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On the Separation of All Real Roots of a Polynomial Equation

on the Arbitrary Interval

Toshihiko OKADA

Abstract

This method finds all real roots of a polynomial equation on the arbitrary interval (a, 4] such
that g<<b. Let f(x)=aox*+a1x" 1+----+a,=0 be a given polynomial whose coefficients are real
but ao=r 0 . From this, we construct a sequence of polynomials as follows. That is, f(x), f(x),
-+, f=D(x). Now we can obtain the root x;; of f»-1(x)= 0 immediately because of f(»—D(x)
being linear. If there is x;1 on the interval (e, 6], we divide the interval (a, b) into two parts (a,
X;1Jand (xp, 6 by using it. Next we consider whether there is or not a root of f(»-2(x)=0
on each part. If f(n-2)(g) « f(»~2)(xy;) is negative, then f(»-2(x)= 0 has one root on the interval
Ca, xun). If positive, then one has no root. Now suppose f(*-2(x)= (@ has one root on the interval
Ca, xn). Then by Newton-Raphson method starting with the first approximation x,=(a+x11)/2,
we can obtain rapidly the root xz; of f(»~2(x)= 0 on the interval (a, xy;). Similarly, on the other
interval (x;;, bJ we can obtain the root xz of f(n-2(x)= 0 if there is. By using x1 and xpz, we
divide afresh the interval (a, ) into three parts (@, x21), [x21, x2) and [xz, b]. Repeating
the similar procedure for these parts, we can obtain the roots of f(»-3(x)=0 of degree greater
than f(»-2)(x). In general, on the interval (a, bJ we can obtain the real roots of f(i-D(x)= 0 by
finding those of f(’)(x)= 0 of degree lower than f(:-D(x) where 1<(i<n— 1. Finally, continuing
the method mentioned above, we can find the real roots of f(x)= 0 on the interval {a, b), which

is divided into some parts by those of f/(x)=0.

1. #&

i

AT EEX BT 3 R0 TXTD
EEP HEROREZRBU A LS KRDEEDTH
%, BIfERtSAT X 2 RBOTEAOREIT L VS
1 Tu % Newton-Raphson #:D, Bairstow 3D
TR DE U2 REL, KEEIE®2 < DEL T,
—D2DWD B VEODORE FRNHL T, HRe—
DHBVIITORVHT Iz NT S A B NI RETERR
DRE % 1 IRD B0 2IMSOBE T, HLLHER
WCOWTRRICIR 2 RO T2 E > TNV S, T
N5 DITHEITIS WV TR O OB EDSE &I
HRUZhozh, ZONDKET0 75 ARINDET
b TE 2T, F-oFEL LI F 3N
LeEHB. F1o, BrRREOEIUC s B
KEZRWEC 5129, WU TH LW HREROEICHE::

*SEmf

PRBEERETZ. O ERTBEAVEBRITL2I1EE
WHBBLW.

AITETERARBITEN f()=0 (¥ O FER
Z, LI Y IREFERD f(x)=0 %R 5K
B xiii=n—1, j=1,2,~-, k<<n— 1) » %4
U, K Ca, ) 2 2hD/h XM (e, xi1),
Cxary xigd, ===, Cxa, B CHHEIL, BEXREICE 4
VEFET 2 L o5wd 3. EXEO B0,
Newton-Raphsoni:, —/3&#i#g: (Binary search)
FICL->TRD B, COXIRFELEI-TELLGN
IHRBOTERORE 2 2 C 254, 212, SEER
BROLIBPETLEZICRD 22 TE 3,

2. & H &

EEOXME (a, b IWHEET 5T NTOEERLKD
3iTid, ROX > SHEERERL LA, UTFHREVAE
WA T fe s



230 (10) [ M

L L bbb X HEIRET 5.

Lz b e REOTER,

f(x) =aox"+a1x?~1+--+an=10
&b,
=0, f/(x)=0, -, fDX)=0, -,
fr=-D(x)=0

POLOHT, D=0 B 1RED»SIZEDIT
WeRkDEh 3, KROTExn itk > TR Ca, b)
PTOYEIL, 2R (a, xu), Cxu, b &35, %
Xiiciz fe-2(x)=0 (R 2) OB E % 1 EF
T35, Thabb, 1XRGEXOR wuick->7T, 2
K BEROBRB 2 OXRMiczh FhDEEIh b &
7z 5,

CDL B TERERDOFERICE - TV ,
fOX)=030G=1,2 n—1) OmfA (m<n—i)
DORITE T, X Ca, bJ 5 m+ 1T 3EEH
. LIthi-C, XK Ca, b it T f/(x)=0D
B’ I EREhE, XE Ca, b 231+ 1 fEIC #HE
1, ) =0 DBEVEXMITTEEINA LT3,
RCE X DIRANDOEFITHAC DN TR S,
fE-D(x)=0 OWxnick->TEB Ca, xul, Cxu,
bl wsrElsh s, XM (e, xuld i f-2(x)=0
DIEVTFLET 20 E 5, f2(a), f-2(xp)D
FRIC X - TRED. RS2 THFAL SV, B
B TEFET S, TELIVE JIIRO/NXH

n—1,

fix)

Fig. 1 The root x11 of f(o=D(x)=0 (degreel)
divides the interval [a, b] into two parts (a,
x11) and (x11, b] . A root xn of f"=2(x)=0

(degree 2) lies between a ond xu, the othker
xoo between xy and b

Vol.22 No.3 (1972)

wm E

<5,

Wi, Fig, 1iRd & 5 ieXE (e, xnld Wil
TT3EE, 2RIFERO—2DER 2 ~D £
Newton-Raphson & 3 W3 8B B8BHI k - T
77585,

Newton-Raphson 3% :

F1EMELT, i=(a+xu)/2%¢& Y,

5 2 370,

xg=x1—f"=2(x1) /f=D(x1)

BRD B, —RICE kEEUE

Xe=Xxk-1—f =D (xk-1) [ [PV (xk-1) (k=2,3,)
Lizh,

| (xe—xk-1)/xx | <<e & BT,

| frr=2(xx) | <e
e A2 o0 xx 2IRET S,
= EkE

9, xai=(a+x)/2%&bH, f-D(a), f-2
(x1) BWEAFEEDE &, a=x1, BFFOL 5, xu=x1
EEHEL L ROFAET X M2 D 5 AL TH
VWD DEEH x2 2 & ) 7D (x2) DFB %L

B, X5 IRERRIED T . Tibb, Fig. 2
WiRT L5, Ca, xn) = (x1, xnd = (xi, x2J
e & 72T KL XK Dy x5 (G, =152,
li—jl=1) B+oeiFEEh, /)] <e »30
W f(x) | <<e BT EE, xi HBHVIE xBEE
G5, ik, xe=(+x)/2 ®BEh, i<j<k &
FHE, | k—xi) /x| <z 2HEI2T5 50K x8 AR

/m | b "

Fig. 2 By the binary search method the intevtal

e IRHETEE R

a x1 x2

Ca, xy) where the root exists narrows graduelly
as follows. That is, (a, x1J => (x1, xnl —>

Cx1, x2J ==



R T 2 RBOT RO RSB DT (11) 231

»UT, FEXMTRDIERHEEL, —O&KRD
HEADXM Ca, b) TOE/NX NS 2453

HET B, T2 prp
SLEDE 5 BHEC LY, 1 0HRRD bR b N
Lo THREZRD T E, BT fO)=0 ODREZK flx)
DB EWBTE S, 1
Bl fO=(x+1)(x—1)(x~2) /
=x8— 2x2—x+2=0 2 1) w) e 5 "
S (X)=3x2—4x—1=0 .
ST(x)=6x—4=0
Hg3K%Ti5KBEE—2,3]Kth,1 9
RITEROR x1u= 2/ 313 2 kK FBEROH xa=(2 —
VT3, x2=(2+4T7)/3 2NXE (=2, 2/3) -3
& 02/3, 3] WAL TWVA, X51T, xo1, xm
B 3RTBADOE 1=~ 1, xp=1, xz=2%/)X —4
Ml C—2, xa), Oxa, ¥z2d, (e, 3D WC/MEEL T
©e Fig. 3 The separation of the real roots of f(x)
3. R B & 8 =x3—2x2—x+2=0 on the interval (— 2,
33

RFITRL T3 70 75 20 FACOM-231 iz
hKEETT/2 572 Table 1R & 5 ICEEHL 2 ROBE L IRECRIFICORY 5 0 & 28T T 5,

Table 1 Experimental results (¢=10-8)

Degree J Coefficients Results True roots

4 1, —6, 9, 4, —1.00000000000001E +00 —-1.0

—12® +2.00000000000001E +00 2.0

-+2.00000000000001E + 00 2.0

-+ 3.00000000000001E +00 17 3.0
4 1, —4.86, 8.8571, +1.20000000001148E 400 1.20
—7.173846, +1.20999999656328E + 00 1.21
2.1788712% +1.22000000802954E -+ 00 1.22
-+1.22999999940513E+00 ) 1.23

6 1, —9, 45 -85, —1.00000000000001 E+00 —1.0

34 74, —100% +1.99999999999999E -+ 00 2.0

. ) 3+4i, 1:xi

10 1, —55, 1320, +1.00000000000022E -+ 00 1.0

—18150 15773, +1.99999999999760E + 00 2.0

—902055, 3416930, +3.00000000012695E + 00 3.0

—8409500 12753576, +3.99999999948219E + 00 4.0

— 10628640 3628800 +5.00000000264719E + 00 5.0

-+5.99999998851310E + 00 6.0

+7.00000000480307E + 00 7.0

-+ 8.00000000964149E + 00 8.0

-+9.00000000706719E+00 9.0

+9.99999999763440E + 00 10.0
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-+1.00000000000000E + 00
+1.00000000000000E +00
-+1.00000000000000E + 00
+1.00000000000000E + 00
-+ 1.00000000000000E + 00
+1.00000000000000E + 00
-+1.00000000000000E +00
+1.00000000000000E + 00
-+1.00000000000000E +00
+1.00000000000000E +00
-+1.00000000000000E +00

T o e L
[=JK =N = R == = = S = S = S o i o= T o]

+2.53989777970641E—01
+2.66480958169940E — 01
+2.89189745666758E—01
+3.25557543841587E—01
+3.81966011172561E—01
+4.70459597509400E — 01
+6.15294736492605E — 01
+8.70745329542214E—01
+1.37902118690857E+00
+2.61803398874930E + 00
+7.12012217452357E+00
+6.34091389484112E + 01

—1.00000000000001E +00
+9.99999999999970E — 01
+9.99999999999970E —01
+9.99999999999970E — 01
+9.99999999999970E —01
+9.99999999999970E —01
+9.99999999999970E — 01
+9.99999999999970E —01
+9.99999999999970E — 01
+9.99999999999970E — 01
+9.99999999999970E — 01
+9.99999999999970E — 01

—1.00000000000001 E+00
-+1.00000000000001E +00
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x18 4 x16 4 -eeeee +x24+ 1
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11 17 —119 551 —165’
330; _462’ 462’
—330, 165, —55, 11,
—1
12 1, —78, 1001, —5005
12870, —19448,
18564, —11628, 4845,
—1330, 231, —23,
B
12 1, —10, 4, —110,
165, —132, 0, 132,
—165, 110, —44, 10,
-1
20 1,0,0,0,0,0,
0,0,0,0,0,0,0,
0’030’0’0!070,
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HERORETRI B L3I ->Th b, INRHEEE =108 &L T3,
ASI7— 2 DIF
a, b, n, ap, a1, -+, an
LT, a b XEZER (K#a<b)
n: B (BEO
ao, ai, -, an: R CGERO
begin comment reallength-=15 ;
integer i, n, I;real a, b;array A, ROOT (1 :21];
procedure POLYN(a, b, n, A, ROOT, I);
value a, b, n; integer n, I; real a, b; array A, ROOT ;
begin integer i, j, k;real ¢, d, Xx;
array AA (1 :21, 1:21J, B1, B201 :21J;
real procedure F(n, i, x, A);
value n, i, x; integer n, i;real x;array A;
begin real w; integer j, m;
m:=n—i+ 1 ; w:=A (m, 1J;
for j:=2 step 1 until i+ 1 do
w-=ws*x+A [m, jJ;

F=w

end ;
real procedure NEWTON(n, i, x, A) ;
value n, i, x; integer n, i; real x; array A ;
begin real x0, x1 ;
X0:=X};
LOOP:x1:=x0 —F(n, i, x0, A)/F(n, i—1, x0, A) ;
if x1 =0 then NEWTON:=( else
if abs ((x1 —x0)/x1)<<10— 8 then NEWTON:=x |
else begin x0:=x1 ; go to LOOP end

end ;
for i-=1 step 1 until n+ 1 do
AA (1, iJ:=ACJ/AC1D:
for i-==1 step 1 until n do
‘begin k:=n—i+ 1 ; c:=k ;
for j:=1 step 1 until k do
begin AA [i+ 1, jJ:=cxAA (i, jJ /k;

c:=c—1.0

’ end
WICTAS: TR @
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\ lend ;
k=0 ;
for i-:=1 step 1 until n do
begin B1C1):=a; B2{I+ 1) :=b;
for j==1 step 1 until T do
B1Cj+ 13 :=B2(j] -=ROOT(jJ;
ki=n—i+1 ; ¢:=i;
for j==1 step 1 until i do
begin AA (k+ 1, jJ==c*AA [k, j];
¢:=c—1.0
end ;
k:=I+1 ;1:=0 ;
for j=1 step 1 until k do
begin c:=F(n, i, B1(jJ, AA); d:-=F(n, i, B2(j], AA);
if abs (¢) <<10—11 then begin I:=I+1 3
ROOTI) :=B1jJ end else
i f abs(d) <{10—11 then begin I:=I+1 ;
ROOT(I] :=B2(j] end else
if (¢c>0 and d <<0) or (¢ <<0 and d >0) then
begin L:=I+1; x:=0.5+ (B1(jJ +B2(j));
ROOTCI] :=NEWTON(n, i, x, AA)

end

end

end

end of POLYN ;

START : Readreal(a) ; Readreal(b) ; Readinteger(n) ;
for i-=1 step 1 until n+ 1 do Readreal(ACi] ) ;
CRLF(2) ; Prinstring(BETWEEN’ ) ; Print(a) ;
Printstring(‘AND ’ ) ; Print(b) ; CRLF(2) ;
Printstring(‘DEGREE=") ; Printinteger(n) ;
CRLF( 2) ; Printstring(‘COEFFICIENTS’ ), CRLF(2);
for i:==1 step 1 until n+ 1 do
‘begin Print(A 3] )
\ if (idiv 5) *5=i then CRLF(2)
lend ; ' :
CRLF(2);

CALL: POLYN(a, b, n, A, ROOT, 1);
if I=0 then begin Printstring(‘THERE IS NO ROOT.’) ;

go to END end ;

Printstring‘REAL ROOTS’) ; CRLF(2);
for i:=1step 1 until T do
begin Print (ROOT (iJ ) ;

if (idiv 5) x5 =i then CRLF(2)

end ;
END : LFEED
end
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