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Concavity of the auxiliary function appearing in quantum reliability

function in classical-quantum channel

oooooe
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Abstract— Concavity of the auxiliary function which ap-
pears in the random coding exponent as a lower bound of
the quantum reliability function for general quantum states
is proved for 0 < s < 1 in the genaral dimensional case. We
have finally solved the open problem given in [11], [12]
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FE(R) = max{jue(s, 7) — sR}.

Lemma 1 00O (a),(b),(c),(d),(e) DO D DODO.

(a) pe(0,m) = 0.

(b) Zelom| o — [(X,Y), 000 I(X,Y) OO
googoood.

(c) pe(s,m)>0(0<s<1).
pe(s,m) <0 (=1 < s<0).

(d) Zelom) 50 (1 <s<1).

() Lrclem) < (—1<s<1).

00000000000000 (a),(b),(c),(d) OO

000000 [11), (121 00000000, 000

000 pe(s,m) DODODODODOOOOOOO
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o0-00b00b0b0obuob0obOob 0<R<
cOooOOoOoooooobogoooo.

E(R) = —hmmf—logP (2" n), (1)

n—0oo

000 C O classical-quantum capacity 000, R
log, M
oooooon R:&(nﬂ MOODOOO

n
ooo0oooOoopoooooooooo)ooo. C
U HolevoUOUOOODOOOODOOODODODO.

Theorem 1 ([10])

C= maX{H

Zm

000 S=Y%,mS, 000, H(S) O von Neu-
mann entropy U OO .

aggooo Pe(QnR,n)DDDDDDDDDDDDDD
minyy x POV, X)
gooooooooon
minyy x Prnax(W, X)

gooooboob.boobooobda

1 M
= MZ]DJ(W7X)’
j=1

Punax(W, X) = max Pj(W,X),
<j<

gooogob. ogn
Pi(W,X)=1-Tr[S,;X;]

M
0y, X;<I0000000000 X ={X;}
000000000O000o0O0. 0oo S, 00
Doooo W = {whv?. .., wM}y0oooooo
000« 00000D00000000. 0000



gooooooooOoOoO, (1)ooooooood
oboooooooogonog

E(R) > EX(R) = max sup {uq(s,m) — sR},
T 0<s<1

oooooooogoogo. ooad
m={m,m,...,mt 0 > ¢ m=1000000
goooodgo. oo

Ho(s,m) = —logGls),
G(s) = Tr[A(s)"*),

a 1
A(S) = ZT['Z'SiH_S
i=1

ooo. 0oOoo s, oocooboboogoooo
A=1{1,2,...,a) 00 Hilbert 00 K OD0ODO
oo0oooooooooOonD «— S5, 00000
0000000000000, Holevo [11], Ogawa
and Nagaoka [12] OO pg(s,7) 0 -1 <s<10
gboboboboboboboboooooon
ubooooobooad.

Theorem 2 ([7]) 0000000 pe(s,m) 0 —1<
s<10000000. A(s) O dnvertible 0 0 O

a 1 1
s)® Z ijJ-HS (log Sj”s )2
j=1

a 1 1
—A(s) (O S log ST = 0. (2)
j=1

un

Opg(s,m) 1
~os G(s)" G (s),
ooooooa.

W = G(s) (G (5)* ~ G(5)G (s).

[11]0 P3500000

/

G (s)
— Tr[A(s)*(A(s) log A(s) + (1 + 5)A'(5))]
= —Tr[A(s)’AH(s,7)],

ogoo

AH(s,m) = H(A(s)) = > _mH (S”S)

=1

O0oooood
G"(s)
= Tr[A(s)” 1+S{A( )*(log A(s))*
+s(1 4 5)A'(s)%}]
= Tr[A(s)" " {A(s )(2( + (1 +s)log A(s))
Al(s)+ 1+ 35)A" ()}, (3)
ooo

a

/ ! Z mS”S log Si,  (4)

Als) = C(1+4s)2
" I ot
Al(s) = w;msi
(2log S} + (log S;)?). (5)
4),(5)0 (3) 000000

G (s)
Tr[A(s) " {H(A(s))” +

Z 7r7, S 1+5

—2H(A Z mH S”S

- Zﬂisim ij-Sjm (log S]}%V}]
T J=1
— TrlA(s )—“S{H( (5))

—2H(A Z mH 1“
Z i H 1+s

1 1
S S S 2
? E 7Tz‘Si1+ E stjle (10g5]1+)
i=1 j=1

S
1+s

I~ =
HS(;mH(Si )*}. (6)
HRERE
G (s) = Tr[A(s) " P AH(s,7)?. (7)

0000 Cauchy-Schwarz 000000
G (s)? = G(s)G"(s) <.
ooooooo
G'(s) <G (s), (8)

000000 H(A(s)) O A(s)"*** 000000
(6), (7) 00 (8) 000000000, qed.
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Theorem 3 ([13]) a =2, m = m = 1, dim[H] =
20000<s<10000((2)0000DO.

Theorem 4 ([5]) a =2, m =m = %, dim[H] =
nd0000<s<10000 (2)00000.

gbooooooooooooooon.

Theorem 5 ¢« 00, 7 00O, dim[H] =n 000
0<s<10000 (2)00000.

gboboobooooooooooooooo.

Definition 1 ([1], [2]) f,¢ DO 0000000
Oo0.000 e,beDO00O

(f(a) = f(0))(g(a) — g(b)) = 0 (resp. <)
ooo0oooo (f,g) O domain D C R OO
monotone(resp. antimonotone) pair 00 O .

Proposition 1 ([1], [2], [4]) (f,g9) O monotone
(resp. antimonotone) pair 000 D OO0O0O0O
spectra O 0 O self adjoint matrices A, X 0000

Tr[f(A)Xg(A)X] < Tr(f(A)g(A)X?] (resp. =)

goooo.

Proof of Proposition 1. A O diagonal matrix
ooooooo.

A:diag(tl,tg,...,tn), X = (‘TU) ooo.
(f,9) O monotone pair 00000 a,be DO
aooo

fa)g(b) + f(b)g(a) < f(a)g(a) +

goobooboobooob.

f(b)g(b)

Tr(f(A)Xg(A)X]

= Y f(t)glte)aiy,
k=1
D {FtR)g(ty) + f(t)g(tr) Yo,

k<j

> Ft)g(t)wiy,
k=1
+D {ft)g(te) + £(t)g(t;)}at;

k<j

— Tr[f(A)g(A)X?).

IN

(f,9) O antimonotone 0 0000000 OOOO.
q.e.d.

Proof of Theorem 5. 00000 Jensen’s
inequality (eg. M4],[9)00D00DO.

ZC*

X ugboooboooobooboo.

=] 000000 self adjoint operators

Z CiXPCi > (Z Cr X;0:)2.

i=1 i=1
god

_1
Ai = Si1+su X’L = log A’i7

Ci = (WiAz')m(Z?TkAk)*m (i=1,2,...,a)
k=1

a
oooo ZC;“CZ-:IDDDDDDDDD. 00

i=1
a
A:Zkak ooo.

k=1

ZA_l/Q(mAi)l/z(log Ai)Q(WiAi)l/zA_l/Q
=1

a 2
(Z A_I/Q(TFZ'Ai)l/Q 10g Ai(ﬂ'iAi)l/2A_1/2> .
i=1
ooooo

ATYEN (AP (log A)? (miAg) P AT?

i=1

a 2
2 (A_I/Q(Z 7T,L'A,L' lOgAi)A_1/2> .
=1

ERERN
Za:(mflz)l/z(logfl) (midi)/?
i=1
(Ea:ﬂiAilogAi)A 1(iWiAilogAi).
=1 i=1
udn

(mi4:) "2 (log 4;)?(m; Ai)Y? = m;Ai(log A;)?

oooooooo
AS/ZZM

> AS/Q(ZmAilogAi)A I(ZWiAiIOgAi)AS/Q'
i=1 =1

(log A;) 2A5/2



0oooo
Tr ASZm (log A;)?
> Tr AS(ZwiAilogAi)A 1(za:7riAilogAi)
i=1 =1
flz) =2 (s 2 0), g(x) =27 000 (f,9) O

antimonotone pair 0 0 0. Proposition 1 0 [

ASZm

AH(Z miA;log A;)?

=1

Tr (log A;)

— Tr > 0.

q.e.d.
Remark 1 -1<s< 0000 (2)000000
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