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Abstract

The effect of a dc electric field on the spatial evolution of the two stream instability in a
small cold beam—plasma system is investigated by using a model of many waves. The wave en-
hancement is dependent on the growth of neighboring waves. Weak collisions also play an impor-
tant role in limiting the wave enhancement.

1. Introduction

When a small and fast monoenergetic electron beam passes through a plasma, the
combined system is unstable to the growth of waves. The unstable waves have phase
velocities slightly slower than the beam drift velocity v, and extract energy from the
beam by slowing down the beam electrons on the average. When the beam has slowed to
the average wave phase velocity, the instability saturates and the beam becomes electro-
statically trapped in the wave trough.! ™

Recently, it has been predicted that the application of an external dc electric field
Eq4. to particles trapped in the potential well of a wave can result in an increase in wave
amplitude.‘” This effect has been observed experimentally in a traveling wave tube
(TWT).” On the practical side, saturation by beam trapping limits the maximum energy
that can be extracted in a TWT. Therefore, control of the trapped beam offers the possi-
bility of enhancing the efficiency of energy extraction cut of beam devices. Moreover, the
energy exchange process in a free electron laser (FEL) is quite similar to that of a TWT.
In the FEL the application of Ey4. to trapped beam electrons has been proposed as a possi-
ble wave power enhancement scheme by Lin.®

As the equations that describe the wave—particle interaction in a TWT are identical
to those that describe the beam—plasma instability in the small cold beam limit, the mod-
ification of the dynamics of beam trapping caused by E4. is of interest to basic plasma
physics studies. Previously, we confirmed, by means of a single wave model, detuning
and collisional effects on wave enhancement caused by E,. in a small cold beam—plasma
system.”®

The single wave model has assumed that in the nonlinear stage the wave electric
field spectrum is sharply peaked at the frequency of the most unstable wave and that the
entire spectrum is replaced by a single wave.l'? But, under a certain plasma condition,
the wave spectrum is very broad and the beam electrons are significantly influenced by

—11)

many waves. Therefore, by using a model of many waves,® we study the wave evolu-

tion in the presence of E,4. in detail and weak collisional effects on wave enhancement.
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2. Simulation Model

2.1 Basic equations

In this paper, we consider the spatial evolution of a system consisted of many modes.
We make simulaticn by using the model of the eleven modes where five modes are located
on each side of the most unstable wave (frequency @) . The freguency of each mode is
given by @ = @,+ nA @, wheren = 0, 1---%5, and A @ is a frequency separation
between modes.

The intensity of the wave electric field, E (x, t), with a stationary amplitude E (0) is
written as

E(x,t)ngw(x)exp(—iwt) + c. c. , (1)

where Ew(x) = Ew(0) exp (i z ko (x’) dx’). From Poisson’s equation for each Fourier com-
ponent of the electric field, E»(x), and the equation of motion for individual particles of
beam electrons, the self—consistent interaction of a beam, a non—resonant plasma and
many waves are calculated using a computer.

According to our previous model,”'" the following system of equations is obtained
in standard notation :

d d? i

1
(A+iB+icd,7 + D dqg)Ew(7)=WjZexp(iw5j/w0), (2)
d? &, dé,
dvgzj = (1+S dij)’3 [E)Ew(ﬂ)exp (_leJ/wo) +c. C.]
_ dé;. ,
(1+s a7 ) *Eqe (3)
w02

where A =s? w.? [(1+ dw/w)—(1+ dw/wy)1],

2 v @ ? -2
BZSW w,? 1+ 6dw/wy) =
S ‘
C=(14+ 6w/ wy) 2 D=5(1+dw/w,)™?
_ Lm vt ©2— w2 2, 2
S—(@n—p—v?) and 0 —wp(1+3vt /Vb),

The coefficient A is derived from a detuning effect, i. e. d @ = @ — w . The coefficient
B is dervied from a collisional effect because v is the effective collision frequency be-
tween plasma electrons.!? The quantity s is the spatial scaling factor. We also call s
beam strength® because the half—width of the growth rate function is proportional to s.
The normalized electric field of the wave Ew (7 ) and the spatial coordinate 7 are de-
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fined by Eo(7) = eEw(x) exp (—ix @ /vy)/(mvy, @ os?) and 7 =sx (@ o/vy), respectively.
Here, E,4. is also the normalized dc electric field. The phase—space coordinate of the j—th
beam electron & is defined as §; = @, [tj(x)—x/vy] . The function t;(x) is the time when
the j—th beam passes the point x. The velocity v; = X; in the laboratory frame is obtained
from & = d&;/d7 by using the relation ; = vy/(1+s &)).

2.2 Method of numerical calculation

In order to solve equations (2) and (3), we represent the beams by N charge sheets
and solve for the exact nonlinear dynamics numerically. The equations are integrated
with the Runge—Kutta method with a step size of A 7 = 0.05. The initial wave ampli-
tudes are equal to 103,

The initial conditions required for beam particles are as follows: For many wave
system, we need to follow the beam particles whose initial phases are in the interval 0<
€ ,(0) <2 71 to satisfy the periodic boundary conditions, where 1 is an integer and 1 =
w,/ A @ Therefore, initial conditions are

£,0) = 271(/N) and £,(0)=0. (4)

The number of particles in one period is N/1. If we keep N/I constant, a closer mode
spacing would require a large number of beam electrons N. When A @/ w, = 0.02 (i. e. 1
= 50), 200, 400, 600 and 1000 beam sheets are used. There are no significant differ-
ences among last three cases. Here, we show the results for A @ /@, = 0.02 and N =
600. '

3. Numerical Results and Discussion

3.1 Linear dispersion relation in the beam—plasma system

Simulation has been done for two situations, i. e. Case I where the wave spectrum
can be replaced by a single wave and Case II where the wave spectrum is broad. In the
former case, plasma parameters are chosen as follows: A ratio of beam electron to plas-
ma electron densities n,/n, = 3.1 x 107 % and a ratio of beam velocity to plasma thermal
velocity vi,/vy = 9. In the latter case, ny,/n, = 102 and v,/v, = 5.

In a cold beam — a weakly collisional and warm plasma system, a linear dispersion
relation is written as follows :

2 2
wp Wy,

w(@+iv)—3kvZ  (0—kv)

(@, k)=1-— 0, (5)

where @, and @, are the electron plasma frequency of the background plasma and that
of beam electrons. In order to see the characteristics of the spatially growing waves, dis-
persion equation (5) must be solved for a complex wavenumber k for a given real fre-
quency @. ‘

Figures 1 and 2 show the numerical solutions of eq. (5) for the Case I and Case II,
respectively. A branch labeled a is a mode of beam space charge wave, and a branch
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Fig. 1 Numerical solution of the linear dispersion Fig. 2 Numerical solution of the linear disper-
equation in a beam—plasma system (Case I). sion equation in a beam—plasma system
Upper : Real part of the wavenumber k/kp (Case 1I).
vs wave frequency @/ @, where kp, Upper : Real part of k/kp vs @/ @
is the inverse of the Debye length. Lower : Growth rate of the branch a vs
A branch labeled a is a mode of w/w

beam space charge wave, and a
branch labeled b is a mode of elec-
tron plasma wave.

Lower : Growth rate of the branch a vs
w/ww

labeled b is a mode of electron plasma wave. Beam—plasma instability can excite the
mode of beam space charge wave whose growth rate is also shown in the figures. Gener-
ally, the frequency of the most unstable wave @ is determined from the point where the
branch of the electron plasma wave and that of the beam space charge wave intersect.
Apparently, the half—width of the growth rate in Fig. 2 is larger than one in Fig. 1.

3.2 Wave power enhancement and corresponding behaviors of beam electrons
(Case 1)

Figure 3 shows typical examples of the wave evolutions in the absence of E,. (2),
and in the presence of E4. (b). The behavior of the total power EZ and that of predomi-
nant modes are presented. In Fig. (2), E? grows exponentially, saturates and then executes
three amplitude oscillations.*V This amplitude oscillation is caused by the energy ex-
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change between the wave and the trapped particles in the potential well of the wave. Up
to the third peak of E? the most unstable wave with frequency @ o(labeled 0) dominates
both the linear and the nonlinear evolution of the system. However, in the nonlinear
stage, the neighboring wave (labeled 1) whose frequency is larger than @, is excited.
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Fig. 3 Spatial evolutions of the total wave
power E? and the power in the

Fig. 4 Phase—space dynamics at three posi-

spectral components in the absence
of E,. (2), and in the presence of Eg,

tions corresponding to the wave
evolutions in Fig. 3 (2). As wy/ A @

(b). These are computed with 600
beam electrons by using 11 modes
system, where A w/w, = 0.02.
Plasma parameters are n/n,
3.1x10 *vy/v, = 9 and Vv /@, =
0 (Case I).

= 50, we need to follow the particles
whose initial phases are in the inter-
val, 0< £ (0)<1007 . In this figure,
instantaneous
phase &; (7) is transformed in the
interval, 0<X § (7) <2,

however, particle
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Then, after the third peak, regular amplitude oscillations of E? are deformed due to the
effects of the neighboring wave. In the presence of E4., the saturation amplitude increases
and E? grows secularly. Although the wave with @, dominates the evolution of the sys-
tem, the neighboring waves (labeled—1 and —2) whose frequencies are lower than @ are
excited in the nonlinear stage.

The simple picture of the Ey effect is as follows.*® When the particles are trapped

in the well of the wave, the response of the particles to E4. cannot be a uniform accelera-

tion because they are constrained to move at the phase velocity of the wave. Namely, the

particle momentum cannot change in response to E4. Hence, the wave power can be in-

creased.

Figures 4 and 5 show the phase—space plots at three points (7 = 15, 20 and 25),

corresponding to the wave evolutions in the absence and presence of E,., respectively.
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Fig. 5 Phase—space dynamics correspond-
ing to the wave evolutions in Fig. 3
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When E,, is applied, the beam electrons split into two groups : The one with high velocity

has runaway electrons and other with low velocity has trapped electrons. The average
velocity of runaway electrons increases secularly. For reference, the phase averaged
velocity distributions at various positions are also shown in Fig. 6.

When Eq is strong enough to detrap the particles, the particles accelerate and the
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Fig. 7 Wave power evolutions for E;. = 2(a), and corresponding phase—
d
space dynamics at 7 = 25 (b). Other numerical conditions are the
same as ones in Fig. 3.
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Fig. 8 Wave power evolutions for E4c = 4 (a), and corresponding phase—
space dynamics at 7 = 25 (b). Other numerical conditions are the
same as ones in Fig. 3.
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wave enhancement does not occur. Qualitatively, the E,. effect is classified into two
cases, i. e. production of runaway beams and wave enhancement, based on a criterion Ey,
>E, or vice versa. Here, E, is the saturation amplitude for E4. = 0. Of course the system
can be satisfied by having both states simultaneously, 1. e. some of the beam electrons run
away while others remanin ¢lamped as shown in Fig. 5.

Figures 7 and 8 show the examples of the wave evolutions for the strong E,;.. With
increasing E,., the ratio of runaway electrons to total electrons increases and wave en-

» Ede=0 collisionless :— Ede =0
case
v
j
(G) ' w 7:15.0
2 - 2.0 p—
E : L
! (a) [
|0-I — B
3 1.0 —
0 l 1 1 ]
=2 h ] x 2R
10 “} ‘ i
3 il I
- 1
C o1 11 AT TR IS 3.0 —
10 20 _ 4 30 -
vi - 7
i =20.0
Yb
20 }—
b 10 - Ege =10
e
LI o L | | ] ]
E 0 % 27
E 30 —
| 91 25.0
m-l - vo [ 7=25.
'_'_ 20 —
| (c) [
102 |- 1.0
F [ i
o L 1 | 1 J
Fig. 9 Wave power evolutions in the ab- 0 (S I

§j

sence of Eq4. (2), and in the presence
of E4 (b). Plasma parameters are
n,/n,=1073 vp/vy=5and v/ ®,
= 0 (Case II). Other numerical con-

Fig. 10 Phase—space dynamics correspond-
ing to the wave evolutions in Fig.

9(a).

ditions are the same as ones in Fig.

3.



Wave Power Enhancement Caused by a dc Electric Field 355

hancement caused by E,4. decreases. When E4. = 4, all electrons are detrapped and
accelerated secularly.

3.3 Wave power enhancement and corresponding behaviors of beam electrons
(Case ll)

Figure 9 shows the examples of the spatial evolutions of the wave power. According
to Fig. (2), the most unstable wave with @, no longer dominates the evolution of the sys-
tem during a linear growth region. Then, in the nonlinear stage, the regular amplitude
osillation of the total wave power E? is destroyed due to many wave effects.'®-11
Although with applying E4. the wave power E? is observed to grow secularly, the effect
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Fig. 11 Phase—space dynamics corresponding to
the wave evolutions in Fig. 9(b).
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of Eq. on wave enhancement is not so remarkable as one for Case I (see Fig. 3).

The behaviors of neighboring waves, however, have the same tendencies as ones
have in Case I. The waves whose frequencies are higher than @, grow easily in the ab-
sence of E4.. On the other hand, in the presence of E,. the waves whose frequencies are
lower than @, become predominant.

These results are well explained qualitatively by the characteristics of the linear
dispersion relation (see Figs. 1 and 2) . With the increase in wave amplitude, in the ab-
sence of Ege, @ is varied from the initial point to the higher side due to the slowing
down of the injected beams. Because @ is determined from the point where the branch a
and the branch b intersect, and the slope of the branch a is proportional to the inverse of
the average beam velocity. Sideband waves with @ (higher than ®,) become more res-
onant to the slowed beam—plasma system. When trapped electrons are accelerated,
however, the average beam velocity increases. Then, @ is varied from the initial point
to the lower side and sideband waves with @ (lower than ®,) become more resonant to
the system.

Figures 10 and 11 show the phase—space plots corresponding to the wave evolu-
tions in Fig. 9. Because of the neighboring waves growth, in Fig. 10, the bunching of the
beam electrons is deformed and the beam electrons are smeared out in the early non-
linear stage. Therefore, in Fig. 11, the response of the beam electrons to E,. seems to be
a uniform acceleration because the beam electrons cannot be constrained to move at the
phase velocity of the most predominant wave. As the wave—particle resonance is detuned
by increasing runaway electrons, wave power enhancement in Fig. 9 is not so remark-
able.

Figure 12 shows the phase averaged velocity distributions corresponding to wave
evolutions in Fig. 9.
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Fig. 12 The phase averaged velocity distributions vs v/ vy,
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3.4 Effects of weak collisions on wave enhancement
Previously, we showed that collisional effects play an important role in the nonlinear
wave—particle interaction even if collisions are too weak to change the linear stage.!?
Figure 13 illustrates the evolution of the wave in the presence of weak collisions
(Case I) . Up to the wave saturation (7 = 10), in Fig. (2), weak collisions cannot change
the behavior of the system in comparison with that of the collisionless system (see Fig.
3). After this point, however, the most unstable wave damps to the first minimum strong-
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Fig. 13 Wave power evolutions in the pre- Fig. 14 Phase—space dynamics correspond-
sence of weak collisions for Case I, ing to the wave evolutions in Fig.
where v / @, = 2x107 3. Other 13.

numerical conditions are the same
as ones in Fig. 3.
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ly and fails to regrow to the level of the first maximum. The amplitude oscillations of E?
is changed drastically and destroyed.'® From Fig.(b), wave enhancemet is strongly lim-
ited to a lower level by collisional effects. Corresponding phase—space plots are shown in
Fig. 14.

Figures 15 and 16 show the evolutions and the corresponding phase—space plots for
Case II, respectively. '
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Fig. 15 Wave power evolutions in the pres- Fig. 16 Phase—space dynamics correpond-
ence of weak collisions for Case II, ing to the wave evolutions in Fig.
where v / @, = 2x107 3. Other 15.

numerical conditions are the same
as ones in Fig. 9.
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4., Conclusion

The role of E4 on the nonlinear wave—particle interaction in a small cold beam—
plasma system is investigated by using the model of many waves. The model includes
eleven modes and weak collisional effects in the plasma.

Particularly, the control of wave power caused by E,. has been studied. In the ab-
sence of collisions, the beam momentum can be clamped while the wave power increases
secularly for the moderate E4.. However, the wave enhancement depends on the growth of
neighboring waves. The effect of Ey. 1s most significant when the system excites almost
the monochromatic wave. Besides these, weak collisions ( v/@,~10" °) play an impor-
tant role in limiting the wave power enhancement.
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