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Abstract

The application of the Jacobi elliptic functions to heat transfer problems is proposed for the
first time by the authors. : .

The applications to a flat plate and a cylinder, which have already been solved, are assured
firstly. The authors apply elliptic functions to heat conduction problem combined with thermal
radiation and convection, which has not been solved so far. The order of accuracy of numerical
calculations are O(h5). It is shown that the non-linear boundary condition of the second kind is
reduced to the linear boundary condition of the first kind which is very simple, by the application
of the Jacobi elliptic functions.

NOMENCLATURE
cn, the elliptic function Y Jcn (26)
dn, the elliptic function T 0k’
(r — ) asn
h, Wk,..g.jl__l.__.a ¥V, —*'ak , (11)

K, the complete elliptic integral
k, modulus of elliptic function Greek symbols
k', (K')*+k*=1

T2 o, heat transfer coefficient
N, &% 0'/1(” =r1) e, emissivity
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1. Introduction

The problems of unsteady temperature profiles arise in considering thermal stress,
thermal shock, thermal fatigue, etc.

Studies of heat conduction were, in the past, restricted almost exculsively to linear
boundary conditions and constant properties. We may not be able to solve mathe-
matically a fundamental equation of unsteady heat conduction under the non-linear
boundary condition, in which the heat transfer combined with thermal radiation and
convection arises on the boundary surface. Only recent developments in electronic
computers may make it possible to solve under such situations.

Consequently, researches on the numerical analysis of unsteady heat conduction
in case of linear boundary conditions have been published in various magazines.

The present paper describes the numerical investigations on the unsteady heat con-
duction of a pipe with the circular cross section under the boundary conditions that the
temperature profiles of the inside surface periodically vary with time and the outside
surface is subjected to the heat transfer combined with thermal radiation and convection.

The numerical solutions are obtained by use of the Jacobi elliptic functions.

The heat conduction of the flat plate with radiation on one face and perfect insu-
lation on the other is calculated. -After careful confirmation that the results coincides
very well with the numerical solution by B. Gay [1], the Jacobi elliptic functions are
introduced into the problem of heat conduction of a pipe under the linear boundary
condition, and what is more, the problem of non-linear boundary condition with the
heat transfer combined with thermal radiation and convection, which has not been
solved so far. The calculated values on the temperature profiles on the outside surface
of a circular hollow pipe as the function of time are shown in the next figures.

2. Principle of the method

In Fig. 1, the curve of A shows the exact solution, and the curve of S shows the

i.0

0 Xn X 1.0
Fig. 1 Principle.
A=Exact Solution S=Sn Curve



Heat Conduction Combined with Thermal Radiation and Convection 105

Jacobi elliptic function Sn according to modulus k.
In Fig. 2, if the values of x, are changed, P, and k, are changed accordingly.

A

0O X X Xn X 1.0

Fig. 2 Detail of Principle.
A=Exact Solution S=Sn Curve

When we apply this principle to heat conduction, heat transfer and thermal radi-
ation, the complicated boundary conditions must be reduced to the simplified boundary
conditions which are satisfied by the elliptic functions. This may be able to do, in
many cases of the heat transfer combined with thermal radiation and convection.

3. Flat plate

The authors apply firstly this principle to the problem on the thermal radiation
and heat conduction which was already solved. The result is compared with the prob-
lem which was already solved. -

Equation of heat conduction

00 _ 0%*0
o oxt | ()
Initial condition
t=0, 0=1 2)
Boundary conditions
- 90 _ args
x=0, 90y e
. 90 _ o

The boundary condition (3) is nonlinear and difficult to solve mathematically because
of N6* in the right hand side of (3). This problem was solved by Gay et al. [1]. To
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solve (1), (2), (3) and (4) numerically, put

Ny 90 "
V=N-v=—3"+Nb (5)

The equation and conditions (1), (2), (3) and (4) are reduced to the next equations.

U C (6)
t=0, v=1 (7
x=0, v=0 (8)
x=1, v=k(t) )
To solve these equations, put
v=k(t)-sn{Kx, k(1)}, k(0)=1 (10)

From the formulas [2] on the elliptic function,
@=sin"lsn= Sxdndx,
0

dn?x=1-—k2sn?x,

we obtain
=6sn
Y=k
= — ket (37N, g — k2. S"(EIL). .
y kcngo< dn)dx k*-cn lan )y dx (11)

The equation for y (11) is the Volterra’s integral equation.
If we consider the temperature at x=1 only, by use of (11), we obtain the next
equation.

L gk
t=gk (KPR =1)] (12)

The Simpson’s 1/3 rule 0(h>) is used for the numerical integration of (12). The order
of accuracy of this numerical integration is the order of h° {=0(h%)}. h is the incre-
ment of co-ordinate.

In Fig. 3, the result of numerical integration by the authors coincides very well
with the result by Gay et al. [1].
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Fig. 3 Comparison.
X=1.0, N=10, E=Solution by Elliptic Function, G==Solution by B. Gay

4. Circular pipe with convection only

The authors apply secondly this principle to the problem on the heat conduction
of a circular pipe which is easily solved by the finite-difference method, or with Bessel
functions mathematically, but by the finite difference method or Bessel function method,
the high accuracy cannot be expected, because, in case that high accuracy is demanded,
the values of many terms are necessary by these two methods, but the values of many
terms are generally unknown exactly. In case that high accuracy is demanded, usual
methods are inconvenient. Therefore, the method to apply the elliptic functions is
proposed by the authors, for the first time.

In Fig. 4, in case we use the following nondimensional forms,

a

Convection
Heat Transfer

Fig. 4 Cylindrical Coordinate.
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(T—-T,) (r—ry) _ KT _ (rp—rpa
6=“ 0 E = ! ’t—' 9]2"' 2 ! s
To 77 (=r) T (=) 7

we obtain the next equation and boundary conditions.
Equation of heat conduction

00 _ 0%0 1 ale, _
ot~ 0x* " (x+R) 0x’ R, = ro—ry (13)
Initial condition
t=0, 6=0 (14)
Boundary conditions
x=0, 0= f(t)=C-sinwt (15)
_ (00N _, : :
x=1, («6}—)—/1 0 (16)
To simplify the boundary conditions, using
_ 06 ) 00 _
v="20+no, (TE)FO‘O’ (17)

we obtain the next equation and boundary conditions.

=g (x—l—lRl) 4 (18)
(=0, v=0 (19)
x=0, v=¢({)=c-h-sin wt (20)
x=1, v=0 (21)

The Jacobi elliptic function cn is used to solve (18), (19), (20) and (21), putting in the
forms

v=¢(1)- cn{Kx, k()} (22)
k(0)=1 (23)

If we consider the temperature at x=1 only, from (18), (19), (20), (21), (22) and
(23), we obtain the next equation.

()

1s found from (11) and
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sn?2+cn*=1 (25)

x 2 x .
Y=k~sngo<~-‘-g:?>dx+ kz-sng()(—fl%)- Y-dx (26)

The equation for Y (26) is the Volterra’s integral equation.

The Simpson’s 1/3 rule is used for the numerical integration of (24), and we ob-
tain the relation of ¢t and k.

Next, O(x)=0-(1—a) is expanded into Taylor series at the point of (x=1),

0(x)=(0) =1 —a(0)x=1+@ 57 (0") =1 — (27)
s
O A AL 2
T
X=(0),-, (31)

From (13) and (24), we obtain the next Volterra’s integral equation on X.

X (32) is solved numerically by the Simpson’s 1/3 rule on the method of numerical
integration, and we obtain the relation between X and k, therefore the relation of X
and t is obtained from (24).

To show the results of numerical calculations of the temperature on the outside
surface (x=1) of the circular hollow pipe of iron, the authors use the next thermo-
physical property and constants [4],

c=1, w=2n, thermal diffusivity k=0.036 (m?/h).

The results of numerical calculations with the elliptic functions are compared with

the results by the finite difference method. In the finite-difference method on (13),

%? is replaced by the forward difference quotient [3], and g (i and 08 are replaced

0x
by the central difference quotient by Collatz [3].
In Figs. 5 and 6, the result O(h%) of the numerical integration by the method to
apply the elliptic functions proposed by the authors coincides very well with the result
by the finite-difference method.
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Fig. 5 Comparison.

r1=0.05m, r,=020m, h=1.0, I(r=ry), E (r=r;)=Solution by Elliptic
Function, F (r=r;)=Solution by Finite-Difference Method
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Fig. 6 Comparison.

r1=005m, ry;=015m, h=1.0, I(r=r;), E (r=ry)=Solution by Elliptic
Function, F (r=r;)=Solution by Finite-Difference Method

5. The combined thermal radiation and convection on the outer surface
of a circular pipe )

This problem has not yet been treated by anyone. The authors propose the
method to solve the problem by the Jacobi elliptic function.
Equation of heat conduction

o6 _ 9%0 1 06
ot~ 0x? + (x+R;) Ox (33)
Initial condition
t=0, 6=0 (34)

Boundary conditions
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x=0, O=f()=c-sinwt (35)
- ( ) h-6+ N§3 (36)
h=£‘£’;2;"1) , N= E'G'Tg‘irz“"l),, (37)

To simplify the non-linear boundary condition of the second kind (36), the authors
propose for the first time the next transformation.

v--g—e—+h9+N94 (38)

The equations (33), (34), (35) and (36) are reduced to the next equations.

oo 9w, 1 00 —12N02-<£Q->2 (39)

ot 0x* ' (1+R, ox Ox

t =0, v=0 (40)
x=0, v=yY(t)=c-h-sinwt+C*- N -sin*wt (41)
x=1, v=0 (42)

To solve the equations (39), (40), (41) and (42), use
v=y(1)- cn{Kx, k(t)}, k(0)=1 (43)
To find X(f)=0 (x=1) on the outer surface of a pipe, use

_ Ocn
Y—Wc— .

The equation (39) is reduced to the next equation (44).

’=S1 v-Y-dk a
{ WKk aNx(h+ NX3)2}

(44)

Next, at x=1, 6(x)=0(1 —a) is expanded into Taylor series. The next equation (45)
is obtained.

— A 1 3
X=S1 w{ W Kk (k—ll—4NX3)+ iRy XN )}dk )
k {TI‘E-FKRIE‘)" +12NX4(h+ 12N 72}
1

The equations (44) and (45) are the simultaneous equations of non-linear Volterra’s
integral equation with two unknown functions of t and X. The simultaneous equa-
tions are solved by the methods of numerical integartion, applying the Simpson’s
1/3 rule O(h%). :
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The numerical calculation is accomplished on the outer surface (»r=r,) of a pipe
subjected to combined thermal radiation and convection.

This problem has not been solved so far, and is treated for the first time by the
authors.

c=1, w=2n (frequency),

k=0.036 (m?/h) of iron [4] is used in the numerical calculation, and the result
of the numerical calculation 0(h®) is shown in Fig. 7 and compared with the case of
convection only.

N2y
/

/

0.5

0] 025 05
T(hr)

Fig. 7 Comparison.

[ (r=ry), C (r=ry)=Convection only, R (r=r,)=Thermal Radiation
and Convection, 7;=0.05m, r,=0.20 m, h=10, N=10

The above-mentioned problems of non-linear boundary condition of the second
kind are solved by the Jacobi elliptic functions, and next, (36) is replaced by (0),.,=
X(#), as X(r) is the known function of ¢ in this case, and therefore the problems of
(33)~(36) are able to be treated as the problem of linear boundary condition of the
first kind [5].

The non-linear boundary condition of the second kind is able to be reduced to the
linear boundary condition of the first kind which is very simple, by the application of
the Jacobi elliptic functions.

6. Summary

In the case to reduce the non-linear boundary condition of the second kind for
combined thermal radiation and convection to the simple linear boundary condition
of the first kind, the elliptic functions are very convenient.

The final calculation is reduced to the problem to find the elliptic functions in case
k is given, and this is very easy. ’ :

The elliptic functions are able to calculate by the Theta functions with accuracy

£2].
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Murakawa, one of the authors, has thought of applying the elliptic functions to
heat transfer problems for the first time.

Non-linear boundary condition, unsteady heat transfer and high accuracy in the
numerical calculations are considered, which are necessary in the near future.

The usual finite-difference method, integral equations and variational problems
are reduced to the simultaneous equations of many variables and high order, therefore
the authors plan out not to apply and to omit the simultaneous equations, or to de-
crease the variables in the simultaneous equations by using the Jacobi elliptic functions.
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