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Sub-optimal Control of Nonlinear Systems by Use of Functional Expansions

Hiroshi Nomura*, Syogo TanAka®* and Tsuyoshi Oxirasks

Abstract

This paper is concerned with representing the response of non-lincar differential systems by functional
expansions, and we consider a suboptimal control problem by using this expansions.

The use of functional expansions to represent the response of dynamic systems is a well-established concept.
Since then functional expansions have played an important role in the modeling of nonlinear systems, both
when the underlying system eqations are known and when the system is characterized only by the availability
of input-output data. The dynamic system is described by a systems of nonlinear differential equations and
the objective is to obtain a local approximation of the system output by a functional expansion operating on
the input.  Usually, although not always, the exparnsion is a trancated power series.

A perturbation methord have been applied to optimal control problem in some class of nonlinear systems.
We propose a new perturbation methord which use functional expansions, and apply this method to nonlinear

systems which is described by the Kolmogorov-Gabor’s nonlinear differential equation. This equation

is very universal, and include Duffing’s equation, Van der, Pol’s Rayleigh's, etc. ...

illustrate the method.
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DRE % Fig. 1~2 1273, D79, FREE
ek, BRBBEICE OBERD I, Z ORE
Table 3 Table 4 (ZRF. %72, &GRS 2 IEKI0K
EThEF 7L 20l J D % Table 5 izF .

Table 2 Trajectory of X(K), U (K) with pro-
posed methord in case 1

L=10 J=0.309439 x 10t
K | U (K) l X(K)
0] —0.38956x100 | 0.10000 x 10t
1| —0.93154x 100 l —0.34418 x 100
2| —0.12426 < 101 0.10656 x 10-1
3 —0.35509 < 160 | —0.36887 x 10-1
4 0.19664 x 100 | 0.70463 x 10-2
5| —027380x100 | —0.37124x 10!
6 0.44406 x 10~ | 0.18177 x 10-1
71 —0.16302 x 100 ‘ —0.62808 x 10-1
8| —043391x10~ |  0.77766x 101
9| —0.11044x100 | —0.17601x 100
10 0.0 | 0.29299 x 100

-0.5 =
Fig. 1

Trajectory of x2(k) in case 1.
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Fig. 2 Tarajectory of U’ (k) in case 1.

Table 3 Trajectory

of X¥(K),

U (K)

sequential optimization in case |

10

with

7=0.180682 x 102

U (K)

|

X2 (k)

—0.51724 < 100
—0.20083 < 10°
--0.70120 x 100
—0.37239 x 100
—0.66910x 100
—0.44300 x 100
—0.65266 x 100
—0.48040 x 100
—0.64262 x 10°
—0.50344 < 100
0.0

_
S OO U N — | N

I
|

{

0.10000 x 10?
—0.29310 % 10°
0.11304 x 10t
—0.66435 < 100
0.12977 < 101
—0.93084 x 100
0.14562 % 10t
—0.11473 < 101
0.16028 < 10t
—0.13335x 10t
0.17388 x 101

2) Duffing kv x5 4
B v R 7 & k9 3 Dufing @ FBERIZDOW
T, Yiav—Yarkith-7.

a). { x1(k+1)=x2(k)

22 (k+1)= — x (k) +2x (k) + u(k)

+0.4[x2(k)]2+0.4[ x2(k)]%,

- 1.0
xo=L
1.0

Vol. 32 No. 1 (1981)

|

(48)

oM EE-H O

Table 4 Trajectory of X2*(K), U (K) with

recursive linearization in case 1

J=0.644395 > 107

| U (K) ? X2 (k)
0.45306 3¢ 10 0.10000 10!
—0.11511 % 10¢ —0.23122 x 10

—0.52542 % 104
0.77741 > 108
0.63570 > 107

—0.27516 % 108

—0.31798 < 108

—0.64269 < 10t
! 0.21418 x 101
—0.16676 < 10?

K

0

1

2. 0.97668x 102
3

4

D |

6|  0.96152x 100
|

|

7 ~0.51820 % 100 0.39584 x 108
8 0.24723x 100 | --0.43927x 108
91  —0.15226x 100 | 0.13155 % 109

10 | 0.0 T —-0.20452 x 109

Table 5 Criterion J in case |

Degree of power series | Criterion J

0 0.2237 % 106
1 0.2000 x 1010
2 0.1277 % 10
3 0.1640 x 10+
4 i 0.4894 x 108
5 0.5315 x 102
6 0.1877 x 102
7 ! 0.3900 % 101
8 ' 0.3173 x 10
9 0.3125 x 10

10 0.3094 x 10t

0.1807 x 102
0.6444 x 1017

Sequential optimization |

Recursive linearization !

b). ( x'(k+1)=x(k)
{ w2 (k+1)= — x (k) +2x2(k)+ u (k)
+2[ (k)] +2[x%(k)]*
1.0

x°:!_ 10

a) (31282 EH, b) (Z10B 1 TR T 2HEMEEDOR N
FZTHD. TOVRF LDV, BROPLE L
TIRD 4 M % B2 7.

®. (0,0)

@), BREGE LT X B UR

®. BRBIELALEITK 2EUR

@. BEREEAL L TRKDIEURE (B4, 1)
o4 HDORBOPLDL LT, Kk LBERBRAL
HEHCTHLROEE L2, T FhOBHE O
J Offi % a) Table 6, b) Table 7 it/7" 3. F/z,a) D
vRF AT, BROPLE (0,0 L L, KFHETK
W7o M OE RO % Fig. 3~4 1TRT.

(49)
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Table 6 Criteria in case 2-a
~~_ Nominal solution Sequential Finite setling Quasilineraizati
OPtimization (0, 0) optimization time methord UO ;&1; :1;20110r1
methord . 0.6407 x 10t 0.4280 x 11 | ’
Proposed 0.3523 x 101 0.3523 10t 0.3523 x 101 0.3523 x 101
methord
Recursive 0.5520 x 106 0.3523 % 101 0.3523 x 10! i 0.3523 x 10
linearization
Table 7 Criteria in case 2-b
“~.._Nominal solution Sequential Finite setling Quasilinearizati
Optxmx;atlon . (0, 0) optimization time methord uo ;62?/ Xllzgz on
methord 0.7237 < 1078 0.3500 x 102 :
Proposed 0.3360 x 102 0.1002 x 107 0.3360 x 10: 0.3360 x 102
methord
0 1 i
Recursive 0.1012 x 1071 0.1048x 107 0.3360x 102 0.3360 x 10?
linearization |
1.0 9§ 1.0
X(K)
UK)
0 5 L. 0 i 9"——-?\?\4&‘ 1 3 5 e J
0 5 K 10
Q
\ i
o
0 1 1 ?\ 1 3 b {2 & & -1.0
0 K 10
-0.5 L -2.0 -

Fig. 3 Trajectory of x*(k) in case 2-a.

MG & 2 7 £ Cld, FBERERDO KRB A MK LT 3
CLit&-T, EFvt vy aiCESIT, HEiEEE
VBREBICPORT I2BMEHERALTWSE. WRDO v
AFLILBNTIORABYEZ 3.
DEEBEERTORBERDS L, KDXS Tk 5.
W] v 27 »Tid P=2 T,
0x(k)dx(k) =0, 0°f (R(k), G(k))/du(k)ou(k)=0 T & 5.
L7cdi->T, TDZ L E2HBT L, LELHERS

Lird 0 (Z(k), a(k)/

3.3 DEEDS

Fig. 4 Trajectory of u(k) in case 2-a.
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ORI ELRD, ThFhOBEIKO» THER
i L7z, Case 2-a Ti3, BHOPLED, @, @I
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BEMERDIBEONRLTED B ENTEI. A
wTid, BEOPLED (0, 0) & LIBAETHR%
DR E BT B, BRBIBALETIEEBAD PO R
B E DTN TN B 2280, BT 2 HEMBR S 0%
Mo 7.

Case 2-b T3, X SIKIEBREHEORAFRITONT
2R L1, BHOPLEOKIE - BEAREDAEM
RICE > TH S, BEEBERDBE LV TER
Mot EHEOBLEDT (0,0 L LIEA, HEP
FRBEALE TN T 5 EMTEF, RHLIE.
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BT EMTE.

EEOWNBE LIy AT 2T OWTREBHOP.O%
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