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On the connection mapping of the induced (Cl)-pair

connections on homogeneous spaces

Shun-ichi Hozyo*

Summary: Connection mappings of induced (Cl)-pair connections are studied to get I -

distribution of horizontal spaces of the (Cl)-connection.

1. Imtroduction

To formulate the Finsler geometry without Finsler metrics, M. Matsumoto and T. Okada

HH 2 and

have developed the theory of pair connections™®’, and they get several results about linear
affine’ transformations on Finsler manifolds.  The present author has studied this connection
on homogeneous spaces, especially under the condition that it is invariant under tangential trans-
formation groups induced from transformation groups on the manifolds.

In this paper we want to study an induced (Cl)-connection on a homogeneous space P/G,
where G has a closed subgroup H.

The author wishes to express his hearty thanks to Prof. M. Matsumoto for his encoura-

gements.

2. Preliminaries”

We use notations as in the previous paper. Let P be a Lie group, and G its closed subgroup,
and H, closed subgroup of G. Following K. Nomizu® a homogeneous space P/G is called re-
ductive if the following relations hold about Lie algebras: LP=O+F, ad (G)F=F where
Germann letters represent corresponding Lie algebras. In this case, we have [&, & TS, [,
BJCE. Now from relations PO G D H we have principal bundles P(P/G, G) P(P/H, H)
G(G/H, H)

Let 7(P), 7(G) etc be tangent bundle spaces, P, be the tangent space of P at ¢ € P, then
P,=% and we can identify 7(P) with Px 5.  The projections T(P)—P, and T(P)—>Y5 are
denoted with 7, 0 respectively. Following S. Kobayashi we can introduce in Px 3 the product
as follows; (p1, 21) * (p2, %2)=(p1 p2, ad(p3 w1 +22) and Px P is made into a Lie group.

Left and right translations with respect to this product are denoted with L, .y and R.vy
respectively.

The bundle structure P(P /G, G) induces on its tangent bundle spaces, the bundle structure
with differentials of their mappings, called tangential bundle structure. We shall denote differen-
tial mappings of mappings with the same symbols, if there seems to be no confusions.

The Lie algebra of 7(P) is identified with B+, and adjoint transformation of a group
T(G) is given by ad (g, U) (A4, B)=(ad (g)4, ad (g) B—ad (g)-[4, U])) for(g, U) e Gx &
(A4, B) € P+

Pair connections on T(P) (T(P/G), T(G)) are defined as follows:
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@) T(P)p.xy=T(P)y.xy+ 1y x (direct sum)

() Ruvy l'op.xy=1 5. xx0.0)

(c) I'(y.x) depends C-ly on ( p, X)

(@) I'p.xy=T%.xy+ 1. 5 here 'Yy, covers vertical spaces of T(P/G)

(e) R(g.U)r(hp.X):T(hp~X)(g-U)

(f) I'ty.x, depends C”-ly on (p, X).

Projections of distribution /¢, x; on T(P/G) evidently give non-linear connection on T(P/G)
and there arises C”—ditsributions A of horizontal subspaces. ~Conversely, given non-linear con-
nection A and linear connection /" on T(P/G) and T(P) respectively, we have a pair con-

nection.

3. (Cl)-comnection on T(P) (T(P/G), T(G))

Suppose pair connection /', A is given on T(P),
D
TE/G) T(P) T(P/G) we say (Cl)-connection is defined in the dia-

gram if the distribution / satisfies the following con-
T T .
dition.

P/G «—- P )

Loyl ry=1 0. x50.7)
The necessary condition that (Cl)-connection exists is reductivity of T(P)/T(G) that is
(D) POLPO=FD LGP+ M. PO OGP ad (T(G)) M=

Proposition 1. If T(P)/T(G) is reductive, then ad(G) (tW)=tIN Proof Take any (A4,
B) € M, where A=7t(A4, B) ¢tW. From ad (g, U) (4, B):(ad (g)4, ad (g)B—ad (g)-
[ 4, U:]) € M. -ad (g, U) (4, B)=ad (g)4, so ad (g) A € T and ad (G) (vW) CrM.

Remark If P/G is reductive then T(P)/T(G) is reductive, also from reductive decom-
positions of T(P)/T(G) we can get any reductive decomposition of P/G.

Proposition 2. We fix decomposition (DI) on reductive T(P)/T(G), then left invariant
distribution /" corresponding to it, is uniquely determined.

The all other invariantdistribution /" is given from the pair of R-linear mappings

01: M—>G; 0y0 ad (g, U) (4, B)=ad (g)o0:(4, B)
0y: M—>®; 0y0 ad (g, U) (4, B)=ad (g)o0x(4, B)-ad (g):[0:(A, B), U]
for any (g, U) € G X & and (4, B) € M.

Proof T(P/G)=T(P)/T(G), and ntg: M=T(P/G)(.o, i
Take any (A4, B) € I, and [ denotes the lifting operator with respect to I,

2v(e. 0) ﬂG(A; B): {(e’ O)’ (A’ B)} +L(e.0)(p(A’ B))

where 0:—>BD + G is a R-linear mapping.
In f(g‘ vy we have

i(g.U) 7TG(A, B):R(g.U){(es 0), (A, B)} +L(g‘ U) (ad (g, U)_1°0(A, B))
On the other hand the invariance of I assures the existence (C, D) € 9 such that
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I g0y (A, B)=L; vy{(e, 0), (C, D)} + Lig 1y, ((C, D))

The above two relations give (C, D)=ad (g, U)"'-(A4, B) and 0(C, D)=ad (g, U) ' 0(4,
B) and thus

Ooad (g, U) (A4, B)=ad (g, U)o0(A, B) holds for any (A4, B) € M

If we put 01=10p, =000, 01, O,: M—>S then they enjoy the following relations

poad (g, U) (4, B)=ad (g)o0,(4, B)
0z0ad (g, U) (A4, B)=ad (g)°0:(A4, B)—ad (g)°[0:.(4, B), U]
for any (g, U) ¢ G xS, (4, B) e M
Conversely, these 0,, O, determines I and I has property (Cl) and this correspondence is 1

to 1. We shall call these 0 or 0y, 0, the connection mapping of I’ with respect to (D).

Remark The connection form @ of I" has the value

3{(e, 0), (4, B)} = —(0.(4, B), 0,(4, B))

4. Induced (Cl)-connection on T(P) (T(P/H), T(H))

T(P/G)< R TP)

27 S T(R/H) X
T, w
P/G < l % P

P/H

In this section, we shall study the case where T'(P)/T(G), T(P)/T(H) are reductive. Make
the diagram, there 7'(P) (T(P/G), T(G)), T(P) (T(P/H), T(H)) are principal bundles, and
our purpose in this section is to induce (Cl)-connection on T'(P) (T(P/H), T(H)) from the
(C1)-connection on T(P) (T(P/G), T(6))

Proposition 3 If T(P)/T(G), and T(G)/T(H) are reductive then T(P)/T(H) is reduc-

tw;roof From the reductivity of T(P)/T(G) and T(G)/T(H) we have
(Do) PO+ PA=BOLEP+ M ad (TEG)M=M PO OGO
(D) GV+BP =D+ 9P+ N ad (TH)N=N  GD>HoH®
thus
(D) POLPO=HOLHO LW W=+ N

The adjoint invariance ad (T(H))im———é}é are easily proved.
Proposition 4 Fix the decomposition (Dy), let 0};: N—>H be mappings such that
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pi+ad (h, V) (C, D)=ad (h)0{(C, D)
04ead (h, V) (C, D)=ad (h)e04(C, D)—ad (h)-L01(C, D), V']
for any (h, V) €9 (C, D) €N
then the mappings defined by §;: SJ,}E—>®
6(A+X, B+Y)=0i(X,Y) (4, B)eI. (X, Y)ed
give on T'(P) (T(P/H), T(H)) invariant distribution /”, corresponding to the reductive decom-
position of T(G)/T(H ).
Proof We can easily prove the relations
pread (h, V)(A+ X, B+Y)=ad (h) 6, (4+ X, B+Y)
Osead (h, V) (A+ X, B+Y)=ad(h) 0, (A+ X, B+ Y)—ad(h) 0,(A+ X, B+Y), V]
for (h, V)EHx9, (4, B)e W, (X, Y)eN

Proposition 5 The connection mapping which defines any other decomposition, if we fix
(DH), will be denoted with 0, then § =g+ 0" where '

o: M->HP 4 H® pead (h, V)=ad (h, V' )0
0 No>HD 4 H@ 0'«ad (h, V)=ad (h, V)-0'

Conversely any such § gives decomposition of T(P)/T(H).

" Proof An element of 9 will be the form (4A+ X, B+Y), (4, B) ¢, (X, Y) ¢ N then
R-linearlity of 0 shows

g.ad (h, V) (A, B)+p-ad (h, V) X, Y)=ad (h, V)-0(A, B)+ad (h, V)-0(X, Y)
for any (A, B) ¢ I, (X, Y)eN

let 6|MW=p. |It=0', then we have the result.

Thus we have

Theorem. Let T(P)/T(G), T(G)/T(H) be reductive, and fix decompositions

(Dg¢) POLPA =GV +GP+M ad (T(G)) M=M
(D/) @(1)+@(2):©(1)+‘\‘9(2)+§]& ad (T(H)) N=N,

then there corresponds a reductive decomposition of T(P)/T(H),
(D) PO PO = §D L 9O LW ad (T(H)) M=,

Any other reductive decomposition can be obtained and defines left invariant distribution cor-

responding to the following pair of mappings

01-ad (h, V)=ad (h)0]

0}+ad (h, V)=ad (h)o;—ad (h) 07, V']
01-ad (g, U)=ad (g)0;

0s+ad (g, U)=ad (g)0;—ad (g)lo, U]
for (h, Ve Hx 9, (g, U) €GxS.

0l No>H {

0;: ﬂﬁ%@{
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Proof ¢ in Prop. 5, is obtained by putting p= (01, 02)- 1)+ (2. that is HPD +H?P component
of 0=(01, 02) in the decomposition (D").

If C=—distribution A of horizontal spaces of non-linear connection on T(P/H) satisfies 7
A=A, then A is called T y-related with A.
In this case we have induced (Cl)-connection with A and I” on T(P) (T(P/H), T(H))

D)
D

Y
5

&
7
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