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Single-Crystal Neutron Structural Analyses of Potassium Dihydrogen Phosphate and Potassium
Dideuterium Phosphate
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Single-crystal neutron structural analyses have been performed on both potassium dihydrogen phos-
phate (KDP) and potassium dideuterium phosphate (DKDP) in order to discuss the isotope effect from
structural viewpoints. The values of spontaneous polarization are calculated from the refined structural
parameters by the point-charge method, and the calculated values are almost in good agreement with the
experimental values of each compound. The temperature dependences of the anisotropic atomic displace-
ment parameters U33’s and positional shifts of potassium, phosphorus, oxygen, and hydrogen/deuterium
atoms along the polar c-axis is compared between KDP and DKDP. It is concluded that the paraelectric-
ferroelectric transitions are perfectly of the improper order-disorder type in both KDP and DKDP; the
ordering of the hydrogen atom induces the spontaneous displacements of both potassium and phosphorus
atoms. The interatomic distances and angles in the paraelectric and ferroelectric phases of KDP and DKDP
are also investigated. From the result, all the structural differences seem to be caused by the difference in
mass between protons and deuterons.
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single-crystal structural analysis, neutron diffraction

1. Introduction
Potassium dihydrogen phosphate (KH2PO4, hereafter ab-

breviated to KDP) is one of the well-known ferroelectrics dis-
covered by Busch and Scherrer.1) The crystal is easily grown
from a water solution by the slow evaporation method, stable
in atmospheric condition, useful in piezoelectric and nonlin-
ear optic devices, and well known as a typical ferroelectric
with a Curie temperature Tc = 123 K, where the paraelectric-
ferroelectric phase transition takes place. Its paraelectric and
ferroelectric phases have body-centered tetragonal (I4̄2d,
D12

2d, Z = 4) and face-centered orthorhombic (Fdd2, C19
2v ,

Z = 8) systems, respectively, and its ferroelectricity appears
along the c-axis. KDP is often categorized in KDP family fer-
roelectrics or hydrogen-bond-type ferroelectrics, in which a
proton in an O−H· · ·O bond is considered to play an impor-
tant role in ferroelectric phase transition.2)

The deuterated crystal potassium dideuterium phosphate
(KD2PO4, hereafter abbreviated to DKDP) is isomorphous
to KDP, and its paraelectric-ferroelectric phase transition
takes place at ca. 220 K. Both KDP and DKDP come up
frequently in discussions about KDP-type ferroelectrics to-
gether, as if they are permanently inseparable counterparts.
They are known for the deuteration effect or isotope effect
showing that the Curie temperatures of their deuteron com-
pounds are ca. 100 K higher than their proton compounds.3)

In the paraelectric (tetragonal) phase of KDP, a proton oc-
cupies two sites related by a symmetry operation with equal
probability. The disordered distribution of the proton between
two oxygen atoms of the hydrogen bond in KDP was con-
firmed by neutron diffraction study.4) Each PO4 tetrahedron is
linked to four adjacent PO4 tetrahedra by hydrogen bonds,
which lie along the a- or b-direction of the tetragonal cell
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perpendicular to the ferroelectric c-axis. The O-to-O distance
RO–O linked by the proton is ca. 2.5 Å, and the distance r be-
tween the oxygen atom and the nearby proton is ca. 1 Å. In the
ferroelectric phase (orthorhombic phase), a proton attaches
to an acceptor oxygen atom. Accordingly, the symmetry is
lowered, and the ordered proton is observed directly also by
single-crystal neutron diffraction study.5)

It is well known that only two protons attach to a PO4 tetra-
hedron, which is known as the ice rule.2) In the ferroelectric
phase, the distance between two acceptors (named O1) de-
creases slightly, and the distance between two donors (named
O2) increases slightly, in comparison with that in the tetrag-
onal phase. The symmetry of the H2PO4

− cluster is C2, and
the S 4 symmetry of the PO4 tetrahedron should be lowered at
low temperatures.5)

Although the structural change from the paraelectric phase
to the ferroelectric phase is accepted by every researcher, the
dynamical mechanism of the ferroelectric phase transition in
KDP is not conclusive yet. Blinc took the quantum effect in
the order-disorder transition of the proton configuration into
account, while assuming proton tunneling to explain the iso-
tope effect.6) Other researchers followed this proton tunneling
model, and then gave some theoretical works including the
model.7–10)

Ichikawa and coworkers noticed geometrical isotope effects
among hydrogen-bond-type ferroelectrics and their deuter-
ated isomorphs; the hydrogen-bond lengths seem to have
unique systematic differences between hydrogen and deu-
terium compounds.11–13) More concretely, the distance RO–O
is about 0.05 Å longer in DKDP than in KDP. This longer
RO–O induces ordering at high temperatures, which is the key
to understand the isotope effects in KDP family crystals.

Moreover, Tominaga et al. claimed that the tunneling
model is inadequate since no evidence of the softening of the
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proton tunneling mode has been detected directly.14) Addi-
tionally, they found forbidden Raman lines in the paraelec-
tric phase, which indicated that the point symmetry of a PO4
tetrahedron was C2, the orthorhombic symmetry, but not the
tetragonal S 4.15) Therefore, they proposed an order-disorder-
type transition mechanism on the basis of a mean structure
including the locally and momentarily distorted PO4 tetrahe-
dron.14–17)

On the other hand, the quantum motion of protons within
a double-well potential has been analyzed by many authors.
The tunneling frequencies, if they exist independently, are es-
timated at ca. 500 and 50 cm−1 in KDP and DKDP, respec-
tively.10, 18–21)

The crystal structures of KDP and DKDP around the
paraelectric-ferroelectric phase transition temperature were
refined by Nelmes and his coworkers.22–27) The main results
are as follows:

(i) In the paraelectric phase, the density distribution of pro-
tons has two peaks separated by a distance δ, which is
about 0.32 Å in KDP or 0.45 Å in DKDP just above Tc.

(ii) In the ferroelectric phase, the proton distribution becomes
an unbalanced one just below Tc, and finally appears as
a single peak at the acceptor O1 side.

(iii) With decreasing temperature, the atomic displacement
parameter decreases linearly in the paraelectric phase.
However, the U33 of the phosphorus atom has a positive
cut point in the zero-temperature extrapolation, which
may indicate the disorder of the phosphorus atom along
the polar axis in the paraelectric phase.

The coherent neutron scattering used in structural analysis
reflects only the mean structure of the crystal, so that it is dif-
ficult to distinguish between a dynamic disorder and a static
or quasi-static disorder. The former may be called a quan-
tum tunnel, while the latter a classical disorder. In order to
see the dynamical motion of protons directly, incoherent neu-
tron scattering experiments were performed by Ikeda et al.,
who refuted proton tunneling.28) Therefore, the order-disorder
transition mechanism not of a proton tunneling but of a disor-
dered PO4 tetrahedron was accepted widely.

The pressure effect on Tc is also well-known.29, 30) Samara
proposed an empirical criterion to specify the character of the
phase transition in ferroelectrics; the transition temperature
increases with the application of hydrostatic pressure if the
transition is of the order-disorder type, while for displacive-
type ferroelectrics the temperature dependence is reversed.29)

It has been noted that the ferroelectric phase transition tem-
perature of both KDP and DKDP decreases with the appli-
cation of hydrostatic pressure, which is in contrast to typi-
cal substances that exhibit an order-disorder type transition.
Moreover, the ferroelectric phase transition disappears down
to zero temperature at the respective critical pressures, around
which the dielectric constant shows a quantum paraelectric
character, as if the transition is displacive.30)

Such confusing situations were resolved partially. In 2002,
Reiter et al. carefully observed the incoherent scattering from
KDP and found evidence of proton tunneling, i.e., protons are
coherent over the two sites in the paraelectric phase.31)

First-principles calculations have been developed to inves-
tigate rather complex systems such as KDP and DKDP.32) It

was revealed that structural transition accompanies electronic
charge redistribution and ionic displacement as a consequence
of proton ordering. Moreover, proton tunneling is coupled
with heavier ions that exhibit cluster collective motion, but
not single-particle dynamics. A simplified model of KDP also
explained the displacive character of KDP on the basis of the
tunneling motion of a ’particle’ with half of the effective mass
of the H2PO4

− cluster.33)

The refined structural parameters of ferroelectric phases in
the low-temperature region were reported at Tc − 20 K and
Tc − 10 K for KDP and DKDP, respectively, by Nelmes et
al.25) To the authors’ knowledge, structural studies of KDP are
limited down to the liquid nitrogen temperature, and those of
DKDP down to 210 K. In addition to the structural parameters
in the paraelectric phase, those in the ferroelectric phase are
effective and important in the comprehensive understanding
of the phase transition mechanism.

Therefore, we perform the single-crystal neutron diffrac-
tion experiments of both KDP and DKDP in a wide tempera-
ture range (down to 10 K) for the ferroelectric and paraelectric
phases and refine the structure parameters, in order to exam-
ine the essential difference between KDP and DKDP. The ex-
perimental process is described in §2. Results of the structure
refinement are presented in §3, and discussed in §4. Finally,
conclusions are presented in §5.

2. Experimental Process
2.1 Single-crystal specimens

An experimental specimen of KDP with rectangular dimen-
sions of 3.1 × 3.2 × 2.1 mm3 (along the tetragonal a-, b-, and
c- axes) was cut from a transparent region of a grown parent
crystal provided by Dr. K. Gesi. The ferroelectric transition
temperature was 123 K.

A single crystal of DKDP was grown by the slow evapora-
tion method from a heavy water solution kept in a desiccator
at room temperature for about two weeks. The reagent with a
deuteration ratio of 98 % was supplied from Cambridge Iso-
tope Laboratories, Inc., and heavy water with a deuteration
ratio of 99.9 % from ISOTEC, commercially. As an experi-
mental specimen, a block with rectangular dimensions of 2.8
× 2.6 × 2.5 mm3 (along the tetragonal a-, b-, and c- axes) was
cut from a transparent region of the grown parent crystal. The
deuterium replacement ratio of the crystal was estimated to
be 95.8 % from the peak position of the dielectric constant at
214 K.14)

The surfaces of the specimens were polished carefully us-
ing filter paper wet with distilled or heavy water. As an elec-
trode, silver paste or evaporated aluminum was attached on
the c-planes of the specimens, and DC bias fields of 240–
360 V/mm were applied by a power supply (Glassman High
Voltage INC.) in order to keep the single domain states only in
the ferroelectrics phases of KDP and DKDP. The specimens
were glued on vanadium sticks using insulating varnish (GE
low-temperature varnish).

2.2 Single-crystal neutron diffraction experiment
Single-crystal neutron diffraction experiments were per-

formed using a four-circle-off-center-type diffractometer,
FONDER34) (T2-2) of JRR-3M, JAEA, Tokai. The neutron
wavelengths in those experiments were 1.245 2 and 1.239 6 Å
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Table I. Measured temperatures [K], numbers of independent reflections,
and residual factors (R1-factors) [%] in KDP and DKDP.

KDP DKDP
Temp. No. Refs. R1 Temp. No. Refs. R1

200 197 3.90 298 222 3.19
150 215 3.28 250 220 4.24
125 208 2.73 220 219 4.23
120 388 3.54 210 366 4.64
118 390 3.51 205 398 4.73
115 390 3.27 190 373 5.06
110 380 3.22 160 397 4.83
70 374 3.44 130 403 4.55
30 382 3.81 70 390 4.57
10 375 3.26 10 381 5.16

for KDP and DKDP, respectively, and the diffraction angle
was 2θ < 156◦.

The temperature of the specimens was controlled using a
TEMCON system of the cryostat accessory of FONDER. The
diffraction experiments were performed at ten temperatures
for each compound: 10, 30, 70, 110, 115, 118, 120, 125, 150,
and 200 K for KDP, and 10, 70, 130, 160, 190, 205, 210, 220,
250, and 298 K for DKDP. About 220 and 420 unique re-
flections were measured in the paraelectric and ferroelectric
phases, respectively.

2.3 Data analysis
Firstly, each reflection profile was checked, and the net in-

tensity and standard deviation were reduced using a Profile
Check program of FONDER. Absorption and extinction cor-
rections were applied to the analysis of the raw diffraction
data using the programs of DABEXN and RADIELN,35, 36)

and then equivalent reflections of those corrected ones were
averaged. The index ranges were h, k ≤ 11, l ≤ 10 and
h, k ≤ 15, l ≤ 10 in the paraelectric and ferroelectric phases,
respectively.

For the obtained diffraction datasets, the structural parame-
ters were refined using the full-matrix least-squares program
SHELXL-97,37) via WinGX.38) The initial parameters of the
fractional coordinates of atoms were those reported by Bacon
and Pease.4, 5) In our analyses, the space groups of the para-
electric and ferroelectric phases are I4̄2d and Fdd2, respec-
tively, and the standard symmetry coordinates are used. In the
final processes of all the structure refinements, anisotropic
Debye-Waller factors were used for all the atoms. A split-
atom method was applied to the analysis of protons/deuterons
in the paraelectric phase. All the least-squares refinements
converged, and yielded R1-factors of 2.73–3.90 and 3.19–
5.16 % for KDP and DKDP, respectively. Here, the R1-factor
is defined by

R1 =

∑
h ||Fo (h)| − |Fc (h)||∑

h |Fo (h)| , (1)

where Fo (h) and Fc (h) are the observed and calculated struc-
ture factors for the index h, respectively. The measurement
conditions and the obtained R1-factors are tabulated in Table I.

Table II. Atomic parameters of KDP at 10 K. The unit cell parameters are
10.544(7), 10.481(6), and 6.920(5) Å for a, b, and c, respectively. x, y, and
z are the fractional coordinates, and Ueq [10−4Å2] is the isotropic atomic
displacement parameter. The values in parentheses are the estimated stan-
dard deviations (e.s.d.’s), and the parameters without e.s.d.’s are fixed ones.

Atom x y z Ueq

K 0 0 0.483 7(5) 45(4)
P 0 0 0 34(3)

O1 0.033 99(9) 0.115 49(9) −0.136 9(3) 53(2)
O2 0.116 17(9) −0.034 4(1) 0.116 9(4) 50(2)
H 0.212 7(2) 0.063 2(2) 0.113 8(6) 166(4)

Table III. Atomic parameters of DKDP at 10 K. The unit cell parameters
are 10.595(9), 10.487(6), and 6.922(4) Å for a, b, and c, respectively. x,
y, and z are the fractional coordinates, and Ueq [10−4Å2] is the isotropic
atomic displacement parameter. The values in parentheses are e.s.d.’s, and
the parameters without e.s.d.’s are fixed ones.

Atom x y z Ueq

K 0 0 0.482 4(6) 44(6)
P 0 0 0 24(4)

O1 0.035 4(1) 0.114 9(1) −0.137 3(5) 42(3)
O2 0.115 8(1) −0.035 2(1) 0.116 6(5) 40(3)
D 0.216 0(2) 0.065 1(2) 0.114 1(6) 142(4)

3. Results
3.1 Atomic parameters

The atomic parameters at 10 K of KDP and DKDP are
shown in Tables II and III, respectively. The lattice parame-
ter a of DKDP is 0.05 Å longer than that of KDP, while the
b and c values are almost the same, as described in the table
captions.

Here, the descriptions of the atomic parameters at the other
temperatures in the ferroelectric phase are excluded because
they are almost the same as those at 10 K, except for the
atomic displacement parameters. The atomic parameters of
the paraelectric phase are also omitted because they are in
agreement with those reported previously.22, 26, 27)

3.2 Interatomic distances and angles
Hereafter, interatomic distances and angles are compared

between KDP and DKDP in figures, where the solid and open
symbols represent KDP and DKDP, respectively.

A K atom is surrounded by eight oxygen atoms; four of
them are the nearest-neighbor (NN) atoms, and the other four
are the next-nearest-neighbor (NNN) atoms. Below Tc, K dis-
places along the c-axis, so that these distances between K and
O change, as shown in Fig. 1. In the ferroelectric phase, the
NN distance splits into K–O2NN and K–O1NN, and the NNN
distance into K–O2NNN and K–O1NNN.26) Strictly, K–O2NN,
K–O1NN, K–O2NNN, and K–O1NNN indicate K–O2a, K–O1b,
K–O2, and K–O1c, respectively; the superscripts a, b, and c
denote the symmetry coordinates −x + 1/4, y + 1/4, z + 1/4;
x − 1/4,−y + 1/4, z + 3/4; and x, y, z + 1, respectively.

The O–K–O angles are shown in Fig. 2; the primed and
normal O’s are NN and NNN ones, respectively. At each an-
gle, O atoms are related to the two-fold symmetry through
the K atom along the c-axis. The four interatomic angles in
the ferroelectric phase turn into two interatomic angles in the
paraelectric phase, which are crystallographically indepen-
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Fig. 2. Temperature dependences of the interatomic angles O2′–K–O2′
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O1–K–O1 (right ordinate) in both KDP (solid symbols) and DKDP (open
symbols).

dent of each other. Strictly, O2′–K–O2′, O1′–K–O1′, O2–K–
O2, and O1–K–O1 indicate O2a–K–O2d, O1b–K–O1e, O2–
K–O2f , and O1c–K–O1g, respectively; the superscripts d, e, f,
and g denote the symmetry operations x−1/4,−y−1/4, z+1/4;
−x + 1/4, y − 1/4, z + 3/4; −x,−y, z; and −x,−y, z + 1, re-
spectively. Except for the gradual changes just below the Tc
of KDP, their interatomic distances and angles change in the
same fashion, although the transition temperatures are quite
different between KDP and DKDP. With decreasing tempera-
ture, the atomic distances slightly decrease as shown in Fig. 1,
however, the angles do not show such changes. So, the atomic
distance of K–O contracts homogeneously within each phase.

Each K atom is surrounded by six PO4 tetrahedra. Two
of them are above and below K along the c-axis, and four
around the c-axis. The distances between K and P for the for-
mer neighbors are shorter than for the latter neighbors. The
temperature dependences of the K–P distances are similar to
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Fig. 3. Temperature dependences of the interatomic distances P–O2 and
P–O1 in both KDP (solid symbols) and DKDP (open symbols).

O1

O2O2′

O1′

P

-directionc

Fig. 4. Schematic view of the PO4 tetrahedron and the two-fold axis along
the c-axis.

those of K–O distances shown in Fig. 1. As shown in Figs.
1 and 2, no notable difference between KDP and DKDP can
be recognized in the interatomic distances and angles of K–O
and K–P, except for the gradual changes just below the Tc of
KDP.

Next, we describe the deformation of the PO4 tetrahedron.
In the paraelectric phase, the molecule has an S 4 symme-
try, which is reduced to C2 in the ferroelectric phase. There-
fore, the unique P–O distance splits into P–O1 and P–O2,
where O1 is the acceptor for the hydrogen atom and O2 the
donor. Figure 3 shows the temperature dependences of the
interatomic distances for KDP and DKDP. If the hydrogen
atom attaches to O1, then the P–O1 distance increases by ca.
0.03 Å, while the P–O2 distance decreases by ca. 0.03 Å; the
distance change in DKDP is almost the same as or slightly
larger than that in KDP. The difference between P–O2 and
P–O1 indicates that the PO4 tetrahedron distorts slightly in
the ferroelectrics phase. Except for the gradual changes just
below Tc of KDP, the values of both ferroelectric and para-
electric phases in KDP and DKDP are almost the same.

As shown in the schematic picture in Fig. 4, there are
two interatomic angles in the paraelectric phase: O–P–O′ ∼
110.3◦ and O1–P–O2 ∼ 109.0◦. These angles are almost the
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open symbols denote the values of KDP and DKDP, respectively. Here, r
and r′ are defined as the distances of the O–H/D bond and the H/D· · ·O
bond, respectively. The dotted lines indicate the reported values in the para-
electric phase.22)

same for KDP and DKDP. In the ferroelectric phase, the angle
O–P–O′ splits into O1–P–O1′ and O2–P–O2′; the former O1
atom is the acceptor of H/D and the former angle decreases
to 106◦, and the latter angle increases to 115.5◦, as shown in
Fig. 5. The deformation of the PO4 tetrahedron in the ferro-
electric phase means the following: i) the O1–O1′ distance
decreases by ca. 0.01 Å, ii) the O2–O2′ distance increases by
ca. 0.01 Å, and iii) the P atom shifts along the z-axis rela-
tively to the z-parameters of O atoms (getting away from O1
and approaching O2), while iv) the O1–O2 distance increases
slightly. The successive change in i)–iii) is considered to be
caused by the ordering of the hydrogen atom (i.e., H/D ap-
proaches O1), and is well known as the Cochran mode.39) The
deformed PO4 tetrahedron has C2 symmetry in the ferroelec-
tric phase; however, the tetrahedron is S 4 in the paraelectric
phase.

Next let us mention the position of H/D. In the ferroelectric
phase, the H atom is at the distances r and r′ from the ac-
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Fig. 7. Temperature dependences of the interatomic distances RO–O (left
ordinate) and δ (right ordinate) for the hydrogen bond in both KDP (solid
symbols) and DKDP (open symbols). The dotted lines indicate previously
reported data.22)

ceptor O1 and the donor O2, respectively. Above Tc, r and r′

mean the distances from one of the two disordered positions
to the hydrogen-bonded oxygen position. Figure 6 shows the
temperature dependences of the distances r (left ordinate) and
r′ (right ordinate). It is apparent that values of r and r′ are not
identical for KDP (solid symbols) and DKDP (open symbols).
Although the large e.s.d. (estimated standard deviation) due to
the noticeable thermal vibration of protons in KDP may not
be negligible, r increases (r′ decreases) with decreasing tem-
perature; the same tendency was also reported previously.22)

Just below Tc of KDP, r and r′ show gradual changes. On the
other hand, the r and r′ of DKDP change stepwise at Tc, and
r coincides with the previously reported data indicated by the
dotted line. The r of DKDP is smaller than that of KDP even
in the ferroelectric phase.

Figure 7 shows the temperature dependences of the inter-
atomic distances RO–O (left ordinate) and δ (right ordinate) for
the hydrogen bond in both KDP (solid symbols) and DKDP
(open symbols). RO–O and δ indicate the distances between
two oxygen atoms as the donor and acceptor and between two
positions at which hydrogen occupies with one-half probabil-
ity in the paraelectric phase, respectively.22, 23, 26) The behav-
iors of RO–O in the vicinities of the transition temperatures
are also remarkable. For KDP, RO–O in the ferroelectric phase
is ca. 2.503 Å, and decreases as it approaches Tc. Just above
Tc, RO–O is ca. 2.483 Å , and then increases gradually with a
temperature rise in the paraelectric phase. On the other hand,
RO–O for DKDP remains almost constant within the e.s.d.’s in
each phase; a small discontinuous change can be detected at
the transition point.

The disordered hydrogen in the paraelectric phase can be
represented by the split-atom method, in which each atom
occupies two sites with equal probability. The split parame-
ter δ of KDP depends on temperature slightly, and it is about
0.30 Å just above Tc. On the other hand, δ = 0.45 Å of DKDP
is almost temperature-independent. These values of δ are al-
most in agreement with those previously reported by Nelmes
et al.22)
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Although the difference in RO–O is ca. 0.04 Å, the differ-
ence in δ between both crystals is remarkably large, amount-
ing to ca. 0.1 Å. This difference in δ between KDP and DKDP
seems to arise mainly from the dissimilar behaviors of proton
and deuteron in the hydrogen bond. Since RO–O does not dif-
fer markedly, it can be assumed that protons and deuterons
exist in approximately equivalent potentials of the hydrogen
bonds. Since the proton is a lighter particle than the deuteron,
the zero-point energy is higher and the density distribution
of protons lies farther from oxygen atoms, which induces a
smaller separation of δ for KDP than for DKDP.

3.3 Positional shifts and spontaneous polarization along c-
axis

The potassium and phosphorus atoms displace in the oppo-
site direction along the polar c-axis after structural phase tran-
sition into the ferroelectric phase. Figure 8 shows the temper-
ature dependences of the atomic shifts along the polar c-axis
in both KDP (solid symbols) and DKDP (open symbols). The
positional shifts of all the atoms in the unit cell are directly
calculated as relative displacements in the center-of-gravity
coordinate system. The center of gravity of the unit cell in
the ferroelectric phase coincides with that of the paraelectric
phase. To keep the center of gravity of the unit cell, the atomic
displacement of the phosphorus atom is made larger than that
of the potassium atom because of the difference in the atomic
mass. The displacements of the potassium and phosphorus
atoms are ca. −0.05 and +0.065 Å, respectively. In KDP, these
two atoms shift gradually with decreasing temperature, which
is different from that observed in DKDP, where the atomic
positions are almost constant in the whole ferroelectric phase.
The displacements of the potassium and phosphorus atoms
in DKDP are larger than those in KDP. On the other hand,
the displacements along the c-axis of the oxygen and hydro-
gen/deuterium atoms are overwhelmingly smaller than those
of the potassium and phosphorus atoms.

From the atomic shifts along the c-axis, we can estimate
the polarization. Let us adopt the point-charge method, and
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Fig. 9. (Color online) Temperature dependences of the calculated atomic
contributions to polarization along the polar c-axis in the ferroelectric
phases of both KDP (solid symbols) and DKDP (open symbols) by the
point-charge method. +e, +5e, −2e, and +e are assigned as charges of the
K, P, O, and H/D atoms, respectively.

assign +e, +5e, −2e, and +e as charges of the potassium,
phosphorus, oxygen, and hydrogen/deuterium atoms, respec-
tively. The contribution of each atom is calculated using the
displacement given in Fig. 8. The temperature dependences
of the calculated components of Ps are shown in Fig. 9 for
KDP (solid symbols) and DKDP (open symbols). The contri-
bution of the distortion of the O4 frame of the PO4 tetrahedron
is not so large. The dominant contributions are the displace-
ments of the phosphorus and potassium atoms along the c-
axis. If the phosphorus atom shifts in the positive direction,
then the potassium atom shifts in the negative direction. The
contribution of the phosphorus atom is overwhelmingly larger
than that of the potassium atom because the charge of the
phosphorus atom is five times larger than that of the potas-
sium atom. Consequently, positive spontaneous polarization
appears along the c-axis.

The calculated polarizations are compared with the experi-
mental values of KDP and DKDP (deuterium replacement ra-
tio of 98 %) reported by Samara,40) in Fig. 10. At around Tc,
the calculated values are in agreement with the reported ones,
which indicates that the point-charge method is well applica-
ble to the study of both KDP and DKDP. In particular, the cal-
culated values in the vicinity of the paraelectric-ferroelectric
phase transition in KDP show a gradual change, which is in
good agreement with the experimental result. The experimen-
tal values reported by Samara and the values calculated by
us indicate that the spontaneous polarization of DKDP is ca.
1.2 times larger than that of KDP. This is mainly due to the
displacement of the phosphorus atom, which is discussed in
§4.

Here, we note the effect of the applied DC bias field. By
referring to the X-ray dilatometric study under a DC bias
field,41) our field strength is considered to shift Tc slightly, and
to be insufficient to induce a qualitative change in the phase
transition.
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3.4 Atomic displacement parameter U33

From the least-squares calculations, we obtain the Debye-
Waller factor T (h) and the atomic displacement parameters:

T (h) = exp
[
−2π2

(
h2a∗2U11 + k2b∗2U22 + l2c∗2U33

+2hka∗b∗U12 + 2hla∗c∗U13 + 2klb∗c∗U23)
]
. (2)
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the values of the K, P, O1, O2, and D atoms, respectively. The O1 atom
becomes equivalent to the O2 atom in the paraelectric phase. The dotted
lines denote the interpolated data at 363 and 227 K reported by Nelmes et
al.22)

The atomic displacement parameter is directly related to the
mean square displacement if the atom vibrates within a har-
monic potential, i.e.,

U33 = c2
〈
(z − z̄)2

〉
. (3)

The temperature dependences of U33’s for KDP are shown in
Fig. 11. It is apparent that the U33 of the hydrogen atom is
larger than those of the other atoms because of the low mass
of hydrogen. On the other hand, the potassium, phosphorus,
and oxygen atoms show much smaller U33’s than the hydro-
gen atom. Although some scattering of data may be observed
in the paraelectric phase, the temperature dependences are es-
sentially in agreement with the previous report by Nelmes et
al.22) It should be noted that the U33’s of heavy atoms show
no noticeable changes through the paraelectric-ferroelectric
phase transition. These values decrease monotonically with
decreasing temperature.

Figure 12 shows the temperature dependences of the
anisotropic atomic displacement parameters, U33’s, of DKDP.
In the paraelectric phase, the temperature dependences are in
good agreement with those shown by dotted lines.22) Sim-
ilarly to that observed in KDP, the potassium, phosphorus,
and oxygen atoms show much smaller U33’s than the deu-
terium atom. It should be noted that the U33’s of all the atoms
show no noticeable changes throughout the paraelectric-
ferroelectric phase transition. Only the U33 of the phosphorus
atom may change rapidly at Tc, although the data scattering
prevents us from drawing a decisive conclusion.

Here, we mention the temperature dependences of U11 and
U22. In the paraelectric phase, U11 and U22 decrease monoton-
ically with decreasing temperature. As for the relative magni-
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tude, UP
11 < UO

11,22 < UK
11 < UH/D

11,22, where the superscripts
indicate the atoms. Since UK

33 < UP
33 < UO

33 < UH/D
33 , as shown

in Figs. 11 and 12, the nuclear distribution of K is planular
within the xy-plane, while that of P is elongated along the z-
axis. The ratios of

√
U11/U33 at Tc are about 1.2, 0.73, and

0.78 for K, P, and O, respectively. These values are almost
in agreement with the previous reports.22, 26) Within the ferro-
electric phase, the temperature variations of U11 and U22 are
small and the values are almost continuous to the paraelectric
ones.

4. Discussion
In the previous section, the interatomic distances and an-

gles are explained in the figures. At low temperatures, the
structures of KDP and DKDP are almost the same except
for the cell parameter a. The parameter a of DKDP is 0.5 %
(0.05 Å) larger than KDP, which reflects the difference in the
hydrogen-bonded O1–O2 distance RO−O; that of DKDP is
about 0.03 Å longer than of KDP. The magnitudes and tem-
perature dependences of the atomic displacements along the
polar axis perpendicular to hydrogen bonds are almost the
same in both crystals. Another difference is the bond distance
between O and H/D; in KDP O1–H, rH = 1.06 Å, while in
DKDP O1–D, rD = 1.03 Å in the ferroelectric phase. Even if
a proton and a deuteron are within the same local potential,
the zero-point energy depends on the particle mass. There-
fore, the average position of a deuteron will be closer to O1
than that of a proton, which is in agreement with the above-
mentioned result.

Here, we comment on the ‘precursor’ temperature depen-
dence of δ in KDP. As shown in Fig. 7, δ decreases with de-
creasing temperature in the paraelectric phase. If it was a pre-
cursor effect of the ferroelectric transition, δ would increase
on approaching Tc, since rH decreases after the ferroelectric
transition, as shown in Fig. 6. The parameter δ reflects the
shape of the nuclear density, as determined by the split-atom
method. The nuclear density will be given by the superpo-
sition of two wave functions of the ground and first-excited
states.21) Since the energy gap is large enough in KDP, the
weight of the upper energy level decreases rapidly with de-
creasing temperature, so that δ decreases at lower tempera-
tures. On the other hand, the energy gap is so small in DKDP
that the δ of deuterons may not change with temperature.

Some authors claimed that the difference in RO−O causes
an isotope effect on the transition temperature (geometrical
isotope effect). However, they could not explain why RO−O
differs.11–13) We consider that the more rapid motion of pro-
tons than of deuterons bonds the two oxygen atoms more
strongly, so that the geometrical isotope effect itself may be
caused by the tunneling motion of protons. As a consequence
of the short RO−O, the δ of KDP is smaller than that of DKDP,
and the localization of protons is prevented down to low tem-
peratures. Under hydrostatic pressure, a small RO−O turns
the double-minimum potential for protons/deuterons into a
single-minimum type; finally, the transition temperatures dis-
appear.33)

If hydrogen localizes by O1 below Tc, then the tetragonal
PO4

3− (site symmetry of S 4) changes into H2PO4
− (site sym-

metry of C2), in which P shifts toward the O2 side and induces
a dipole moment along the c-axis. Simultaneously, the K+ ion

Table IV. Atomic displacement parameters U33’s [Å2] of KDP and DKDP
above and below Tc. The split distances d’s [Å] are assigned using the
displacements in the ferroelectric phase. The calculated UPara

33 is given by
eq. (4) in the text.

KDP
Atom d U33(120 K) UPara

33 U33(150 K)
K 0.032 8 0.008 53 0.009 61 0.006 47
P 0.051 5 0.009 41 0.012 1 0.009 12

DKDP
Atom d U33(210 K) UPara

33 U33(220 K)
K 0.050 0 0.006 48 0.008 98 0.007 30
P 0.070 7 0.008 61 0.013 6 0.010 8

shifts to P. The deformation of the D2PO4
− molecule is simi-

lar to that of H2PO4
−, except for the small difference in bond

length between O1–D and O1–H. The deformation of the
molecule is considered to be induced by a change of chemical
bonding. First-principles calculations have shown that some
amount of electron charge is redistributed during the transi-
tion.32) Although neutron structural analysis can only deter-
mine the nuclear positions, the difference between rH and rD
surely affects the amount of the spontaneous shift of P in the
ferroelectric phase.

Some researchers claimed that the phosphate molecule
was a disordered H2PO4

− cluster even in the paraelectric
phase.14–17) If this is real, then the atomic displacement pa-
rameter UPara

33 of P or K in the paraelectric phase can be ex-
pressed using UFerro

33 in the ferroelectric phase as42)

UPara
33 = d2 + UFerro

33 , (4)

where 2d is the assigned split distance of P or K. Usually,
the split distance is determined by structural analysis while
assuming split atoms in the disordered phase. However, such
analysis failed in both KDP and DKDP in our determination.
The least-squares calculations converged in d = 0; no splitting
for K, P nor O. Here, we may estimate d from the spontaneous
displacements in the ferroelectric phase. As shown in Table
IV, the atomic displacement parameter U33 of K is small in
the paraelectric phase; therefore, eq. (4) does not hold at all.
The U33’s of O1 and O2 decrease smoothly through Tc, and
do not obey eq. (4). Moreover, the oxygen atoms remain at
almost the same z’s from the center of gravity, throughout the
phase transition.

It has been noted that the U33 of P is larger than U11 in
the paraelectric phase, which is reconfirmed in our analy-
ses. However, it changes smoothly at Tc in KDP, which does
not support a finite d in the paraelectric phase. On the other
hand, the U33 of P may decrease abruptly below Tc in the
case of DKDP. From eq. (4), d is estimated at about 0.014 Å,
which is much smaller than the spontaneous displacement
of ca. 0.07 Å. Therefore, we cannot conclude that the dis-
torted H2PO4

− cluster exists in the paraelectric phase from
a structural point of view. It should be noted that eq. (4) holds
if the transition mechanism is an order-disordered one, and
the reverse is not true. Even if the transition mechanism is
displacive, an atomic displacement parameter sometimes de-
creases steeply below Tc.42)

From the figures in the last section, the structural change at
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Tc is discontinuous and is accompanied by a jump. Only in
KDP, can a gradual change be recognized just below Tc. This
may be related to the residual double peaks of proton density
in the ferroelectric phase, as reported by Nelmes et al.25) With
decreasing temperature below Tc, the proton density changes
gradually into the ground-state wave function form, so that
the distortion of the PO4 tetrahedron and the shift of the K
atom approach the values at 0 K. In DKDP, the deuteron may
behave as a more classical particle, and its nuclear density
does not indicate a quasi-double-peak below Tc.

5. Conclusions
In this report, we have refined the atomic parameters in both

the paraelectric and ferroelectric phases, in order to elucidate
the isotope effect of the structural difference between KDP
and DKDP. The structures have been analyzed using neutron
diffraction data from single crystals at ten temperatures down
to 10 K. The temperature dependences of the parameters have
been discussed not from two or three temperature points but
from ten data points in a wide temperature range. Here, we
summarize the structural changes at the ferroelectric transi-
tion and the differences between KDP and DKDP.
(i) The refined structural parameters are in agreement with

the previous results, in general. Protons/deuterons are in
disorder in the paraelectric phase, while the potassium
and phosphorus atoms are not in disorder in both KDP
and DKDP, from the crystallographic viewpoints. In the
ferroelectric phases, the displacements of the potassium
and phosphorus atoms along c-axis arise, in connec-
tion with the ordering of protons/deuterons. These char-
acteristics are essentially the same as the previous re-
ports.22–27)

(ii) In DKDP, the atomic coordinates show no remarkable
temperature dependence except for the stepwise change
during the ferroelectric transition. On the other hand, the
‘precursor’ behavior in the paraelectric phase and the
continuous changes of the atomic coordinates just below
Tc are confirmed in KDP.

(iii) The displacements of nuclei accompanied by the phase
transition are considered in keeping a common center
of gravity of the unit cell in both KDP and DKDP. In
the ferroelectric phase, the potassium and phosphorus
nuclei display remarkable displacements, and the oxy-
gen and hydrogen nuclei tiny shifts along the polar axis,
in comparison with those in the paraelectric phase. The
antiparallel displacements of the potassium and phos-
phorus atoms keep the center of gravity of the unit cell
throughout the phase transition.

(iv) The spontaneous polarizations along the c-axis are calcu-
lated from the structural parameters by the point-charge
method (K:+e, P:+5e, O:−2e, and H/D:+e). The calcu-
lated magnitudes of the spontaneous polarization are in
agreement with the previous values measured directly.
The contribution of the atoms to the polarization mainly
consists of one associated with the displacement of the
phosphorus atom with a large valence charge. The exper-
imental spontaneous polarization of DKDP is about 1.2
times larger than that of KDP, as reported previously, and
this difference arises from the slightly larger displace-
ment of the phosphorus atom in DKDP than in KDP.

(v) In KDP, the atomic shifts along the c-axis indicate grad-
ual increases with decreasing temperature just below Tc.
This character is consequently associated with the tem-
perature dependence of the spontaneous polarization.

(vi) Except for the temperature dependence just below Tc in
KDP, no remarkable change is found in the crystal struc-
ture below the liquid-nitrogen temperature. At very low
temperatures, the thermal contraction of the cell affects
the magnitude of the displacements, i.e., the spontaneous
polarizations, although the decreases are small.

(vii) All the atomic distances and angles are examined in both
KDP and DKDP. From the result, remarkable differences
are confirmed in the geometrical parameters relevant to
the hydrogen bonds (O-H· · ·O bond), while no signifi-
cant difference is confirmed in the other parameters.

(viii) The separation distance between equilibrium sites of
the hydrogen atom, δ, is ca. 0.13 Å longer in DKDP than
in KDP, and the distance between two oxygen atoms
of the hydrogen bond, RO–O, has a difference of about
0.04 Å between KDP and DKDP. These two are re-
confirmed in our study, and we additionally found that
deuteron has a smaller distance from the acceptor oxy-
gen atom; the distance rD is about 0.04 Å shorter than
rH in both the paraelectric and ferroelectric phases. rD
depends slightly on temperature, while rH strongly.

Even if the proton and deuteron are located at the same po-
tential, the remarkable difference should appear in their recip-
rocating motions between two equilibrium positions because
of their mass. Consequently, it generates a difference in the
strength of the hydrogen bond; if a proton vibrates more fre-
quently, it makes the distance RO–O shorter. Therefore, the iso-
tope effect for KDP and DKDP can be explained as a result
of such a mass effect. Additionally, the difference between
the behaviors of proton and deuteron is found to definitely in-
crease the difference of the spontaneous polarizations; a heavy
deuteron attaches closer to the acceptor O1, and the electron
charge transfer from O1 to D takes place, so that the shift of
the phosphorus atom can become larger.

Our structural analyses support a scenario in which the dif-
ferences of the hydrogen mass and the potentials associated
with different distances between the two oxygen atoms cause
the differences in the transition temperature, the spontaneous
polarization, and the vanishing of the ferroelectric phases at
different critical pressures in KDP and DKDP. Namely, ‘tun-
neling’ hydrogen is the key to understanding the phase tran-
sition of KDP-type ferroelectrics, although ‘tunneling’ may
be a dynamical disorder without quantum coherency. Finally,
a disordered or distorted H2PO4

− cluster in the paraelectric
phase has not been established from the structural point of
view.
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