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From structural data obtained experimentally, some microscopic parameters can be 
estimated unambiguously. By using these parameters, a quantum Ising model can 
explain the isotope effect in SrTiO3 and KH2PO4. The ferroelectric transition in 18O 
isotope crystal of SrTiO3 is successfully explained only by a mass effect in quantum 
state, which demonstrates importance of quantum effects in ferroelectrics. 
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Introduction 
So far as a phase transition takes place at room temperature, classical thermodynamics 
account the physical properties successfully. However, KH2PO4 (KDP) has been considered to 
be a quantum system [1], because proton is light enough to display the quantum behavior 
around the phase transition temperature of 123K [2]. Therefore a quantum Ising model (QIM) 
has been applied to explain the remarkable isotope effect between proton and deuteron [1,3-5]. 
Another example of the quantum system is SrTiO3 (STO), in which the quantum fluctuation 
(zero-point vibration) is considered to destroy the ferroelectric order even at zero temperature 
[6]. The quantum paraelectric character of STO is demonstrated by Barrett’s relation of the 
permittivity [7,8]. 

About a decade ago, ferroelectricity was discovered in STO18, where oxygen of STO is 
replaced by a heavy isotope 18O [9]. The transition temperature (Tc) decreases with reducing 
the 18O concentration x [9,10]. The temperature dependence of the permittivity for the mixed 
crystal SrTi16O1-x

18Ox (STO-x) was successfully fitted to the Barrett’s relation [10]. The phase 
transition has been explained by using three-state quantum Ising model [11]. The Tc-x phase 
diagram can also be explained by a quasi-harmonic model (QHM), if the effective mass of 
STO is assumed, and interactions depend on x, properly [12]. 
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Although the Barrett’s relation was introduced firstly in STO where the transition was 
considered as displacive type, the same relation was used in KDP under hydrostatic pressure 
(p) [13]. The Tc-p phase diagrams of KDP and deuterated KDP can be explained also by QHM 
[14], as well as by QIM [15]. Because a theoretical calculation is very sensitive to the model 
parameters, proper values should be determined by using experimental results, as reasonable 
as possible. 

In this report we display how to estimate the microscopic parameters from experimental 
results. By using quantum models with these reasonable parameters, we can explain the 
isotope effect in STO and KDP. 

  
Formulation 
Let us consider an atom with an effective mass m located within the self-potential V(x). We 
assume a bilinear interaction between the adjacent cells. The mean-field Hamiltonian is 
written by 
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where ξ = <x>, γ and h are the order parameter, the interaction parameter and applied field, 
respectively. Once quantum states in the self-potential are solved, the free energy, entropy, 
specific heat and permittivity are obtained by the linear response theory [16]. If the phase 
transition takes at low enough temperature, only two quantum states would be decisive for the 
thermodynamic quantities; this is a QIM limit. Another tractable method is to replace V(x) by 
an effective harmonic potential; QHM. It has been noted that both QIM and QHM give the 
Barrett’s relation for susceptibility χ:  [11] 
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Here T1 is the energy gap between the two quantum states and T0 is the interaction energy  
given by 
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where >=< 1||00 xx  in QIM, or 2
1

2
0 TmkxT BTT c=>=<h  in QHM. In both models, T0 

increases with the interaction parameter γ. 
The transition temperature Tc is given by a common equation for the both models as 
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In a classical limit 10 TT >> , Tc = T0. However, Tc decreases logarithmically with increasing 

T1/T0, and vanishes for T1>2T0. The quantum fluctuation surpasses the interaction energy, and 
ferroelectric order does not appear down to 0 K.  
   Hereafter we assume that the self-potential V(x) is given concretely by  
 { })cosh(2)2cosh()exp()exp(2)( axaxadadDxV −−−= . (5) 
The parameter d represents the splitting distance of two Morse potentials located back-to-back. 
The quantum states |0> and |1> are calculated as a function D/m, a and d, by solving the 

dingeroSchr && equation numerically. Physical quantities are calculated straightforwardly by 
using quantum thermodynamics as reported previously [17].  
 
Parameters for STO 
First we mention how the self-potential parameters can be estimated from the Debye-Waller 
factors of STO reported by Jauch and Palmer [18]. If the stretching motion of Ti-O is hard, 
then we can put d=0 in (5) and approximate as 2222 xDaDV +−≅ . For the ground state of 

the parabolic potential, the expected value is mDax 42 h>=< , which should coincide 

with 00222.0// =U  A2; the Debye-Waller factor of O at 111K in the cubic phase. Generally 

speaking, we can expect that the harmonic frequency mDa ⋅= πν  is order of 15-30 THz 

(500-1000cm-1). Therefore, one of the plausible set of parameters is m=16 in atomic mass unit, 
D=0.2 eV and a=4 A-1, for which the single molecular frequency is 15 THz. 

  Figure 1  The relation between <x2> and T1 for m=16. 
  
 The paraelectric-ferroelectric transition would be referred to the Slater-mode: the bending 
motion of Ti-O-Ti. The restoring force for O works from Ti as well as distant Sr and other O’s. 
The self-potential may be given by (5) with finite d. The calculated relation between <x2> and 
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T1 is plotted in Fig. 1 for m=16. The curve is almost universal for any Da2 and d, so far as the 
ground-state wave function is single-peaked. 
  The Debye-Waller factor at 50K has been reported as 0057.011 =U A2 [18], and the 
Barrett’s parameter T1 ~84K [9]. In order to explain these facts, we have to take the effective 
mass of the Slater mode is 50~70, because the quantum energy in the dingeroSchr && equation 
can be scaled by the mass. Here we assume that half of the Debye-Waller factor U11 comes 
from the acoustic phonon and the rest from the Slater mode, and two units of STO are coupled 
to induce the ferroelectric structure. Then the effective mass m will be given by the following, 

OTiSr 6
1

)(2
11

MMMm
+

+
=  ,   (6) 

where MSr, MTi and MO represent the respective atomic mass. Further the oxygen mass is 
considered to be given by the mean mass of (1-x)16O and x18O. The interaction may be 
magnified by six in comparing with a single O case.  
  Figure 2 shows the calculated transition temperature Tc given by (4) with parameters 
D=1.2eV, a=4A-1, d=0.18A and γ =1.39eV/A2. The interaction parameter γ  is adjusted in 
order to give the critical replacement ratio as xc=0.329. Here x=0 (m=70.87) and x=1 
(m=77.60) are STO16 and STO18, respectively.  

Figure 2  The transition temperature Tc against the replace ratio x of 16O by 18O 
in SrTiO3. The effective masses 70.87 and 77.60 are for x=0 and 1, 
respectively. 

 
We can choose other set of parameters, for example, D=0.2eV, a=4A-1, d=0.18A,  

γ =0.613eV/A2 and m=48~54. Additional assumption of x-dependent parameters may give 
better agreement between the calculated and observed phase diagram Tc-x, but let us settle the 
above parameters. 
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Susceptibility and soft mode of STO 
The paraelectric susceptibility is given by the Barrett’s relation (2). The similar formula for 
the ferroelectric susceptibility can be given analytically. The temperature dependence is 
demonstrated in Fig. 3(a) for x>xc and (b) for x<xc. At high temperature (T > 50 K), the 
susceptibility χ obeys to the classical Curie-Weiss law, however, the quantum fluctuation 
suppress the transition temperature a little. For x<xc, χ keeps a large plateau at low 
temperature.  

 
Figure 3  Temperature dependence of susceptibility and the inversed one.  

 
  The soft mode frequency can be expressed by an analytical relation both above and below 
Tc [19]. The temperature dependence of the soft mode is plotted in Fig. 4. Although the 
frequency decreases (T-Tc)1/2 just near the transition temperature, the temperature dependence 
becomes rather linear in the quantum regime. In the ferroelectric phase the soft mode 
frequency is proportional to the order parameter ξ. The calculated frequencies for STO18 are 
38 cm-1 at 60K and 16 cm-1 at 0K; the former is in agreement with the observed one 3-4meV; 
24-32cm-1 [11], and the latter is consistent with 13 cm-1 [20]. Our theory supports the 
complete softening of the phonon mode observed in the Raman spectrum [20]. 
 
Parameters for KDP 
We have determined the structural change of KDP through the ferroelectric 123K transition by 
using neutron scattering data [21]. Proton density is obtained by maximum entropy method. 
The density distribution can be characterized by three parameters Uxx=<x2>, Uyy=<y2> and 
Uzz=<z2> in the paraelectric phase. Through the transition point, Uyy remains almost constant, 
however, Uxx=0.0453A2 at 125K becomes 0.0173A2 at 115K. From these values, we can 
guess the parameters in (5) for proton as D=2 eV, d=0.30A or D=4 eV, d=0.29A, and a=4A-1, 
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which are consistent with the previous ones. Therefore QIM can explain the T-p phase 
diagram of KDP as well as the isotope effect [15]. 
 

Figure 4  Calculated temperature dependence of the soft mode for STO-x. 
 
Remarks 
First we discuss about the crystal structure of KDP just above Tc. According to the refined 
analysis [21], only proton is in disorder and the PO4 tetrahedron keeps a regular shape; it is 
not a disordered unit in the paraelectric phase. Once a proton attaches one side of oxygen 
below Tc, the PO4 tetrahedron distorts to produce a dipole moment perpendicular to the 
O-H-O bond. Therefore two models can be accepted; (i) proton ordering is the trigger of the 
phase transition [15], or (ii) softening of the vibration mode of H2PO4 takes place at the 
transition [14]. 

Since the transition is at very low temperature in STO, ground and first excited states 
should be essential. This will be the reason why the Tc-x phase diagram of STO can be 
reproduced by either QIM or QHM [12]. The satisfactory results with QIM indicates that the 
quantum mass effect is essential in such phenomena as quantum paraelectricity, appearance of 
ferroelectricity with replacing heavy isotope or other kind of heavier atom, stress induced 
ferroelectricity, and so on.  

Here let’s comment on the isotope effect about Sr and Ti in STO. The natural masses are 
87.62 and 47.867 for Sr and Ti, respectively. The scattering of the isotope is 84Sr ~ 88Sr or 46Ti 
~ 50Ti. The introduction of heavier isotope will rise the transition temperature 0.4K for 
88Sr50Ti18O3, if we follow the reduced mass equation (8). Such an effect is so small that 
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88Sr50Ti16O3 will keep paraelectric down to 0K. On the other hand, the critical replacing ratio 
xc is expected to be 0.41 for 86Sr46TiO3. Such an isotope effect is not large but may smear the 
transition point, if the crystal is not homogenous in atomic mass.   
  Finally, our result is not sensitive to the self-potential form. The double Morse potential (5) 
may be replaced by quartic form V(x)=ax4+bx2, for which the oxygen isotope effect in STO 
could be explained only by the quantum mechanical mass effect [22]. 
 
References 
[1] R. Blinc, J. Phys. Chem. Solids 13, 204 (1960). 
[2] J. Pirenne, Helv. Phys. Acta 22, 479 (1949). 
[3] P. G. de Gennes, Solid State Commun. 1, 132 (1963) 
[4] M. Tokunaga and T. Matsubara, Prog. Theor. Phys. 35 (1966) 581. 
[5] R. Blinc and B. Zeks, Soft Modes in Ferroelectrics and Antiferroelectrics, (North-Holand, 
Amsterdam, 1974) Chapt. 5. 
[6] K. A. Muller and H. Burkard, Phys. Rev. B 19, 3593 (1979). 
[7] J. H. Barrett, Phys. Rev. 86, 118 (1952). 
[8] E. Sawaguchi, A. Kikuchi and Y. Kodera, J. Phys. Soc. Jpn. 17, 1666 (1962). 
[9] M. Itoh, R. Wang, Y. Inaguma, T. Yamaguchi, Y.-J. Shan and T. Nakamura, Phys. Rev. Lett. 

82, 3540 (1999). 
[10] R. Wang and M. Itoh, Phys. Rev. B 64, 174104 (2001). 
[11] Y. Yamada, N. Todoroki and S. Miyashita, Phys. Rev. B 69, 024103 (2004). 
[12] S. E. Mkam Tchouobiap and H. Mashiyama, J. Phys. Condensed Matter 20, 055223 

(2008). 
[13] S. Endo, K. Deguchi and M. Tokunaga, Phys. Rev. Lett. 88, 35503 (2002). 
[14] S. E. Mkam Tchouobiap and H. Mashiyama, Phys. Rev. B76, 014101 (2007). 
[15] H. Mashiyama, J. Korean Phys. Soc. 46, 63 (2005). 
[16] R. Kubo, J. Phys. Soc. Jpn. 12, 570 (1957). 
[17] H. Mashiyama, J. Phys. Soc. Jpn. 73, 3466 (2004). 
[18] W. Jauch and A. Palmer, Phys. Rev. B 60, 2961 (1999). 
[19] M. Tokunaga, Prog. Theor. Phys. 36, 857 (1966). 
[20] M. Takesada, M. Itoh and T. Yagi, Phys. Rev. Lett. 96, 227602 (2006). 
[21] H. Mashiyama, T. Asahi, H. Kasano and T. Miyoshi, Neutron Activity Report on Neutron 

Scattering Research: Exp. Rep., (ISSP Univ. Tokyo, Tokai, 2006) Vol.14, No.96. 
[22] Detailed analysis of the quartic potential will be published in J. Phys. Soc. Jpn. 77, No.8 

(2008) 
 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


