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Mutual Inductance between the Semicircular Bus and

the Straight Bus ()

Yukio Koipe*, Masashi KoTani* and Nobuo TAKEHIRA¥

Abstract

In the case that two conductors are disconnected, it is difficult to calculate mutual inductance
by means of elementary functions. Therefore the authors use Bessel function. They show mutual

inductance expression of infinite power series.

1. Introduction

In this report, as well as first report, 1 two conductors lie in the plane. But they are disconnected.
Diameter of the semicircular bus is perpendicular to the straight bus. One end of the straight bus

lies in the extension line of diameter.

Fig.1 Arrangement of the conductors

2. Calculation of mutual inductance

In Fig. (1)
R2=(I—li+rsin 0)2+ (r+m—rcos 0)2
Therefore
R=V(—h+rsin0)2+(a—rcos 6)2 W

where a=r+m

On the other hand, scalar product di; - d/s is
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dly + dle=dl1 dl2 cos 6 =rcos 6dodl1 2)
By Neumann’s formula, mutual inductance A/ between the semicircular bus and the straight bus

in Fig.(1) is

M:%%S gdll,]',zﬂ2

UOS Sh:l rcos 6dodh
KL V=0 & (I=h+rsin0)2 +(a—rcos 0)2

Integrating with /1

(" dh -
Yoa/ (I—=lh+rsin0)2 +(a—rcos 0)2

—(tog.{1—ti+r sin 04/ U—=hr Sind)2 T (@a—r co 0)2}]é

= log.{/+rsin 6 ++/(+rsin 0)2+ (a—rcosf)2}

— log.{rsinf+A/(rsin6)2+(a—rcosf)? (4)
Using Eq.(4), Eq.(3) becomes

T

M=A07 " cosd log. {1+ sing ++/ (I rsind)= + (a—reosd)=} df

—725 V cos6 log.{rsind ++/(rsin 0)2+ (a—rcos 0)2} do

where

My = S g cos 0 log. {{+rsin 0+ ([+rsin0)2+ (a—rcosf)=} do

Mao= g " coso log: {rsin0 4/ (rsind )2+ (a— rcosd)2} do

2.1. Calculation of M

Integrating by parts, 241 is followed

M= E: cost log.{l+rsin0+y/ ([+rsin0)2+ (a—rcosd)2} do

=(sin0 log. {/+rsin® +,/(1+rsino>2+(a—rcose)z]”

"VSK . cosO{l+rsind+v/ ([ +rsinf) 2+ (a—rcosf)2} + (a—rcosd )sind
v (I +rsin0)2+ (a—rcosd)? 2{I+ rsin0+/ (I+rsind)2+ (a—rcosf) 2}

rsinf cosd d6

0y 02 +r~~20rcos(6 +¢)

-1

Sﬂ rsin20do
0 a—rcosd
\;

rsin20 (I+rsinf)do
0 (a—rcosb)y/ p2+ r2—20rcos(0+¢)

=Mia+Mp+Myc (6)

+

where 0=+az+[2 ¢ =arctan [Z (M

g n cosf sinf dé
0+ p2+r2—20r cos(0+¢)
[ gm0 o

a—rcost

Miy=-—r

rMhp=—¥F

~ \'” sin20(/+rsin 0)do

]‘,{I v = e e e —
16=T 1o (a=rcos0) o2+ ra—20rcos(6+¢) (0
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It is difficult to obtain Mi4, Mic by means of elementary functions. So we use Bessel function.
By Lipschitz2

1 ]
i ) o Jo(indr (1
where  WM2=02++2—20rcos (0 +¢) 19

By Neumann’s addition theorem?
Jo(Re)=Jo (o) Jo(rt)+2 2 Jn(ot)J(rt)cosn(0+¢) (13
n=1]1
Substituting Jo(Mt)into Eq. (1)

1 [ o )
"o S o Jo (e Jo(rr)de

Cco

+2 5 | 00 I rtycos n(0+ g)d i
n=]
By a complete elliptic integral of the first kind, the first term of Egq.(l4) becomes
Coca 2 r )
| o o) Jo (rtrdr= ok (1) (15
On the other hand, by hypergeometric function, the second term of Eq.i4) is followed®

2 _Sj S: Ju(ot) Ju(rt)cos n(0+¢)dt
n=1

‘(72&( nt, % RS E ,’f) 6]

Hypergeometric function oF; is expanded into hypergeometric series®.

11 2
2Fi(nt 5, Fin+1:ity)

2 2 - p2
, 1 1
S R (R e eae) )
O I e R AR R R (o2
A had ! ! 2\ 7
ml(n+1) ° (2n+29)1(29) (é) -

Ty! U
1'(n+%j)/"[%—)”'19{("+7’>'77'}2‘* [

Using Eq.{15, (16 and(7, Eq.(4 is given by
1
"o
Eq.{§ substituted in Eq.(8) gives

had Qn+29)! 29! (rS)V

r7l
*K( ) + 2]2 Z = 1COSH(0+¢){(n_i_n)!vl}‘ﬂév';l e

L

S’ m siné ) cos 0 db
Mig=— r -
0 N 02+r2—20rcos(0+¢)

2r

=— K(fp-) 3 : cosd sin 6d¢

= (a2l (2 .
_rr - Qu+2m)!(2y) (’)W r cos 8 sin 0 cos n(0+ ¢)do

(o)
. Wl Y LA AN b AUE A R
2 ,,,}SJ /Ln pr i i(n+y)!91}2 4 20n\p2] o

©0 oo n 1 1 2
-2 353 o Qut2n)!(2)! (r_2
n Y=

o P Ak gy 2 42 ) Lan (19)

where 14, = S ; rcos 0 sin 0 cos n(6+ 4)do 20)

Similarly Eq.(1§ substituted in Eq. (0 gives

' 2
Mic— ! ™ sin20(l+rsin 0)do

0 (a—rcos c?)\/pa+r2—20rcos(ﬁ +4)
B K( )3, rsin26(/+rsin 0)
71'()

o a—rcos 0

R PN e g e
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o pn2n+27) ! 27)! r2\7 { = rsin2 6(/+r sin 0)cos n(0+¢)
+ 2 Z Z S (n+ ) Ip1}2 420 n( pu) S 0 a—rcos 0

- (g

© @ (2n+27) (27)! r2
+2 2 2] N HCEE 112 4 20+ n(p?) Icp

n=17y-=

_ (= rsin20(/+rsinf)
where I""_So 4—rcos 0

de

I _gﬁ r51n‘-’0(l+rsm6)cosn(0+¢)
=)o a—rcos?f

2.1.1 Calculation of Iin

Lin= S ; rcos 6 sin 6 cos n(6+¢) dé

=7 S [sm {(n+ 2)0+n¢}—sin{(n— 2)6+n¢}]

If n= 2, this becomes

IAn:j;—[ n+2cos{(n+2)0+n¢»}+—~cos{(n 2)0 +n¢}\[”
2r . .
— 24 €08 né (n:odd integer)
0 (n : even integer(2))

And if n=2, Iz is followed
Tr .
Lio=— sin 24

2. 1. 2. Calculation of I¢o

_ (™ rsin? 0(I+rsin6)
1(;0-80 “a—rcos0 de
Introducing the new variable
; !a—rcos 0=U ~a+r
rsin 86d6 =dU
Sin6:\/r2—a5-’+2aU— ]
r
Then
I(;O:%s‘ :‘7’ l:/l2292+2a0 g2+r2—a’~’+2aU U2 v

l — 1 atr
= n(a—da?—rQ)—7(a?—r9)logs aT,l+2‘7

2. 1. 3. Calculation of Icn

1o _Sfrsmi’f)(lJrrsm 0)cosn(0+¢)
Cn=14g9 a—rcos 6

{7 rsin20(l+rsind) cosn(6+4),,
#So a—rcos 0

n rsm‘~’6(1+rsm6)cosn(0+¢)
+ g 2 a—rcos 0 do

Let 6 substitute for 7—0 in the second term of Eq.Q)

i z ,Sln23(l+r51n0)cosn(0+¢)
Cn= S 0 a—rcos 0

§§ rsin20(/+rsinf)cos nz cos n(0 — ¢)
Yo a+vrcosl
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. T

_ 502 r$in20 (/-4 r sin 0){c05n( +¢) cosnmcosn(6—¢)

a—rcosf a+rcos 6

{do
If nis odd, Eq.©9 becomes

2rcos 0 cos ng cosn 0 —2a sin né sin nf
a<—r2 cos26

Ientoday = } Ersin20(1+rsinﬁ) do
If nis even, Eq.9 becomes
z 2acos ng cos nf —2r cosd sin n¢ sin nd

. . 2 2 enk2
Tenceven) g rsin 0(l+rsind a?—r2 cos20 de

First consider Eq.¢9). We make next substitution.
n=2k—1 (k=1,2, - )
So using the formulas of trigonometrical function, cosn, sinné are respectively®

cosnb =cos(2k— L)&— LZ()( 1)11~5(;—Ii]i—%j(2k—:~1)(2cos )2k -2n-1

(Zk_hh —Z)Sin(’ (2c0s0)2k 242

sinnd =sin(2k—1)60 = j (—1)"
h=0

Inserting Eq.@Jand Eq.@) into Eq.o9

272 k-l . Qk—1) (2k—h-1\ . .
lt:n\'mlrl,) :_a—?*COS(zk‘J)(ﬁ ’I;O (A])Ii(\ZIéjh—l)( h )2
S § sin20(l+r san)COS _Zhﬂ,dg
1—2z cos26

k—2h -
7 sin30(I+rsin6)cos” "%

1—2zcos26

2r . = (k=h=2)
~Gsin(ak=1p 53~ s | do

(2k— 1) (Zk—h—l

2r2? k-1 -
=?cos(2k—1)¢ Z (—-1)’ 3 )x 2 2k—2h—1

22k—h—1)
- L,l
L “2(1-T)2dT o T Fu-T)d7y
2o Ty T T 2 - 1—zT
2r . k-t 2k—h—2
= — i ), —2h —
asm(zk 1)¢ Eo( 1)’( n )22’° h=2
l lTlrfh'—‘ ) 1T _g 3
L 2(1—T r 2(1—T)2
X A VA _. 17
{2 80 1—zT 2 s” 1-2T dT}
r2 Fo\2
where z=5§:(;+hJ <1

In Eq.34 we use next substitution
L ‘ 0
2lcos20=T |

0| !

1 -1 -1
dd=—>T 2(1-T) 2 dT

The integral expression of Gaussian hypergeometric function is given by7’
A CO N
r'(a)l'(r —a)
Using hypergeometric series, Eq.@5) is rewritten

r1
eFi(a, 3575 2)= o T 10Ty <11 =27y -udT

(1
5 Tl =T)ra-1(1—zT)-&dT

_r—a) & r'(at+d) I'(3+1)

Ty R rasmny
Comparing Eq.(0 with the integral term of Eq.8Y, lcuoaay is given by

(2k—1) 2k—h—1 o
Z(Zk—h—l)( h )22z

2r2 k-1
lt'n(mlfl):HaT COS(Zk-])(ﬁ > (—‘1)/L
=0

3 , 1
in ﬁ_- }0_: I(ki£+l+ )1 (/1+1)
2 0°(1) =0 I'(k—h+1+2)

LRI R 01T

[69)]

(36)
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( k—h+/1+i) r(i+1)

A\ 2 Y

° k~h+/1+%) At

r( )

+r
2 ra

“Ms

2r . k=1 (2k—h—=2\ o o
- sm(2k—1)¢h§}(—1)’ ( 5 )22k 20—2

1
4szggﬂ“’ﬁiﬂd

2 ra htd+ )/1

~

\

I~

d5) o« 1
, r(5) g rlenieg)rom
Tz T _F(fk-hwwzwzY

2k—h—1
=2f,cos(2k 1)¢>2 (—1) zgzk }1) 1)( h )2216—211,_]

! o ka2
XVG B Feak—ht ) (h—htitD)!

©  (k—h+2+2)!Qk—2n+22)!
8l 20 (k—h+l)!(2k—2h+2x+4)! z‘}

~—sm(2k—])¢ ( 1" ( Zk_hh_z )22k~2h,‘2

( (k h+/1+1) Gk—2h+22-2)! |
X8l 2 k—h+ A—1)1(2k— ht2it2)! &
3nr 2 (Zk 2h+22—2)1 Z*
T8 = 4 ik —h+Ai— 1) (k= h+i+1)}
Next consider Eq.60 In this case n=2k (k=1, 2,-: )
As well as Ien(oaa)y, We obtain
ko (—1)h2k (2k—h
Lon(even) _2_cos 2k 2 2(2k) ) ( )22’\ 20

S 5 sm~6(l+rsm6)c052’»'2h0 dn
X 0 1—2z cos26

( kvz_l)zmwznﬂ

5 sm36(1+rsm 0)cosek—2h-1p
X S 0 1—zcos? 8 do

n k — h
COS 2k¢ ((Zk )h;((z B )sz—zn

1
‘1 lTkﬁhiE(l—T) 2—+ rT'.', h— E(l T)
g ety on

(Zkhl

r2 . k-1 .
~—Qsm2k¢ 2 (—1)" )zm 2h—1

1zT

k h(zk—h

%cos 2k¢ 2 2 D"\ h )22k~214,

Im (2k— 2h+2/1)‘z"
12 47 Tt (k—h+ ) (k—h+1+1)!

6 Qk—2h+22)1k—h+2+2)! }
167~k =2kt 2A+ 4 h—h+ L &

X

1=

o k-1 o h
rbln 2k }_, 2( 1)n ( 2k Z 1)221.;2/1,71
=0/
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{1(k—h+)t-1)!zl 4= (—ht 2 —1)! (k—h+£+2)!z’-} »

Gk—h+a+1)! T3 (2k—2h 1221 4)!

M4 is obtained inserting Eq.@4, Eq.09 mto Eq.(9 and M)c is obtained inserting Eq. @6, 67, 69
into Eq.@).

We do not calculate M)s because M,5 cancels Myp of Ms,

These Mi4, Myp, and Mj¢c are shown in 2.3.
2.2. Calculation of Ms

My= S 7; cos 0 log.(rsind ++/a2+r2—2ar cos 6) d6
:[sin 0log.(rsin 0+ y/a2+r2—2arcos 0) ];

cos 0(rsin0+d5m?_'7arcogﬁ) +(a—rcos 6)sin 0 4o

—Fr

0 vVa21r2_ 2grcos 0

_rsin? 0do 0

Jos
51 rsin 6 cos 6 do
-

0 —I‘COSﬂ

. s : rZsin3 g ddfr R
(a—rcos 0)v/a2 1 r2—2ar cos 0
=M+ Man+ Mo 39
where Mz, Mzp, My are the first, second and third term of Eq.9)
2.2.1. Calculation of M.

We make next substitution

I 24,2 2| (atn)?
a?+r2—2ar cos 6=X (a—r)2

ar sin0df=XxdXx
So that M. is given by

1 Coa -
Moa=——5a3, | ., (@@+r2—X)dX

2r2
~ 302 (40)
2.2.2. Calculation of M,
We replace a— rcos 6 with U. We have

M VHLS‘“" 2aU—a%+r2 - U2
2(/Wr a—r U\/ZGU aZ+r2

1 o NaHEr
372 (aU+a?—r2)\/2aU— a~+r2} -

=2 +-§-Z% i«/m(arctanvg—arctanvg) )
23. M
In 2.1.3. we have referred to the method of calculation of M;. M2 can be obtained as the sum
of Eq.@0 and Eq.@).
Let M show the expression of infinite power series.

]\J:—"f(l(Ml Mz) = 47_(M11+M1,,+M1/—M)4—M 23— Mac)

“0 " (Mya+Migc—Msz.a— Mac)
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_ sor(mrd g (D! (r2y
4 [2"3 Sin 26 2, {(n+2)!v!}242v( )

02
© @ cos(2k—1)¢ (27 +4k—=2)1(2m)!  (r\¥+e
v+ 5 5T Gk onnaees (5)
wlr 2 2 2 k] cos(2k—1)g( r\212k  2k—1
T a2 ngo 1§o k§1 hgo(—l)h 427+2k+1 (0) 2t 2k—h—1

% (27 +4k—2)1Q27) ' Qk—h—1)1(2k—2h+22)!
((+2k—1)Iy132Rl 2k —2h— 1)1 (k—h+ ) (k—h+ 2+ 1)!

gr2 o ® @ k-l cos(2k—1)¢ ( r\21*t2k = 2k—1
> > (”””W(ﬂ 2 Yy - |

% (21 +4k—2)12)!' Qk—h—1)1(k—h+2+2)!(2k—2h+24)!
{Gr+2k—1) 19} 2h (2k—2h— 1)1 (k—h+ 1)1 (2k—2h+24+4)!
L, Sin(2k—1)¢

—1 r 27+ 2k
20(_1) T4y R R 1 (?) Z*

(27+4k—2)1(20)! (2k—h—2)! (k—h+ A+ 1) (2k—2h+24—2)!
X {er+2k—1) 171} 2(2k —2h—2) Tl (k—h T 2 —1)! (2k—2h+ 20+ 2)!
r )277“\-21151/1

1 sin(Zk—1) ¢
> (—l)hﬁm—T(K

27+ 4k—2)1(21)! 2k —h—2)! @k —2h+22—2)!
X ((r T 2k=1) 71} 2(2k —2h—2) R (k—h+ A+ D)1 (k—h+ 2—1)!

] cOS 2k¢ F\21+2k+1 k
(—D"m(—) 2 3k—h

5
@1+ 4k)1 (20)! (2k — )1 (2k—2h+22)!
X T+ 2k) 1} 2kl 2k —2h) (k= h+ 2+ 1) 1 (k—h+ 1)

oo x cos 2k¢  r\2n 2+l k
538 s coeginaly) P

(20 +4k)1 (2 2k —h)! (2k—2h+24) ! (k—h+A+2)!
X [Cq 20 7133kt (2k—2h) 1 (2k—2h+ 24+ D)1 (k—h+ )]

Ms
Mes
18
TM =

0

Ir o © © k1 sin2kg (r\EEHL (2044 K@D k—h—D! (k—h+i-D!
e 5 2 2 B, onlo) TGOt k2 1) (kA 27!
3r2 © © o k-1 N sin qu) r 27 +2k+1
T a? vgo Eo kzzl h=0<_1) 42”"’2”""1(?) 2

(27 -+4k) ! (2n)! 2k —h—1) 1 (k—h+ A—1)!(k—h+2+2)! ]
X {1 2k) 11} 2h! (2k—2h—1) 12k —2h+22+48)!

Hor 2 e Va—f—r Va——r

s —— I, 2 p2 — - 2)

47r{ 2 ’A/a r (arctan o arctan ot r) } €5
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