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Abstract

The new equation of raindrop-size distribution will be proposed in this paper. It may be
represented by the normal distribution of liquid water content per unit volume of air with size.
Almost of the conventional distribution (e.g. Marshall — Palmer, and Best equation) and the
observed and computed stationary distribution (reported in Part 1 and Part 2 of this paper)
are to obey to this rule, Some physical considerations on such a rule will be made and the
characteristics of the derived rain parameters will be described for radar meteorology.

1. Introduction

The history of raincloud physics has two representative equations for the
drop-size distribution. One was contributed by Marshall and Palmer?
who dealt directly with the number density of drops in a size interval. The
other was given by Best? who modified the unsuitability of those exponential
type disrributions, noting some characteristics of distribution of liquid water
comprised by drops in some size range.

Independently the writer had some interests in the distribution of liquid
water content with drop size in the works of Part 13 and Part 29 of this report.
As having been described in Fig. 6 of Part 1, the observed stationary distribution
at Histoyoshi is well characterized by the shift of the concentrated region with
size in the distribution of liquid water content from the M-P distributions;
consequently the values of D, (median volume diameter) increasing. The
ideal lines in Fig. 6 of Part 1 were introduced under the assumption that a given
total liquid water content to a unit volume of air would be allotted equally to
each group of drops in a equally divided size interval. Here again the family
of the ideal distributionis illustrated in Fig. 1. That is to say, the ideal distribu-
tion could be expressed as

Np=AD=3%(A: constant) ... (1)

because the derivative of liquid water content to drop size, derived from Eq.
(1), is constant, as following equations
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Fig. 1 The family of the ideal distribution
(Np=A4D"®) with liquid water content
M (g/m®).
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where K:lé;-o-A:const, p: density of water, D max: allowed constant

maximum diameter in Nature for co. Proportional coefficient A in Eq. (1)
will be determined by giving the value of liquid water content and the maximum
diameter.

p'Dmax
., _LW.C 6 |
R ceeeen(3)

If for the maximum diameter is adopted the observed value of 7 mm at Hitoyoshi,
and units of L..C. and D max are given by g/m3 and mm, respectively,

A=273%x102xLW.C.  (mm-) ... (4)

Therefore the actual distribution of which total liquid water content is M can
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be evaluated by seeing the distribution of the ratio m(D) of the actual number
den51ty N p to the ideal, as

m(D)=(Np) actual/(2 73x102xM.D-3) ... }(5)

Thus we can see the distribution of the liquid water with size not directly but

relatively to the ideal dlStI‘lbuthn From Eq. (5), m(D)dD represents the so-
called probability density of liquid water of drops in size interval between D
and D+dD. And then the total liquid water content and the mean value of
diameter can be calculated by the following equations.

| M=gf Mem(DYAD (6)

| ngjm'xm(D)-DdD e (D)

The purpose of this paper is to show that m(D) might be obeyed to distribute
in the form of the normal distribution for almost of the various types of drop-
size distribution; and then the calculated rain parameters are in good accorcance
with the observed. Therefore, D, the calculated mean value of diameter
by Eq (7) approx1mates well to the median volume diameter, D,. Derived
various relationship of rain parameters will be discussed, and a convenient para-
meter diagram will be introduced for radar meteorology.

2. Examples of normalization of the distribution of liquid water
content with drop-size

In calculating Egs. (6) and (7), 4D=0.> mm and D max=7 mm were

. . N, .. N
adopted, and m(D) was determined by dividing Eq. (5) M D=5 Bto— P
and —A%I—. Where AA;)D = M '(D), which is the ratio of N, to the ideal distribution

for M=1. By use of Fig.1, M'(D) may be simply and directly obtained by read-
ing the value of the point in the families of A.-M.D~3® curve, corresponding to

the value of N, And M may be given by calculating D=i.: 75 M’(D)AD/ D=§: 75 AD.

M'(DYAD .
24D
size interval 4D=0.5 mm. The representative value of class interval for N,

was simply given by adopting the median value of each class, as at 0.25, 0.75,
...... , 6.75 mm diameter. So that the total number of class is 14.

Fig.2 (a) and (b) show the results in the case of the observed stationary
distributions at Hitoyoshi as described in Part 1.  First, the observed distribution
of number density, which is shown in the figure (a) by the hitogram, was trans-
formed into the liquid water distribution as shown in the figure (b), using
Fig.1. Second, from the observed distribution of liquid water, the mean value

~=1s the distributed liquid water content for drop of D in each same




248 Yoshiharu SHI0TSUKI

4 ®
10°Fx
Hitoyoshi 21 mmihr
o N(21,4.6)
3 twe. R 2.0 Do
Hitoyoshi — obs 33 96 4210 35 35
96mmy. e cal 32 94 3910°
w  -—-obs 15 39 1040 29 28
39 ocal 15 39 101
R obs 09 21 3010f21 21 | ! A e PPN
10 I/ 21 {xcat 09 21 300¢F t 1 T
2
L W
Np Sr Hitoyoshi 39 mmhr
niomet! [ Y] L N(2.9,5.7)
-] . |
101_. 6 Py o

u:]l
l

o e "
e Hitoyoshi 96 mmvhr
— N(35,92)

X —_—

x .
100 ) T T
1 2 3 4 5 6 7 3 4 5 6 ?
D mm D mm
Fig. 2-a Fig. 2-b

Fig. 2 Examples of the normalized drop-size distribution for the observed spectra at
Hitoyoshi. The histogram and the plot of some symbols indicate the observed
(obs.) and the normalized (cal.) distribution, respestively. The distribution of the
number concentration of drops is shown in the figure (a), and the distribution of
the liquid water content with size, M, is shown in the figure (b).

of D:D, and the variance of D:02, were calculated, and then the normal distri-
bution N(D,o?)with those parameters would be obtained as shown in the figure
(b). Of course, the obtained normal distribution is the truncated one between
D=0 and 7 mm. In the figure (a) the obtained D and D, are also indicated.
Third, from the determined normal distribution, the distribution of number
density, < N>, was calcualted by

<Np>=A-D3. ﬁlﬁa e~ (8)
The obtained normalized distribution, <N,>, is plotted by the circles in the
figure (a), in which the rain parameters, from both of the observed and the cal-
culated from Eq.(8), are also shown. Thus, the truncated normal distribution
of N(D,¢?), and the derived parameters well represent and approximate
to the observed.



The Drop-size Distributions in Well-developed Convective Rainclouds 249

Other examples of normalizing by the similar procedures are shown in
Fig. 3 and 4. The former figure represents the results of application for the
M-P distribution and the latter includes the results for the computed distributions
obtained in Fig. 1 and Fig. 5 in Part 2, and Best’s distribution for D;=3.5 mm.
In application for Best’s distribution, the equation 1—F=exp {—(D/a)"}
was transformed for convenience, as follows. As the variable F in the equation
(a, n: the constants determined by rate of precipitation) represents the fraction
of liquid water in the air comprised by drops with diameter less than D, we can

easily obtain the relation D;= (0.69)-}Z ‘a by giving F= % Therefore, a=D,-
(0.69)-x, and the liquid water amount of the size interval 4D might be given by

3_5 - n.o.69.Do—n.Dn—1.exp{—o.69 (’DQO‘N --------- 9

Then we can obtain a’ig from Eq.(9), by giving the mean value of n=2.25

by Best, and the appropriate value of D,.
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Fig. 3 The cases of the M-P distribution, samely as Fig. 2,
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Fig. 4 Another case, samely as Fig. 2. Where, Best Dy=3.5 is of the case of Dy==3.5
mm of the Best distribution, and STP 87 and TRA 79 are of the cases of the.
computed distributions in the well mixed cloud and by the transport equation,
respectively, under the stochastic processes as described in Part 2 of this paper. -
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- As shown in Fig. 3 and 4, it may be found that normalization is applicable
for various types of d1str1but1on In fact, most of normalized distributions for
another cases of Fig. 1 and F1g 5 in Part 2, and also for each stage of the comput-
ed distribution of raindrops’ under the process of coalescence and breakup,
are well representative to the‘.orlgmal distribution. Fig. 5 shows the correlation
of the rain parameters (D,, and L.W.C.(0bs.)) of the original distribution to the
derived values (D, and L.W.C.(cal.)) from the corresponding normalized dis-
tribution. It is fairly seen that all of the derived values are within =109, of
the original. Then we can say that almost all of the raindrop size distribution
might be controlled to obey the rule of normal distribution with size of liquid
water content in a unit volume of air. Physical consideration on this rule will
be referred in §4. "

3. Rain parameter diagram

Normal distribution of liquid water amount with drop-size is determined
by only the combmatlon of the mean diameter D and the variance ¢%(¢: stand-
ard deviation of D). As shown in the preceding section; combination of D
and ¢ would be dependent on the type of rain as such, in the weak continuous
rain where the M-P distribution is suitable, both of D and ¢ are small, and in
the developed convective rain where the stationary distribution as Hitoyoshi’s
is fittable, they are large. We are frequently coming across the necessity to
know the drop-size distribution in some echo on the-radar scope; for-weather
forcastmg, rainfall measurement by radar, and so on. “For those purposes,
the rain parameter diagram was made and shown in Fig. 6, under the assumptlon
of the drop size range of 0~7 mm diameter as described in the mtroductlon
And the values of Z and R are given in case that the hquld water content is
1 g/m®. ' ‘
From the figures (a) and (b) of Fig. 6, we can know the value/bf Z and R
when knowing L.W.C., ¢ and D, and reversely the value of ¢ and D/ by knowmg
LW.C.,Rand Z. Ordinarily we can know the values of R and Z from the rain
gauge network on the surface and by radar, respectively. If the estimate of
liquid water content by some means, for example, the upper sounding within
a raincloud or the direct measurement by air-plane, is possible, the drop-size
distribution can be determined by the observed Z, R and L.W.C. Thus, the
figures (a) and (b) can answer the residual two parameters w1th knowing three
of five parameters as described above.

On the other hand, in the figure (c), we may determine Z|R indeper‘i‘dent
of L.W.C. by knowing ¢ and D. If the correlation between ¢ and D is establish-
ed, we can obtain either of both of ¢ and D with knowing Z/R An example
for ¢ —D relation is shown in Fig. 7. In the figure, the plots are representative
for the characteristic values for three examples of the M — P distribution, three
of observed at Hitoyoshi, and two of Best’s distribution. Generally it will be
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Fig. 6 Rain parameter diagram.
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found that ¢ is increased in proportion to D, and their regression line is calculated
to be 0=0.43 D+1.3, although the data are quite scarse. And various kinds
of the combination of ¢ and D would be expected to converge around this line.
Furthermore, the expected distributions near this line would be divided in three
types of distribution as shown in Fig. 8(a), (b) and (c). (a) is for the combina-
tions of ¢(1.5~2.5 mm) and D(1.0~2.5 mm), and (b) is for those of ¢(2.5~
3.0) and D(2.0~3.0), and (c) is for those of ¢(2.0~3.5) and D(8.0~4.5).
The distribution families of the figure (a) are quite similar in form to the M— P
distribution, and then their ¢ and D may be available for weak continuous rain.
In (b) and (c), they intend to array apart from the exponential type like the
M—P at the vicinity of the point of D=1 mm, and come to appear flat in
medium drop size range. The families in (c) are for the stationary distribution
as observed in the heavy rain at Hitoyoshi and obtained in the numerical ex-
periments under the stochastic model. And then the families in (b) show the
transitional distribution which might be experienced at 'rain shower, and be
for the Best’s distribution. The regions of those main three rain type are indicat-
ed in Fig. 7. , - i ; ‘

Thus, if Z by radar, R by rain gauge, and rain type by some information
as radar are known, we can derive easily the combination of ¢ and D by the in-
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tersecting point of the ¢ — D line and the Z/R curve on the graph of Fig. 6 (c). And
from the obtained ¢ and D, we can know also L. W.C. by ecither of both of graphs

. _ R(observed) L (observed)
of Fig. 6 (a) and (b),suchas L.W.C.= R(L.W.C.= Ig/m?) or ZILW.C. = g/m®)

If the values of L.W.C. from separately (a) and (b) were quite different to each
other, we can know that the size distribution might never belong to the above
described type of rain, any longer. For example, the complete flat distribution,
as like frequently observed at the beginning stage of convective rain as described
in Part 1 may be in the region of large D. Fig. 9 shows the distribution families
for the combinations of D=5.0 mm and ¢ of 2~4.5 mm, in which the distribu-
tions at ¢ of 2~3 mm are in similar form to the complete flat distribution.

But, as concerned with the average distribution in a rainfall of which life
time is more than ten minutes, the ¢—D relation described above would be
available. And then we may deal with the quite different value to the expected
by the ¢ —D relationship, as from the quite singular rainclouds.

4, Considerations

As described in the previous sections, almost all of the drop-size distributions
in the various types of rain can be represented by the normal distribution of
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liquid water content. But what is the physical explanation for that rule?
Two expected reasons will be considered in this section. One may be a effect
of a difference of falling velocity of drops to each other. From the results by
Atlas?) and also by this report, the ratio (3/7,) of the fall velocity of the mean
diameter of drops, o, to one of the median volume diameter, v,, seemed to be
unity for the size distribution of any type of rain. This may mean that the
liquid water content in the falling rain parcel at # is equally divided into two
parts of size range at D(=D,). The falling parcel has been called ‘“bubble”
or “cell” in the series of this report. When we see the size distribution falling
with the same speed as the bubble, the number density or the fraction of liquid
water content of drops with the different speed compared to us will become less
and less.

The relative decrement of number density or liquid water content of other
drops besides D drop may be shown by the velocity difference between them,
that, the ratio (7) of space number density or liquid water content after A4t
time from the beginning of fall is

1 |dvpldt . |dvp|
y=1--nf oy Al (10)

, where 4up=fall velocity difference between v, for drop of diameter D and
v for the mean diameter D. In Eq. (10), using the fall velocity function v=kD"
(k, n: constant) by Gunn and Kinzer?®,

2—\/%— when 7Tmm=D=D

B o (11)
J2 when D=D20
D

is obtained. Fig. 10 shows the y distribution with size for each case of D=
1,2, 3.5 and 5 mm. From the figure we can find nearly symmetrical distribu-
tion of y which may be very similar to the liquid water amount distribution
m(D) for various types of rain. Thus, it might be seen from the 7 distribution
that the distribution of liquid water must be destined nearly to the normal
distribution even if initially the same liquid water amount was allotted to each
size interval.  Fig. 11 was obtained for the case of D=2.0 and D=3.5 in Fig. 10
under the same procedures as described in §2. For present two cases, the
initial distribution of liquid water content was given homogeneously to drops
of each size interval by 5 g/m?® as shown in Fig. 1. Then, the median volume
diameter and the total liquid water content for both two cases in Fig. 10 are
Dy=2.8 mm, LW.C.=2.8g/m3 and D,=3.7, L.W.C.=3.7, respectively.
The adaptability to the normal distribution in Fig. 11 is not so enough as the
examples in the cases in §2. This is because of adopting the assumption of the
homogeneous allotting for the initial liquid water amount distribution with
size. Actually in nature an existence of such a ideal distribution might be
expected to be very rare due to the change of population of drops in some



The Drop-size Distributions in Well-developed Convective Rainclouds 257

Fig. 10 Relative change of size spectra caused
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size'by the effects of various kinds of'cloud physical processes such as evaporation,
coalescence breakup and so on. 'Therefore, if the peaked distribution near
at Dyand D was' used for the initial distribution of liquid water content, the nor-
mahzed dlstrlbutlon would become more narrower and its adaptability be better.

On the other hand, as described in Part 2, the effect of drop breakup and
coalescence will bealso responSIble for normalization of liquid water amount
distribution. In,,convectwe rainclouds, raindrops might be expected to be well
mixed and liquid water supply to be much enough. Where, small drops always
will be going to become larger by coalescence, ‘and drops larger than 5 mm
diameter can exist for only a short time to breakup to smaller drops. Thus
population; of medium size dlops would be going to increase more and more,
and the distribution w1ll attain to be stationary. The process of raindrop co-
alescence and breakup will play a role for the high concentration of liquid water
cd}ntjeht around the mean diameter or the median volume diameter.

5. Summary

'""T}i'é"’_r'ai’ﬁdiffip"V"d:ié,‘tfi‘ﬁu‘ti”dﬁsf’Wi‘th size, observed and calculated to be well
expected in nature, were studied from the view of share of liquid water content
with drop-size. Most of them seemed to obey the truncated normal distribution
of liquid water with size in the considered range of 0~7 mm diameter. The
adaptability of the normalized distribution for the actual is very high, and the
derived rain parameters are available enough for practice, because they are
in the region within +109, of the obtained parameter values from the actual
distribution.  For such a rule of the normal distribution-of liquid water content
with size, some physical explanations were tried. They are due to the concent-
ration effect of liquid water by the relative difference of fall-velocity -of drops
within a raincloud or bubble which is falling at the mean velocity, and also by
the drop breakup and coalescence. under the stochastic process.

The rain parameter-diagram, which was based on the rule of the normal
distribution of liquid water content, was proposed for practical works. If the
parameters of Z (radar reﬂectwlty), (rainfall rate), and rain type (such as
continuous, shower, and heavy) are known by observations, the variance ¢ and
the mean diameter D of the normal distribution N (D, ¢2), and L.W.C. (liquid
water content of rain per unit volume of air) can be obtained from the diagram.
But, for this purpose, the more reliable relationship of ¢—D which may be
dependent on rain type will have to be established by observations in future.
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