any submodule of (［2R has an essential

socle; whence tR has an essential socle for any O 71 t E T.  Hence we see that

Soc(T) S， T， hence it follows Soc(xR) ＝: Z(xR) e Soc(T) S， xR. 

   For this ring R， by Proposition 2. 2. 5， every lifting R-module has an in-

decomposable decomposition.  But R is not right perfect. 

   We recall that a module H is called hollow if H is indecomposable lifting. 

By Theorem 2. 1. 3， 2. 2. 3 and 2. 2. 4， we obtain the following. 

   Theorem 2. 2. 7.  Let Rゐθα吻ht perfect ringαnd let M beα峨吻

module.  if everg hollow summand of M has a local endomorphism ring， then

. M has the eXCんαnge・prope吻. 

   By the proof of ［45， Proposition 1］， we have the following. 

   Lemma 2. 2. 8.  Let H be a hollow module.  lf H O H has the internal

exchαnge prope吻， tんen Hんas a IOCα1 endomorphism ring. 

   Lemma 2. 2. 9 (cf. ， ［28， Theorem 3. 7］).  Let H be a hollow module.  Then

HOH is lifting with the internal exchange property of and only of H is dual

H-qブθc伽θ. 

   By Lemma 2. 2. 8， 2. 2. 9 and Theorem 2. 2. 7， we have the following. 
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   Theorem 2. 2. 10.  Let Rゐeα吻ht perfect r吻αnd letル1ゐ8α雌吻

module 5伽らisf！ノiη・g oη・e oLブ孟んθ！∂llowing'

   ピαノM hαS tんe加孟ee∬Cんαπ9ε脚pe吻，

   (b？M㊥Mんα5オんθ加te intemal evChαnge pr・pe吻，

   ピCノ∬M¢3伽ZM一・プθ伽e. 

   Then M has the exchange property. 

The following follows from Theorem 2. 2. 10. 

   Corollary 2. 2. 11 (cf. ， ［20］， ［47］). 

蜘95んαS tんe exchαnge prope吻・

Any P吻θC伽e・module over吻ん砂eげθCオ
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Chapter 3

Direct Sums of Relative (Quasi一)
        Continuous Modules

  In ［30］， relative (quasi一)continuous modules are introduced， and several

fundamental results are given.  ln this chapter， we shall give necessary and

suMcient conditions for direct sums of relative (quasi一)continuous modules to

be relative (quasi一)continuous modules. 

   Let 7V and M be R-modules.  By A(N， M)， we denote the family of all

submodule A of M such that f(X) S.  A for some X S N and some f in

HomR(X， M).  lt is easy to see that this family A(N， M) is closed under

submodules， essential extensions and isomorphic images. 

  Definition.  For A(N， M)， we consider the following conditions :

   (Ci) For any A E A(N， M)， there exists a direct summand A' S o M

such that/1≦e/1＊

   (C2) For any A E A(N， M) and X Se M， A or X implies A So M

   (C3) For any A E A(N， M) and X So M， if A Se M and A n X ＝＝ O

then A(DX≦㊥ノレ1

   M is said to be N-continuous if (Ci) and (C2) hold， and it is said to

be N-quasi-continuous if (Ci) and (C3) hold.  Furthermore， M is said to be

N-extending if (Ci) holds. 

   We note that these modules are closed under direct summands (c£， ［39］). 

   One easily obtains the following implications:

“M is N-continuous ＝〉 M is N-quasi-continuous ＝〉 M is N-extending”. 

  Clearly， the notion of relative continuity generalizes the concept of conti-

nuity.  On the other hand， relative inj ectivity does not imply relative continu-

ity.  For example， all modules are S-injective whenever S is a simple module

while， on the other hand， if S is a simple module which is not injective then

M ＝: S O E(S) is not S-continuous since O o S is isomorphic to the direct
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summand S O S of M， an element of A(S， M). 

  For R-modules M ＝ 2 OiEiMi and X， we use the following conditions :

  (A) For every choice of distinct ki E 1 (iE N) and mi E Mk，， if the

sequence (O : mi) is ascending， then it becomes stationary. 

  (B) For every choice of mi E Mk， (i E N) for distinct ki E 1 such that

(O:x) C一 n，oo・?(O: mi) for some x E X， the ascending sequence Ai). (O:

mi) (nE N) becomes stationary. 

   (C) For any x E X and for every choice of distinct ki E 1 (iE N) and

mi E Mk，， with (O:x) g (O:mi)， if the sequence (O: mi) is ascending， then

it becomes stationary. 

  For these conditions，

(C). 

the reader can refer ［32］.  We note that (B) implies

  Lemma 3. 1. 1 (cf. ， ［3］).  For R-moduZes X and ｛Mi｝iEi， the following

are eqttivalent:

  ωΣ〟擁∈・磁is・x一回●ectiveノ

  (2？ (αノεαcんMi is x一吻'εc伽θ

     ωオんθC・nditi・n(B？h・Z43伽Xαη4｛Mi｝i∈∬・

  3・，乞η齢Cα5θピ(ηん・lds，

  Lemma 3. 1. 2 (cf. ， ［30］).  For an N一(quasiO continuous module M， the

following hold:

   r1μπ〃伽C孟8ummαηd・f M is Nイquαsi一ノC・nt伽・US・

   (2？ For any X Se M and A E v4(N， M) with X n A＝O， X is A一

吻ec伽e. 

   (3？ For any A， B E A(N， M) with A n B ＝O if A Se M and A fy B then

BSoM・

  Lemma 3. 1. 3.  Co. nsider two modules P ＝ (2 eiEiTi)eN and Q ＝

(Σei∈蹴)〟?V 8ucん抗αオQ≦。 P・∬Σ㊥i∈∬Ti sαtisfie8 (A/and，！br any

finite subset F⊆1，げP＝(Σ㊥i∈F岡㊥(Σ〟翼S∈・一F7｝)㊥N then・P＝Q・

Proof.  Assume that P 71 (［2.  Since 2 eiEiTi satisfies (A)， we can take a
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丘nite subset F of l and an elementオ∈Σ㊥i∈F男such that毎Qand， fbr

any 2' E I-F and s E T，・， if (O : t) SI (O : s) then s E (2. 

  Since Q S， P， we can take r E R such that O ＃！ tr E (2.  So there exists a

丘nite subsetσ⊆1 such that tr∈Σ㊦¢∈σ琳e1V. 

  We take G as G il？ F.  We express t in P ＝ (2 (DiEGWi)(ID (2 Oj E i-GTj)(1｝)

N as t＝w十s十n， where w E 2 (［DiEGI2Vi， s E 2(DjEi-GTj and n E N. 

  SinceΣ〟翼S∈・一GT」・∋sr＝tT-wr-nr∈(Σei∈σ岡㊥N， we・see・sr＝0

; so (O : t) S (O : s).  This implies s E (［？ and hence t ＝: ？” ＋s＋n E (2， which

is a contradiction.  Hence P ＝ (［？.  1

  By a slight modification， we can prove the following result by using

Lemma 1. 7. 

  Lemma 3. 1. 4.  Let ｛Mi｝iEi be a family of N-extending modules and let

A∈A(N，P＝Σ㊥i. ・妬).  Then there exist subm・翻ε3 T(の≦。 T(の＊≦㊥

鵬，dec・即・siti・n8 Mi＝T(i)＊㊥〈㌃and a subm・翻θΣ㊥i∈、A(の≦。 A！∂r

ωんich the fo〃0ω吻properties hotd. ・

  ω・4(の≦T(の(D(Σ㊦ゴく鵡・)

(2ノσ(A(の)一丁(のα醐(i)σ1直りT(の(by a IA(のノfo＿厩・，ωんere

σ is the p吻ecti・n'P＝(Σ㊤i∈∬T(の＊)㊥(Σ(Di∈」〈㌃)→Σ㊥i∈∫T(の＊. 

s・，T(の，T(の・∈A(N，雌)α醐をσ(A)≦。Σ㊥i、、T(の・. 

  We first show the following theorem which is a generalization of ［32，

Theorem 2. 13］. 

  Theorem 3. 1. 5.  五et｛砥｝i∈1わθαfam吻of R-modules.  Then the

foZIOω吻αre equivαlent:

  (1？ P ＝ £ OiEiMi is N-quasi-continuous;

  (2？ (a？ Each Mi is N-quasi-continuous. 

     ωΣ㊥ゴ∈∬一｛i｝鵬翻¢一2町'ective， f・r any i∈1α翻απ吸∈A(N，磁)ノ

  (3？ (a？ Each MPs N-quasi-continuous. 

     ω翫αη卿5伽。砿ブ∈1 and Ai∈A(N， M)，璃・¢5ムー吻●ε翻ε. 

     (c？ For any i E」 and Ai E . 4(N， Mi)， the condition (B？ holds for

(Ai，Σ㊦ゴ，・一｛i｝鵬・)・
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  Proof.  (1)＝＝〉(2) follows from Lemma 3. 1. 2. 

  (2)o(3) follows from Lemma 3. 1. 1. 

  (2) ＝＝〉(1).  First we show that P ＝＝ 20iEiMi is AT一一extending.  Let X E

. 4(N，P).  By Lemma 3. 1. 4， we have submodules T(の≦， T(の＊≦㊦磁，

decompositions Mi ＝＝ T(i)＊ O Ni and a submodule 20iEiX(i) Se X such

that， for each i E 1，

  (i)σ(x(の)＝T(の

  (ii)X'(のor T(の (byσlx，)

  ，whereσis the projection:P＝(Σ〟擁∈・T(の＊)㊥(Σ㊤i∈・珊→Σ㊥i∈・T(の＊. 

So， we see

  (iii) x a89X a(X) fE｛e £ OiEiT(i)'

  Since X E A(N， P)， we see that X(i) E . 4(N， Mi)， whence T(i)＊ E

. 4(1V，磁)for each i∈1.  So， by(b)，Σ㊥ゴ∈1一｛i｝N」・is T(の＊一injective fbr each

i E J.  On the other hand， by (a)， Ni is T(i)“一injective.  Hence 2(DiEiNi is

T(の＊一injective fbr each i∈∫. 

  Now， by (iii)， the mapping q : o(X) 一一一〉 2 (DiEi7Vi given by q(a(x)) ＝＝

T(x) is a homomorphism， where T is the projection: P ＝＝ (Z) OiEiT(i)＊) (D

(2 oiEiNi) 一 2 ei)iEiNi・

  Since Z (DiEi7Vi is E (DiaT(i)＊一injective， q can be extended to a homo-

morphism q＊ : 2 eiEiT(i)“ 一一〉 20iEiNi・ We put

  X“ ＝ ｛x ＋ g' (x) 1 x E 2 (［DiEiT(i)“｝・

  Then P ＝ X' e (2 (DiEiNi) and moreover， we see from X a＆X a(X) s. 

20iEiT(i)“ that X Se X'.  Accordingly， P is N-extending.  Here we note

that if X :E｛o P， then X ＝ X“， X f＞i 2 (DiEJT(i)＊， P ＝ X O (2 OiEiNi)， and

moreover 2 (IDiEi. ZVi is X-injective. 

  Next we will show that P＝Σ(∋i∈1磁satis丘es(03)fbr 1V. 

  Let A E A(N， P) and X g P， and assume that both A and X are direct

summands with AnX ＝ O; Put P ＝ X O(2 ＝ Y e A and let TQ and rx be the

projections: P ＝ X e Q 一一〉 Q and P ＝ X O (［2 一一〉 X， respectively.  Since X n

A＝o，、4望πQ(A)byπQ 1んsince Q is！v-extending andπQ(且)∈A(！v， P)，

there exists a direct summand TQ(A)“ S o (［2 such that TQ(A) Se TQ(A)“・
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Since 7rQ(A)＊ 〈一〇 P， as we noted above， P ＝ Tq(A)＊ O (2 e)iEi！Vi) for some

Ni So Mi and 20iEiNi is TQ(A)＊一injective. 

  Since X n TQ(A)＊ ＝: O， X is isomorphic to a submodule of 2(IDiEiNi. 

Hence X is TQ(A)“一injective.  Here consider the mapping q : TQ(A) 一一一〉 X

given by g(TQ(a)) ＝ 7rx(a).  Then ep is a homomorphism.  So g can be

extended to a homomorphism g＊ : TQ(A)＊ 一一〉 X・

  Putting A＊ ＝＝ ｛q 十 q'(q) 1 q E TQ(A)'｝， we see that X (D A＊ :｛o P and

A S， A＊.  Since A So P， it follows A ＝＝ A＊ and hence X O A So P as

required.  一

We generalize ［32， Theorem 3. 16］ as follows:

  Theorem 3. 1. 6.  五et｛Mi｝i∈」beα∫αm吻of R-moduZes.  Then the

foZlowing are equivalent:

  (1？ P ＝ 2 OiEiMi is N-continuous;

  (2？ (a？ Each Mi is N-continuous. 

     ピわノΣ㊦ゴ，・一｛i｝璃・¢5舟2町●ec伽e， f・r any i∈1 and any Ai∈A(N，磁)ノ

  ピ3ソピαノEach Mi is N-C・ntinu・US・

     (bノ翫αη卿8伽C砿ゴ∈1 and Ai∈A(N，Mi)，ルlj・is Ai一吻. εC伽e・

     (Cノ翫αημ∈J and Ai∈. 4(N，Mi)，オんe c・nditi・ηピβブん・ld8 f・r

(Ai，P ＝ 2 (D」，i一｛i｝M」). 

  Proof.  As in the proof of Theorem 3. 1. 5， we may only show that P＝

Σei∈1磁satisfies(02)fbr. 4＝4(N， P).  So， let A， B∈. 4 such that

           アノ1≦(DPand/1蟹B. 

  By Lemma 3. 1. 4， there exist submodules T(の≦， T(の＊≦㊦. Mi， decom-

P・siti・ns Mi＝T(z)＊(D Ni and a subm・duleΣei∈・・B(i)≦， B such that， fbr

each i∈1，(i)σ(B(の)＝T(の

    (ii)B(のrv T(の(byσLB(の)

  ，whereσis the projection:P＝(Σ㊥i∈∬T(の＊)(D(Σe¢∈INi)→Σ(Di∈IT(の＊. 

  Put/1(の＝7-1(B(の)f()r each i∈J.  Since/1 is 2V-extending， for each

i∈1，there exists direct summand、4(の＊≦㊥Asuch that. 4(i)≦e A(の＊. 

  Fix io∈1.  By the proof of Theorem 3. 1. 5， there exist direct sum一
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mands K」 〈一e Mj such that A(io)＊ is isomorphic to 2) O」EiK」・; say A(io)“ g

Σ㊥ゴ∈・K」・

NOw put B(io)“ ＝ T(A(io)“).  Then B(io) g， B(i，)＊ and B(i，)＊ aiOllZl(io)'

ai，(B(io)＊) S.  T(io)＊， where ai， is the projection: P ＝: (£eiEiT(i)“) o

(2 OiEiAIIi) 一 T(io)＊. 

  Since 2(DjEi一｛i，｝Mo・ o 2 2(DjEi一｛i，｝K」・ ‘一v一 ai，7g(2 (DjEi一｛i，｝Ko・) (by

ai， Tg 12］ o」，，一｛，，｝K」) and ai，Tg(2 O」・Ei. ｛i，｝Ko一) C一 T(io)＊ s｛o Mi，， we see

from (b) that ai，Tg(2 O」'e一｛i，｝Ko') Se T(io)“・

  On the other hand， ai， Tq(Ki，) So T(io)＊ by (a).  As a result we see

that T(io) f｛｛， ai，Tg(2 eiEiKi) fE｛o T(io)'; whence ai，Tg(:(EDiEiKi) ＝＝

oi，(B(io)＊) ＝ T(io)＊.  Thus we have P ＝＝ B(io)＊ O (2 (DiEi一｛i，｝T(i)') O

(2 oi，i N， ) . 

  Inductively， we see that， for any finite subset F of 1， P ＝ (2 eiEFB(i)')G)

(2 Oi，i-FT(i)＊) (D (2 (Di，i. ZVi). 

  Here using Lemma 3. 1. 3 we get P ＝ (2 (DiEiB(i)＊) e (Z OiEiNi) and

hence B ＝ 2 (DiEJB(i)＊ fE｛o P・ 1

  Remark 1.  ln Theorem 3. 1. 5， 20iEFMi is N-quasi-continuous for any

finite subset F of 1 if and only if (a)， (b) in (3) hold. 

  Remark 2.  ln Theorem 3. 1. 6， 2 OiEFMi is N-continuous if and only if

(a)， (b) in (3) hold (See ［30］). 

  Remark.  Recently， D.  Keskin and A.  Harmanci ［27］ defined the family

β(M，X)＝｛A≦MlヨY≦X，ヨ！∈HomR(. M，X/y)，Ker！/A《M/A｝，

for two R-modules M and X and they considered the following conditions:

  B(M，X)一(Di): For any A E B(M， X)， there exists a direct summand

A＊ go M such that A/A“ ＜＜ M/A＊

  B(M，X)一(D2): For any A E B(M， X)， if B S e M， M/A cy B implies

ASeM
  B(M，X)一(D3): For any A E B(M， X) and B Se M， if A So M and

M＝ A十BthenAnBSoM
  They de丘ned that. M is said to be X一・discrete if B(M， X)一(D1)andβ(M， X)一
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(D2) hold， and is said to be X-quasi-discrete if B(M， X)一(Di) and B(M， X)一

(D3) hold.  Furthermore， M is said to be X-lifting if B(M， X)一(Di) holds. 

The notions of B(M， X)一(Di)， B(M， X)一(D2)， and B(M， X)一(D3) are dual

to those of (Ci)， (C2)， and (C3).  Further， N.  Orhan and D.  Keskin ［37］

genera｝ized dual ojective modules via the class B(M， X) and they obtained

the following results: (1) Let M ＝ Mi e M2 be an X-amply supplemented

module with the finite internal exchange property.  Then for every direct

decomposition of M ＝＝ Mi O Mj， Mi is dual B(Mj，X)一〇jective for i ＃ 2'， Mi

and M2 are X-lifting if and only if M is X-lifting. 

   (2) Let M ＝ Mi e M2 be an X-amply supplemented module such that

Mi and M2 are indecomposable X一一lifting modules， if M2 is dual B(Mi，X)一一

〇jective and Mi is small-dual B(M2，X)一〇jective then M is X-lifting. 
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Open problem

   Last in this thesis， we state the following problems with new problem;

Problem A.  When is a direct sum of lifting modules lifting？

   Also， Problem A relates to the following problem;

Problem B.  When is an infinite direct sum of lifting modules lifting for

this decomposition？

Problem C.  Does any lifting module have the (finite) internal exchange

property？

Problem D.  Let R be a von Neumann regular ring and let M be a lifting

right R一一module.  ls M semisimple？ This question is open even for right

semi-artinian von Neumann regular rings. 

Problem E.  When is a direct sum of relative liftiRg modules relative lifting？

   Recently N.  Orhan and D.  Keskin ［37］ generalized dual ojective modules

via the class B(M， X) and they gave the following results:

   (1) Let M ＝ Mi O M2 be an X-amply supplemented module with the

finite internal exchange property.  Then for every direct decomposition of

M ＝ Mi o Mj， Mi is dual B(Mj，X)一〇j ective for i 1 2'， Mi and M2 are

X-lifting if and only if M is X-lifting. 

   (2) Let M ＝ Mi O M2 be an X-amply supplemented module such that

Mi and M2 are indecomposable X-lifting modules， if M2 is dual B(Mi，X)一

〇jective and Mi is small-dual B(M2，X)一〇jective then M is X-lifting. 

Problem F.  Does any lifting module over a semiperfect ring have an inde-

composable decomposition？
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