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A SET GENERATED BY A MATRIX OVER
A FINITE COMMUTATIVE RING
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A combinatorial problem was posed in relation to the theory of stochastic automata [1].
The problem is whether there exists a subset of {0,1,...r — 1}™ with a combinatorial

property called (m, k)-property. When r = 2, we have shown the existence of such a subset

by giving an algorithm to construct it [2]. The method has been to use the number of
dimensions of subspaces of (Z/2Z)™ and the binomial theorem. This paper shows an

algorithm to construct such a subset as a submodule of (Z/rZ)™ for any integer r > 2.
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Throughout this paper by k-consecutive we
mean possibly cyclically consecutive elements of
length k: Let k < m be positive integers and let
a = (aj,az,...,a,) be a sequence of length m.
The following m sequences

((11,... ,ak),(ag,... ,ak+1),... )
(am—~k+17"' aa’m)y(am-—k-{—Z,"' 7am7a1),"' ’
(amaala--' aak—l)

are the k-consecutive subsequences of a start-
ing with position 1,2,... ,m respectively.

Definition 1. A set L C {0,1,...,r — 1}™
has (m,k)-property if for any distinct a,b €
L (considered as sequences of length m), the
k-consecutive subsequences of a and b start-
ing with position i are distinct for every ¢ €
{1,...,m}.

Clearly, such a set L has cardinality at most
r*. Suppose a k by m matrix over Z /rZ satisfies
the following condition:

(*) For every i € {1,2,... ,m}, k row vectors
of k by k submatrix obtained by k-consecutive
columns with starting point ¢ are linearly inde-
pendent over Z/rZ.

Then the submodule generated by its k row
vectors is a rank-k free submodule of
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(Z/rZ)™with (m,k)-property.

Theorem 1. Let r be a positive integer. There
exists a subset of {0,1,...,r — 1}™ which has
(m, k)-property and has r*elements.

Proof. We will show we can construct a k by m
matrix with property (*) by induction on m. In
the case m = k, k by k unit matrix satisfies the
condition(*). Let M,, be a k by m matrix over
Z/rZ which satisfies the condition(*) and one
more condition:

(+) The k by k matrix which consists of the
first k columns of M,, is an upper triangular ma-
trix and the k by k& matrix of the last k£ columns
is a lJower lower triangular matrix.

Clearly the unit matrix satisfies this condi-
tion. Let e; be the ith row vector of M,, and
put

e — ey 0

€y — €3 0

Mpi1 = :
€er—1 — ek 0

er 1

Then M,,4+1 is a k by m + 1 matrix which sat-
isfies the condition (*) and (+). O
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Example 1. r =2 and k=3

e m=23
em=4
e m=>5
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